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Driven quantum systems — Floquet
H(t) = ∑

n∈ℤ

HneinΩtDrive:

H =

⋮ ⋮ ⋮ ⋮ ⋮
⋯ H0 + 2Ω H1 0 0 0 ⋯
⋯ H−1 H0 + Ω H1 0 0 ⋯
⋯ 0 H−1 H0 H1 0 ⋯
⋯ 0 0 H−1 H0 − Ω H1 ⋯
⋯ 0 0 0 H−1 H0 − 2Ω ⋯

⋮ ⋮ ⋮ ⋮ ⋮ Synthetic dimension

PRX 4, 031027  (2014), Goldman, Dalibard

PRL 106, 236401 (2011) Tsuji, Oka, Werner, Aoki
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Dissipative quantum systems — Keldysh

Dissipation: ∑
m,n

Wm,n(b†
mcn + c†

nbm) + ∑
m

ξmb†
mbm

: system

: bath

cn
bm

Rev. Mod. Phys. 86, 779 (2014) Aoki, Tsuji, et al. 

Rep. Prog. Phys. 79, 096001  (2016), Sieberer, Buchhold, Diehl
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Spectral  (Markovian)Σ Thermal ρ

Fluctuation-Dissipation relation

GK = ρ(GR − GA)
Thermal Spectral

GR/A = (ω ± iΣ − H)−1



Driven-Dissipative quantum systems
GK = GRρ − ρGA GR/A = (ω ± iΣ − H)−1Fluc-Diss:

Floquet structure in bath

Condensed Matter Field Theory (2010), Altland, Simons

⋮ ⋮ ⋮ ⋮ ⋮
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Ⅱ   CAVITY-BOSON SYSTEMS
within LINDBLAD FORM



A V-shaped cavity-boson systems

PRL 128, 153601 (2022) RL et al.

PRL 128, 143602 (2022) Rosa-Medina et al.

        Disspation∂tρ = − i[H, ρ] + κ (2aρa† − a†aρ − ρa†a) κ

Ground state v.s. steady state
dissipatively

Invalid energy minimization arguments
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Lindblad form in Floquet-Keldysh

Bath: ρ(ω) = coth(ω/2T) T→0∼ sgn(ω)

ω

𝒜 = − ImGR

ω

System:

Static system

ℛ = − ImGK

ω

System-bath:

Fluctuation-dissipation relation

Unstable

Stable

GK = 2ρ(ω)ImGR

: Spectral function

: Response function


: Thermal distribution

𝒜
ℛ
ρ



Lindblad form in Floquet-Keldysh

ω

Lab frameRotating frame

E

−Ω Ω

λ λ

λ ∼ Ω − E ≪ E

Temporal Brillouin ZonesRotating-wave Approximation
Floquet theoryΩ



Driven-dissipative stabilization

Bath: ρ(ω) = coth[(ω + Ω)/2T] Ω→∞∼ 1

ω

𝒜 = − ImGR

ω

System:

ℛ = − ImGK

ω

System-bath:

ImGK = 2ρ(ω)ImGR

Fluctuation-dissipation relation

Driven system

Driven-dissipative
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Driven-dissipative destabilization

Bath: ρ(ω) ∼ 1

ω

ℛ = − ImGK

ω

System-bath:𝒜 = − ImGR

ω

System:

Driven particle-like ( ) systema†

Driven hole-like ( ) systema
Bath: ρ(ω) ∼ − 1

ω

ℛ = − ImGK

ω

System-bath:𝒜 = − ImGRSystem:

ω

ω → − ω
(Bosonic Nambu structure)



Driven hole-like ( ) systema

Driven-dissipative destabilization

𝒜 = − ImGR

ω

System:

𝒜 = − ImGR

ω

System:

Particle-hole coupling, 

e.g. a†b† + ab

Bath: ρ(ω) ∼ 1

ω

ℛ = − ImGK

ω

System-bath:

Driven-dissipative

destabilisation

Driven particle-like ( ) systema†



Driven-dissipative destabilization

J+ 7!
p
Nb†

O(N) O(1)

The Holstein-Primakoff bosonic modes…

manifest driven-dissipative instability

with particle-hole (counter-rotating) couplings.

H = ωca†a + ω0b†b+λ(a†b† + ba)



ⅡI   SUPERCONDUCTORS
beyond LINDBLAD FORM



Gap equation of superconductors

Δ =
ig
2 ∫

dω
2π

ℛ(ω, Δ)

R(!)
Superconductor

⇢(!)
Bath

cos(⌦t)

(with Floquet structure)

Δ = ig∑
k

Δ

ϵ2
k + Δ2

tanh
ϵ2

k + Δ2

2T

⇐ Static system

Mean-field gap equation:



Enhancement of superconductivity
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Enhancement of superconductivity
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Enhancement of superconductivity
{HD, Δ} = 0
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: Driving freq.,  : Cutoff-drive detuning

Δ0(T) ∼ 1/T Tc ≈
a2

8Ω2

Ω
δΩ

Tc0

Ω δΩ

Cut off

Cut off

Time-averaged Gap



Conclusions and Outlook

GK = GRρ − ρGAFloquet-Keldysh [GR, ρ] ≠ 0

• Field theory for systems described by Lindblad form 

• Framework for more general driven-dissipative systems 

• Floquet  Driven-dissipative engineering 
                     with a focus on particle-hole coupling?

→


