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fracKonal occupaKons already present at zero temperature
• Previous work: Grand Canonical 1-RDMFT[1-3]

1. T. Baldsiefen, A. Cangi and E.K.U. Gross. Phys. Rev. A. 92, 052514 (2015), DOI: 10.1103/physreva.92.052514  
2. T. Baldsiefen and E.K.U. Gross. Comp. and Theo. Chem. 1003, 114 (2013), DOI: 10.1016/j.comptc.2012.09.001 
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https://doi.org/10.1016/j.physrep.2019.01.010
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• Previous work: Grand Canonical 1-RDMFT[1-3]

• Canonical ensemble is more complicated, in the thermodynamic limit, 
choice of ensemble is irrelevant

• However, for low temperatures + finite systems: non-negligible effects
•When using a (non-interacKng) reference system: canonical reference 

may be “closer” to interacKng system than grand canonical reference
1. T. Baldsiefen, A. Cangi and E.K.U. Gross. Phys. Rev. A. 92, 052514 (2015), DOI: 10.1103/physreva.92.052514  
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• Finite temperature:
•Warm Dense MaZer
• Zero temperature (e.g. electrons):
•Use non-interacKng ensemble funcKonals as “base funcKonal”
•Use (canonical) entropy to model correlaKon energy[4]

4. J. Wang and E.J. Baerends. Phys. Rev. Le]. 128, 013001 (2022), DOI: 10.1103/PhysRevLe].128.013001

https://dx.doi.org/10.1103/PhysRevLett.128.013001
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and Giesbertz[5], in parKcular: unique v-representability

5.S.M. Su]er and K.J.H. Giesbertz. arXiv:2209.11663 [math-ph] 

https://arxiv.org/abs/2209.11663
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• The theoreKcal foundaKon of Canonical 1-RDMFT has been laid by SuZer 
and Giesbertz[5], in parKcular: unique v-representability

• In this talk: several steps in establishing pracKcal Canonical  
1-RDMFT by introducing a non-interacKng reference system

• Focus: methodology, establishing the theory, required algorithms and 
their implementaKon in python with jax 

• The bfsinkhorn package is open source and all figures can be generated 
with supplied notebooks

• Preliminary invesKgaKon of formalism for electrons at zero temperature

5.S.M. Su]er and K.J.H. Giesbertz. arXiv:2209.11663 [math-ph] 

https://arxiv.org/abs/2209.11663
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• Towards approximaKons: model 2-RDM  in terms of 1-RDM Γ γ

W[γ] =
1
4 ∑

pqrs

⟨pq | |rs⟩±Γpq,rs[γ]

Γpq,rs = γprγqs − γpsγqr + λpq,rs

= npnq(δprδqs − δpsδqr) + λpq,rs

W[γ] = W0,GC[γ] + Wc[γ]
Will come back later!
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• As a minimisaKon:

Aβ[h] = min
Γ̂∈ℋN⊗ℋN,Tr(Γ̂)=1 (Tr(Γ̂Ĥ) +

1
β

Tr(Γ̂ log(Γ̂)))
Ωβ,μ[h] = min

Γ̂∈ℱ⊗ℱ,Tr(Γ̂)=1 (Tr(Γ̂(Ĥ − μN̂)) +
1
β

Tr(Γ̂ log(Γ̂)))Grand Canonical:

Canonical:

• The 1-RDM now saKsfies for :β < ∞
γ ≻ 0, 1 − γ ≻ 0 np > 0 ∀ p, np < 1 ∀ p

• Furthermore, for any interacKon (also no interacKon):[3, 5] h ↔ γ

Energy - Entropy

3. K.J.H. Giesbertz and M. Ruggenthaler. Physics Reports 806, 1-47 (2019), DOI: 10.1016/j.physrep.2019.01.010 
5. S.M. Su]er and K.J.H. Giesbertz. arXiv:2209.11663 [math-ph]  

https://doi.org/10.1016/j.physrep.2019.01.010
https://arxiv.org/abs/2209.11663
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Aβ[h] = min
γ
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γ (Tr(γh) + Wβ[γ] −

1
β
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γ
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1
β
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• Going to 1-RDMFT:

Aβ[h] = min
γ

Aβ[γ] := min
γ (Tr(γh) + Wβ[γ] −

1
β

Sβ[γ])
Ωβ,μ[h] = min

γ
Ωβ,μ

h [γ] := min
γ (Tr(γ(h − μ)) + Wβ[γ] −

1
β

Sβ[γ])Grand Canonical:

Canonical:

• Constrained search:

Aβ
int[γ] = Wβ[γ] −

1
β

Sβ[γ] = min
Γ̂→γ (Tr(Γ̂Ŵ) +

1
β

Tr(Γ̂ log(Γ̂)))
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• Success of Density FuncKonal Theory (DFT): Kohn-Sham system
•Weakly correlated systems: the single Slater Determinant approximaKon 

works well and is computaKonally efficient
• 1-RDMFT: the 1-RDM is not idempotent  no single Slater Determinant→
•Non-interacKng Hamiltonian[8], but pathological

Ĥ0 = ∑
p

ϵp ̂np := ∑
p

ϵpa†
pap

8. K.J.H. Giesbertz and E.J. Baerends.  
J. Chem. Phys. 132, 194108 (2010),  
DOI: 10.1063/1.3426319

https://doi.org/10.1063/1.3426319
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works well and is computaKonally efficient
• 1-RDMFT: the 1-RDM is not idempotent  no single Slater Determinant→
•Non-interacKng Hamiltonian[8], but pathological

Ĥ0 = ∑
p

ϵp ̂np := ∑
p

ϵpa†
pap

ϵp

np = 0

8. K.J.H. Giesbertz and E.J. Baerends.  
J. Chem. Phys. 132, 194108 (2010),  
DOI: 10.1063/1.3426319
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works well and is computaKonally efficient
• 1-RDMFT: the 1-RDM is not idempotent  no single Slater Determinant→
•Non-interacKng Hamiltonian[8], but pathological

Ĥ0 = ∑
p

ϵp ̂np := ∑
p

ϵpa†
pap

ϵp

μ

np = 0

0 < np < N 0 < np < 1
8. K.J.H. Giesbertz and E.J. Baerends.  
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c [γ]

Aβ
0 [γ] = W0[γ] −

1
β

S0[{np}]

Aβ
c [γ] = Aβ

int[γ] − Aβ
0 [γ]

• Define a non-interacKng free energy approximaKon :Aβ
0 [γ]

•Note that the funcKonal for the (grand) canonical ensembles are not the 
same: constrained search over different Hilbert space
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✏(0)p = � 1
� log( np

1±np
)

From {✏(i)p } compute A(i)
±,N and {A[/\p,(i)

±,N , A[/\p,(i)
±,N�1 }

n(i)
p = e��✏(i)p ��(A[/\p,(i)

±,N�1 �A(i)
±,N ), is |~n� ~n(i)| < ⌘? Return {✏(i)p }

Does i = max iters?

Yes

No

✏(i+1)
p = � 1

� log( np

1±np
) +A[/\p,(i)

±,N �A[/\p,(i)
±,N�1

No

Yes

i ! i+ 1
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Eh[γ] = lim
β→∞

Aβ
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Wc[γ] = lim
β→∞
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• Different  from different W0[γ] Γ0
pq,pq = ⟨ ̂np ̂nq⟩

• For canonical: need B/F Sinkhorn
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•Our non-interacKng density matrix will in general break (spin) symmetries

Tr(Γ̂0
̂S2) ≠ Tr(Γ̂ ̂S2)

•We can alleviate this by restricKng our Hilbert (sub)space

Grand Canonical:

Canonical: ℋN
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 restricted:̂Sz 𝒮z ⊂ ℋN

 restricted:̂S2 𝒮2 ⊂ 𝒮z

̂Sz |ΦP⟩ = Sz |ΦP⟩

̂S2 |ΞP⟩ = S2 |ΞP⟩ (Configuracon State Funccons)
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freedom



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

H2 dissociaKon, 1-RDM: CISD (exact), aug-cc-pVQZ

24



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

H2 dissociaKon, 1-RDM: CISD (exact), aug-cc-pVQZ

24

Self-consistency? 
With 1-RDM constrained?



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

H2 dissociaKon, 1-RDM: CISD (exact), aug-cc-pVQZ

24

Self-consistency? 
With 1-RDM constrained?

11.  E.H. Lieb. Phys. Rev. Le]. 
46, 457 (1981), DOI:  
10.1103/PhysRevLe].46.457 

[11]

https://doi.org/10.1103/PhysRevLett.46.457


Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

H2 dissociaKon, 1-RDM: CISD (exact), aug-cc-pVQZ

24

Self-consistency? 
With 1-RDM constrained?

11.  E.H. Lieb. Phys. Rev. Le]. 
46, 457 (1981), DOI:  
10.1103/PhysRevLe].46.457 

[11]
?

https://doi.org/10.1103/PhysRevLett.46.457


Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

H2 dissociaKon, 1-RDM: CISD (exact), aug-cc-pVQZ

24

Self-consistency? 
With 1-RDM constrained?

11.  E.H. Lieb. Phys. Rev. Le]. 
46, 457 (1981), DOI:  
10.1103/PhysRevLe].46.457 

[11]
??

https://doi.org/10.1103/PhysRevLett.46.457


Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

H2 dissociaKon, 1-RDM: CISD (exact), aug-cc-pVQZ

24

Self-consistency? 
With 1-RDM constrained?

11.  E.H. Lieb. Phys. Rev. Le]. 
46, 457 (1981), DOI:  
10.1103/PhysRevLe].46.457 

[11]
??

?

https://doi.org/10.1103/PhysRevLett.46.457


Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

For future work

25



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

For future work

25

• As of yet: only evaluaKon on exact 1-RDMs at zero temperature



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

For future work

25

• As of yet: only evaluaKon on exact 1-RDMs at zero temperature
• Improve stability for fermions



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

For future work

25

• As of yet: only evaluaKon on exact 1-RDMs at zero temperature
• Improve stability for fermions
• Self-consistent opKmisaKon, integraKng with pyscf(ad)



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

For future work

25

• As of yet: only evaluaKon on exact 1-RDMs at zero temperature
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• As of yet: only evaluaKon on exact 1-RDMs at zero temperature
• Improve stability for fermions
• Self-consistent opKmisaKon, integraKng with pyscf(ad)

• Calculate ⟨ ̂np ̂nq⟩ =
e−β(ϵp+ϵq)Z∪/∖pq

N−2

ZN

• Obtain , via  from automaKc differenKaKon or implicit funcKon theorem
∂W0[γ]

∂np

∂ϵq

∂np

• The missing correlaKon funcKonal Aβ
c [γ]

• In preparaKon: a reference that takes into account part of the interacKon



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

Clioanger: ONIE

26



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

Clioanger: ONIE

26



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

Conclusions

27



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

Conclusions

27

• Finite temperature 1-RDMFT in the canonical ensemble was studied 
numerically for the first Kme



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

Conclusions

27

• Finite temperature 1-RDMFT in the canonical ensemble was studied 
numerically for the first Kme

• A (canonical) non-interacKng reference system was introduced



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

Conclusions

27

• Finite temperature 1-RDMFT in the canonical ensemble was studied 
numerically for the first Kme

• A (canonical) non-interacKng reference system was introduced
• Bosonic and Fermionic Sinkhorn algorithms were derived and 

implemented in the bfsinkhorn package



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

Conclusions

27

• Finite temperature 1-RDMFT in the canonical ensemble was studied 
numerically for the first Kme

• A (canonical) non-interacKng reference system was introduced
• Bosonic and Fermionic Sinkhorn algorithms were derived and 

implemented in the bfsinkhorn package
• The algorithms were shown to be efficient and perform well for both 

“simulated” and ground-state 1-RDMs



Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022

Conclusions
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• Finite temperature 1-RDMFT in the canonical ensemble was studied 
numerically for the first Kme

• A (canonical) non-interacKng reference system was introduced
• Bosonic and Fermionic Sinkhorn algorithms were derived and 

implemented in the bfsinkhorn package
• The algorithms were shown to be efficient and perform well for both 

“simulated” and ground-state 1-RDMs
• A study of the corresponding canonical approximaKon to the interacKon 

 revealed interesKng behaviour w.r.t. grand canonicalW0[γ]
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hpp −
1
β

∂S0[{nq}]
∂np

+
∂W0[γ]

∂np
+

Aβ
c [γ]
∂np

= 0

ϵ0,β(i+1)
p = h(i)

pp +
∂W0[γ(i)]

∂np
+

∂Aβ
c [γ(i)]
∂n(i)

p

n(i+1)
p [{ϵ0,β(i+1)
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•We need to opKmise w.r.t. NOONs  and NOs {np} {ϕp(x)}

• Taking the derivaKve of  w.r.t. :Aβ[γ] np

hpp −
1
β

∂S0[{nq}]
∂np

+
∂W0[γ]

∂np
+

Aβ
c [γ]
∂np

= 0

ϵ0,β(i+1)
p = h(i)

pp +
∂W0[γ(i)]

∂np
+

∂Aβ
c [γ(i)]
∂n(i)

p

•OpKmisaKon over NOs yields effecKve one-parKcle Schrödinger equaKon
• Analogous for Grand Canonical

n(i+1)
p [{ϵ0,β(i+1)

q }]
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• At finite temperature we have instead:

Γ̂β,μ =
e−β(Ĥ−μN̂)

𝒵β,μ
, 𝒵β,μ = Tr(e−β(Ĥ−μN̂))Grand Canonical:

Γ̂β =
e−βĤ

Zβ
, Zβ = Tr(e−βĤ)Canonical:

•Note the different Hilbert spaces (single parKcle space )𝔥

Γ̂β,μ ∈ ℱ ⊗ ℱ

ℋN =
N

⋀
i=1

𝔥ℋN =
N

⋁
i=1

𝔥Canonical: Γ̂β ∈ ℋN ⊗ ℋN

ℱ =
∞

⨁
N=0

ℋNGrand Canonical:
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𝒮z = {|ΦP⟩ ∈ ℋN | ̂Sz |ΦP⟩ = Sz |ΦP⟩}
𝒮z = {|ΞP⟩ ∈ ℋN | ̂S2 |ΞP⟩ = S2 |ΞP⟩}


