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Global Natural Orbital Functional

Wednesday, 5 October 2022 10:00 (30 minutes)

Appropriate representations of the electronic structure of atoms, molecules, and solids without
explicit recourse to the N-particle density matrix can alternatively be obtained by the one-particle
reduced density matrix (IRDM) functional theory [1]. Regrettably, computational schemes based
on the exact constrained search formulation are too expensive; so the 1RDM functional requires a
practical approach. For a Hamiltonian involving no more than two-body interactions, the ground-
state energy can be cast as an exact functional of the two-particle reduced density matrix (2RDM).
In practical applications, we employ this exact energy functional but using an approximate 2RDM
that is built from the 1IRDM.

Approximating the energy functional has an important consequence: the functional N-representability
problem arises. In this presentation, the role of the N-representability in approximate functionals
[2] will be analyzed. The 1RDM functional is called Natural Orbital Functional (NOF) when it is
based upon the spectral expansion of the 1RDM. So far, several approximate functionals have been
proposed [3], but solely PNOFs [4,5] are based on the reconstruction of the 2RDM subject to nec-
essary N-representability conditions. For the latter, an open source software is available [6] for
quantum chemistry calculations. These functionals are capable of producing a correct description
of systems with a multiconfigurational nature, however, they also suffer from an important lack
of dynamic correlation. To recover this correlation, second-order perturbative corrections have
been implemented with significant results [5,7]. Nevertheless, our goal is to recover the missing
dynamic correlation only within the NOF theory framework.

The 1RDM functional is called Natural Orbital Functional (NOF) when it is based upon the spectral
expansion of the IRDM. So far, several approximate functionals have been proposed [3], but solely
PNOFs [4,5] are based on the reconstruction of the 2RDM subject to necessary N-representability
conditions. For the latter, an open source software is available [6] for quantum chemistry calcu-
lations. These functionals are capable of producing a correct description of systems with a multi-
configurational nature, however, they also suffer from an important lack of dynamic correlation.
To recover this correlation, second-order perturbative corrections have been implemented with
significant results [5,7]. Nevertheless, our goal is to recover the missing dynamic correlation only
within the NOF theory framework.

In this talk, a new accurate NOF will be presented for all electronic structure problems, that is,
a global NOF [8,9]. Note that the adjective “global” is used instead of “universal” to differentiate
our approximate multipurpose NOF from the exact functional. The concept of the dynamic part
of the occupation numbers will be introduced. The emergent functional describes the complete
intrapair electron correlation and the correlation between orbitals that make up both the pairs
and the individual electrons. The interorbital correlation is composed of static and dynamic terms.
Different examples will be analyzed where the weak and strong electron correlations are revealed.
Our results will be compared with those obtained by established accurate theoretical methods and
experimental data.
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The slow progress in systematically eliminating intrinsic errors in commonly used approximate
functionals limits the applicability of functional-based descriptions to strongly correlated systems.
Kohn-Sham density functional theory (KS-DFT) and reduced density matrix functional theory
(RDMFT) represent two formally exact theoretical frameworks for the many-electron problem.
Commonly, approximate functionals in KS-DFT and RDMFT have advantages in dealing with dy-
namic correlation and strong correlation, respectively. Hence, establishing a connection between
both theories and developing an effective approach to combine functional approximations in both
theories can create new possibilities for improving the predictive power of functional-based meth-
ods. This talk is about some effort in this direction in our group.
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Using an entropic functional for the correlation energy, an SCF method is found within the density-
matrix functional theory. The method is efficient as the SCF method in Hartree-Fock or DFT theory.
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Weakly-correlated systems are well-described as individual electrons. The dominant contribution
to the wave function is a Slater determinant of the occupied orbitals, with small corrections from
single- and double-excitations. This is not the case for strongly-correlated systems. Many Slater
determinants contribute substantially and thus the correct physical picture is not independent
electrons. For molecular systems, we have shown that Richardson-Gaudin (RG) states are a much
better starting point. They amount to pair wave functions, but they are tractable and form a basis of
the Hilbert space, allowing for systematic improvement. Pair wavefunctions are near synonymous
with natural orbital functionals, and we argue that it is easier, and more reasonable physically, to
consider the RG states directly.
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The one-body reduced density matrix (IRDM) plays a fundamental role in describing and pre-
dicting quantum features of bosonic and fermionic systems, such as Bose-Einstein condensation.
Based on a decomposition of the 1IRDM, we have developed a method to design reliable approxima-
tions for such universal functionals: Our results suggest that for translational invariant systems
the constrained search approach of functional theories can be transformed into an unconstrained
problem through a parametrization of a Euclidian space. This simplification of the search approach
allows us to use standard machine learning methods to perform a quite efficient computation
of both the universal functional and its functional derivative. For the Bose-Hubbard model, we
present a comparison between our approach and the quantum Monte Carlo method.

This talk is based on:
J. Schmidt, M. Fadel, and C. L. Benavides-Riveros, Phys. Rev. Research 3, L032063 (2021).
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