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Motivation

universal functional
←
−

Reminder: E(h) = min
γ

[Tr1[hγ] + F(γ)]
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γ = NTrN−1[Γ]

Hamiltonian: H(h) = h+W
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• PN =
{
Γ : HN → HN |Γ2 = Γ,Tr[Γ] = 1,Γ ≥ 0

} NTrN−1[·]−−−−−−−→ P1
N

• EN = {Γ : HN → HN |Tr[Γ] = 1,Γ ≥ 0} NTrN−1[·]−−−−−−−→ E1
N



Real-valued vs. complex-valued wave functions

|Ψ〉 =
∑

I

cI |ΦI〉

Real-valued: cI ∈ R ⇒ FR

Complex-valued: cI ∈ C ⇒ F̃C
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v-representability problem

Which 1RDMs are ‘physical’?

Gilbert: F (p)(γh) = E(γh)− Tr1[hγh]

Diverging exchange force: |∇γF(γ)| dist(γ,∂P1
N )→0−−−−−−−−−−→ ∞

[T. Gilbert, Phys. Rev. B 12, 2111 (1975),
C. Schilling, R. Schilling, Phys. Rev. Lett. 122, 013001 (2019)]



H = h+W

h =
∑

σ=↑,↓

[
−t

(
c†1σc2σ + c†2σc1σ

)
+ ε1n̂1σ + ε2n̂2σ

]

W = U (n̂1↑n̂1↓ + n̂2↑n̂2↓)

[A.J. Cohen, P. Mori-Sánchez, Phys. Rev. A 93, 042511 (2016)]

2) Ordinary Hubbard dimer



F (p)
R (γ) = U

[
1− 1

2 sin
2(ϕ)

(
1 +

√
1− (1− 2R)2

)]
⇒

2) Ordinary Hubbard dimer



Numerical result by Cohen and Mori-Sánchez:

How about F (p)
C ?

[A.J. Cohen, P. Mori-Sánchez, Phys. Rev. A 93, 042511 (2016)]
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Numerical result by Cohen and Mori-Sánchez:

How about F (p)
C ?

Can we provide an analytic poof?

→ Yes!

[A.J. Cohen, P. Mori-Sánchez, Phys. Rev. A 93, 042511 (2016)]



|Ψ〉 = wr|Ψr〉+ iwi|Ψi〉 , wr, wi ∈ R

⇒ F (p)
C (γ) = min

Γrank=2 !→γ
Tr2[WΓrank=2]



|Ψ〉 = wr|Ψr〉+ iwi|Ψi〉 , wr, wi ∈ R

⇒ F (p)
C (γ) = min

Γrank=2 !→γ
Tr2[WΓrank=2]

N = 2, D = 3 :

[J. Liebert, A.Y. Chaou, C. Schilling, forthcoming (2022)]

E2(γ)

−W



|Ψ〉 = wr|Ψr〉+ iwi|Ψi〉 , wr, wi ∈ R

⇒ F (p)
C (γ) = min

Γrank=2 !→γ
Tr2[WΓrank=2]

N = 2, D = 3 :

F (p)
C = conv

(
F (p)

R

)
⇒

[J. Liebert, A.Y. Chaou, C. Schilling, forthcoming (2022)]

E2(γ)

−W



3) Generalized Hubbard dimer

[J. Liebert, A.Y. Chaou, C. Schilling, forthcoming (2022)]

W = U (|Φ1〉〈Φ1|+ |Φ2〉〈Φ2|) + V (|Φ1〉〈Φ2|+ h.c.) +X (|Φ1〉〈Φ3|+ |Φ2〉〈Φ3|+ h.c.)

Basis states:

|Φ1〉 = c†1↑c
†
1↓|0〉, |Φ2〉 = c†2↑c

†
2↓|0〉, |Φ3〉 =

1√
2

(
c†1↑c

†
2↓ − c†1↓c

†
2↑

)
|0〉
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[J. Liebert, A.Y. Chaou, C. Schilling, forthcoming (2022)]
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F (p)
R (γ) = U +

√
2X(1− 2R) sin(ϕ) +

1

2
(V − U) sin2(ϕ)

− 1

2

√
1− (1− 2R)2|(V − U) sin2(ϕ)− 2V |

=⇒



[J. Liebert, A.Y. Chaou, C. Schilling, forthcoming (2022)]



[J. Liebert, A.Y. Chaou, C. Schilling, forthcoming (2022)]

Fermionic exchange force:
∂F (p)

R
∂R

= − | sin2(ϕ)(V − U)− 2V |
2

1√
R

+O(R0)
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Thank you!
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