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o Typical applications of DFT and 1-RDMFT have been at zero-temperature

e Finite temperature 1-RDMFT is especially interesting,
fractional occupations already present at zero temperature

e Previous work: Grand Canonical 1-RDMFTI1-3]

1. T. Baldsiefen, A. Cangi and E.K.U. Gross. Phys. Rev. A. 92, 052514 (2015), DOI: 10.1103/physreva.92.052514
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fractional occupations already present at zero temperature

e Previous work: Grand Canonical 1-RDMFTI1-3]

e Canonical ensemble is more complicated, in the thermodynamic limit,
choice of ensemble is irrelevant

« However, for low temperatures + finite systems: non-negligible effects

« When using a (non-interacting) reference system: canonical reference
may be “closer” to interacting system than grand canonical reference
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Introduction: applications of finite temperature

e Finite temperature:
« Warm Dense Matter

e Zero temperature (e.g. electrons):
e Use non-interacting ensemble functionals as “base functional”
e Use (canonical) entropy to model correlation energyl4l

4. J. Wang and E.J. Baerends. Phys. Rev. Lett. 128, 013001 (2022), DOI: 10.1103/PhysRevlLett.128.013001 3
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* The bfsinkhorn package is open source and all figures can be generated
with supplied notebooks
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Content

e The theoretical foundation of Canonical 1-RDMFT has been laid by Sutter
and GiesbertzIl5], in particular: unique v-representability

e In this talk: several steps in establishing practical Canonical
1-RDMFT by introducing a non-interacting reference system

e Focus: methodology, establishing the theory, required algorithms and
their implementation in python with jax

e The bfsinkhorn package is open source and all figures can be generated
with supplied notebooks

e Preliminary investigation of formalism for electrons at zero temperature

5.5.M. Sutter and K.J.H. Giesbertz. arXiv:2209.11663 [math-ph]
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Preliminaries: 1-RDM Functional Theory

 Towards approximations: model 2-RDM 1 " in terms of 1-RDM y

1
Wlyl = Z Z <pQ‘ | rS)inq,rs[y]

pgrs

Upgirs = Ypr¥gs = Voslgr

= 1,1, (8,8, = 8,60,,) + g s

Wiyl = Wo@/] + W.ly]
Will come back later!
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Preliminaries: finite temperature

e As a minimisation: W
1

Canonical: AP[h] = min (Tr( H ) + —Tr(f log(f)) )

[ Q¥ Tr({)=1 p
A A n | A A
Grand Canonical: QP#[h] = min (Tr(F(H — uN )) + —TI‘(F log(F))>
PeFQF Tr(l)=1 p

 The 1-RDM now satisfies for [/ < oo:
y>0, 1—-y>0 «—— n,>0Vp, n,<1Vp

« Furthermore, for any interaction (also no interaction):3.51 h < y

3. K.J.H. Giesbertz and M. Ruggenthaler. Physics Reports 806, 1-47 (2019), DOI: 10.1016/j.physrep.2019.01.010
5. S.M. Sutter and K.J.H. Giesbertz. arXiv:2209.11663 [math-ph] 6
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e« Going to 1-RDMFT:

Canonical: AP[h] = min A? |7] := min (Tr()/h) + WP lv] — lSﬂ [}’])
y y p

|
Grand Canonical: QP*[h] = min Qi’” 7] := min (Tr(}/(h — 1)) + WP ly] — ESﬂ [}/])
Y Y

e Constrained search:

1 A A | RN A
Aflt[y] = WP[y] — ESﬁ[y] = 1111_1)1; (Tr(FW) + ETr(Flog(F)))
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e Weakly correlated systems: the single Slater Determinant approximation
works well and is computationally efficient
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e Non-interacting Hamiltonianl(8l, but pathological

ﬁO:Z Zpljap
p

8. K.J.H. Giesbertz and E.J. Baerends.
J. Chem. Phys. 132, 194108 (2010),
DOI: 10.1063/1.3426319
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e 1-RDMFT: the 1-RDM is not idempotent — no single Slater Determinant
e Non-interacting Hamiltonianl(8l, but pathological
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e Success of Density Functional Theory (DFT): Kohn-Sham system

e Weakly correlated systems: the single Slater Determinant approximation
works well and is computationally efficient

e 1-RDMFT: the 1-RDM is not idempotent — no single Slater Determinant
e Non-interacting Hamiltonianl(8l, but pathological

ﬁO:Z Zpljap — =0

P U —_— — — — O<np<N O<np<1
8. K.J.H. Giesbertz and E.J. Baerends. —
J. Chem. Phys. 132, 194108 (2010), n =N no= 1
DOI: 10.1063/1.3426319 p p
€P
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e At finite temperature the DFT advantage vanishes:
no more single Slater Determinant

e For 1-RDMFT: |
V) + —Tr(f log(f)) )

Int 1;_)}/ ﬁ
’;—i:lTr(lA“ﬁlog(f“ﬁ)) — l min Tr(fo log(fo)) = — l oltn,}]
-y P ! X P Loy p ’
= T eflin 1, =t
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. Define a non-interacting free energy approximation Ag[y]:
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. Define a non-interacting free energy approximation Ag[y]:

1
Alllrl = Wolr] - g0l (,]]

e Then we need to approximate a correlation free energy functional Af[;/]:

ALyl = AP [y] — AlTy)
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Reference systems at finite temperature

. Define a non-interacting free energy approximation Ag[y]:

1
Alllrl = Wolr] - g0l (,]]

e Then we need to approximate a correlation free energy functional Af[y]:

ALyl = AP [y] — AlTy)

e Note that the functional for the (grand) canonical ensembles are not the
same: constrained search over different Hilbert space
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 In the Grand Canonical Ensemble all expressions for the non-interacting
ensemble are well known:
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Grand Canonical Non-Interacting Reference

 In the Grand Canonical Ensemble all expressions for the non-interacting
ensemble are well known:

Socclin}l=— ) n,logm,) — Y (1 —nylog(l —n,)
P
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Grand Canonical Non-Interacting Reference

 In the Grand Canonical Ensemble all expressions for the non-interacting
ensemble are well known:

Socclin}l=— ) n,logm,) — Y (1 —nylog(l —n,)
P

P

_ 1 np
np — —eﬁ(é’p—ﬂ) — : > Gp[np] = — — lOg( P )
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Grand Canonical Non-Interacting Reference

 In the Grand Canonical Ensemble all expressions for the non-interacting
ensemble are well known:

Socclin}l=— ) n,logm,) — Y (1 —nylog(l —n,)

P P

1 1 n,
n ——— - ‘ ) —

Z npnq<pq ‘ ‘pQ>i
Pq

1
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Grand Canonical Non-Interacting Reference

 In the Grand Canonical Ensemble all expressions for the non-interacting
ensemble are well known:

Socclin}l=— ) n,logm,) — Y (1 —nylog(l —n,)

p P
B | ",
= oy el =)
I 0,GC
Wo.gely] = 5 Z n,1(Pq | |Pg)+ Fpgrs s 1yl = 1,1(0,,04c = 6,50,,)

P4
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Canonical Non-Interacting Reference

e In the Canonical Ensemble things are more difficult

» Methods have been developed for evaluating expectation values!9, 10]

9. H. Barghati, J. Yu and A.D. Maestro.
Phys. Rev. Res. 2, 043206 (2020),
DOI: 10.1103/physrevresearch.2.043206

10. P. Borrmann and G. Franke.
J. Chem. Phys. 98, 2484 (1993),
DOI: 10.1063/1.464180
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e Key concept: Auxiliary Partition Functions (APFs) Dby Rew. Res. 2 043906 (2020).
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e Key concept: Auxiliary Partition Functions (APFs) Dby Rew. Res. 2 043906 (2020).
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» Due to the results of Sutter and Giesbertzl>l we know that {¢,} < {n,}
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» Due to the results of Sutter and Giesbertzl>l we know that {¢,} < {n,}
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. However, there is no clear way to invert the relation between ¢, and n,

« Due to the results of Sutter and Giesbertz/5l we know that {e,} « {n,}

o [terative Sinkhorn algorithm (baseline):

| 1 1 ] |
471 =~ logny) + 1 log(Z7) T g (20)

e Improved algorithm (Bosonic and Fermionic Sinkhorn)

Zy =2 —ePiZr
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. However, there is no clear way to invert the relation between ¢, and n,

« Due to the results of Sutter and Giesbertz/5l we know that {e,} « {n,}

o [terative Sinkhorn algorithm (baseline):

et = — ks log(n,) + l log (Z]t,’/_\f’(i)) 2 log(Z)

e Improved algorithm (Bosonic and Fermionic Sinkhorn)
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. However, there is no clear way to invert the relation between ¢, and n,

« Due to the results of Sutter and Giesbertz/5l we know that {e,} « {n,}

o [terative Sinkhorn algorithm (baseline):

| 1 1 ] |
471 =~ logny) + 1 log(Z7) T g (20)

e Improved algorithm (Bosonic and Fermionic Sinkhorn)
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| n ] . ] |
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. However, there is no clear way to invert the relation between ¢, and n,

« Due to the results of Sutter and Giesbertz/5l we know that {e,} « {n,}

o [terative Sinkhorn algorithm (baseline):

et = — ks log(n,) + l log (Z]t,’/_\f’(i)) 2 log(Z)

p p p
e Improved algorithm (Bosonic and Fermionic Sinkhorn)
— 7Up _ P — 7\P —pe, 7 \D
Zy=2Z% — ¢ @ Zy =2V + e 2P
. |
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€, log (ZN_l ) 3 log (ZN )
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Practical Algorithm

Input: {n,}, 8, n, max_iters

—{ From {e”} compute AV )N and {AU/\p () Ai/]\\,p (12)}

|

i , Yes :
n() = =B’ —BALNY —ALN) g |7t — 70| < ? | Return {e;”}

A
1 — 1+ 1 Nol

Yes

Does 7 = max_iters?

Nol

ep ) =~ log(5F
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Practical Algorithm

Input: {n,}, 8, n, max_iters

. . . "
For numerical stability, et = —Llog(3e-)
work with free energies l
1 —> From {ez(f)} compute AgN and {Ai{]\\,p’(i), Ai{]\vp;(f)}
(1) _ —Be®_gaY\PD_ 4D y L e Yes (3)
ny’ =e " £, N-1 TN g | — Y| < n? > Return {¢,’}
A
1 — 1+ 1 Nol
Yes
Does ¢ = max_iters?
Nol
S — L log(oge ) + A2 _ AT 14

Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022 VU 4,( uNveRSITET

AMSTERDAM




Practical Algorithm

Input: {n,}, 8, n, max_iters

For numerical stability, ey = — 4 log(2-)
work with free energies l

—{ From {e\”} compute Ag? ~ and {Ai/ ]\\,p ) Ai/ ]\Vp;(f)}

|
AM — = E log(ZM) l

- i U/\P, (1) _ 4(3) . '
nz(f) _ 6—562)—5(Ai,Np_1 —Ai,N)’ is |7 — ﬁ(z)| <n? > Return {eg’)}

Compute: O(N zrb) i it Nol A

O

Yes

Does 7 = max_iters?

ol
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Input: {n,}, 8, n, max_iters

For numerical stability, et = —Llog(3e-)

work with free energies l
1 . (i) (i) U/\P,()) AU/ \P.(D)
— From {ep" } compute Ay’ and {AL "7, A N}
AM - E log(ZM) l
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Compute: O(NZ ) it o
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Does ¢ = max_iters?
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Input: {n,}, 8, n, max_iters

For numerical stability, et = —Llog(3e-)

work with free energies l
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Yes

Does 7 = max_iters?
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Implementation

e Implementation was done in python with jax (263 lines of code)

e jax allows for Just-In-Time (JIT) compilation, vectorisation, automatic
differentiation

e Code works without modification on CPU, GPU and TPU

e Test NOON distributions were either “simulated”
or obtained from pyscf calculations with CCSD 0 Ly

e Fermions lead to numerical instability:
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ZM—l
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Implementation

e Implementation was done in python with jax (263 lines of code)

e jax allows for Just-In-Time (JIT) compilation, vectorisation, automatic
differentiation

e Code works without modification on CPU, GPU and TPU

e Test NOON distributions were either “simulated”
or obtained from pyscf calculations with CCSD 0 Ly P Cy
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e Fermions lead to numerical instability: M
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Implementation

e Implementation was done in python with jax (263 lines of code)

e jax allows for Just-In-Time (JIT) compilation, vectorisation, automatic
differentiation

e Code works without modification on CPU, GPU and TPU

e Test NOON distributions were either “simulated”
or obtained from pyscf calculations with CCSD 0, = Ly Ro— Cym
M

e Fermions lead to numerical instability: v a1 Cr_i

1og(e—ﬂF1—e—ﬂFz+e—ﬂF3— ) QM=1(1 e (1- e (1+ ...)))

v M\ Ov—1
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Convergence 20 bosons in 10 orbitals
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Convergence 1000 bosons in 10000 orbitals

Error in 1-RDM
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Convergence 1000 bosons in 10000 orbitals

(Few seconds)

Error in 1-RDM
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Convergence 5 fermions in 13 orbitals
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Convergence 5 fermions in 13 orbitals
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Interaction energy

« We also would like to have WO[}/] for the Canonical ensemble

Wolyl = Tr(I,\W) = Z( 1 \Pql1pq)+
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e Simple expression for non- degenerate orbitals p # g:
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Interaction energy

« We also would like to have Wo[y] for the Canonical ensemble

Wolyl = Tr(IoW) = 2< A pqllpg)s  Aotono.

e Simple expression for non- degenerate orbitals p # g:
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<’;\l fl > — T P q
. p'tq

 Same orbital: ePer — P
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e But why does the choice of ensemble matter at zero-temperature?
« Reference ensemble independent of temperature

E\[y] = lim A[y] = Tr(hy) + Wyly] + W,[y]

p— o0
Welr] = lim APyl = Wiyl = Wyly]
. Different Wy [y] from different ") = = (/i /i, )

« For canonical: need B/F Sinkhorn
. Is there an advantage to the canonical Wj|[y]?
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Intermezzo: zero-temperature limit

e But why does the choice of ensemble matter at zero-temperature?
« Reference ensemble independent of temperature

E,ly) = lim AP[y] = Tr(hy) + Woly] + W.[y]

p— oo

W.Iy] = ﬁhm APyl = Wyl = Wy[y)

. Different W, [y] from different I pqpq = (71,11,)

« For canonical: need B/F Sinkhorn
. Is there an advantage to the canonical Wj|[y]?
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e Our non-interacting density matrix will in general break (spin) symmetries

Tr(IA“OS’z) =+ Tr(lATSA’Z)
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SZ restricted: Sz ‘ (I)P> — SZ ‘ (DP>

Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022



Intermezzo: Hilbert subspaces

e Our non-interacting density matrix will in general break (spin) symmetries
Tr(IA“OS’z) + Tr(lATSA’Z)

e We can alleviate this by restricting our Hilbert (sub)space
Canonical: H N

Grand Canonical: 3‘7

S’Z restricted: S’Z ‘ (I)P> — SZ ‘ (I)P> CS)Z C %N

Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022



Intermezzo: Hilbert subspaces

e Our non-interacting density matrix will in general break (spin) symmetries
Tr(IA“OS’z) + Tr(lATSA’Z)

e We can alleviate this by restricting our Hilbert (sub)space
Canonical: H N

Grand Canonical: 3‘7
S, restricted: SZ ‘ (I)P> - SZ ‘ (I)P> CS)Z C %N

S? restricted: SQ | Ep) — Sz ‘ EP>

Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022



Intermezzo: Hilbert subspaces

e Our non-interacting density matrix will in general break (spin) symmetries
Tr(IA“OS’z) + Tr(lATSA’Z)

e We can alleviate this by restricting our Hilbert (sub)space
Canonical: H N

Grand Canonical: 3‘7
S, restricted: SZ ‘ (I)P> - SZ ‘ (I)P> CS)Z C %N

S restricted: 2 | =) = S? | =E5) $? C CS)Z

Derk Kooi, Bosonic and Fermionic Sinkhorn, Trento 10-10-2022



Intermezzo: Hilbert subspaces

e Our non-interacting density matrix will in general break (spin) symmetries
Tr(IA“OS’z) + Tr(lATSA’Z)

e We can alleviate this by restricting our Hilbert (sub)space
Canonical: K
Grand Canonical: F
S, restricted: ~ S_|®p) =S| Dp) S, CHy

3'2 restricted: S2 | E P> — S 2 ‘ E P> CS) 2 C CS) ; (Configuration State Functions)
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H, dissociation, CISD (exact), aug-cc-pVQZ
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H, dissociation, 1-RDM: CISD (exact), aug-cc-pVQZ
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For future work

e As of yet: only evaluation on exact 1-RDMs at zero temperature

o Improve stability for fermions

o Self-consistent optimisation, integrating with pyscf(ad)
e—ﬁ(€p+€q)zjt\?/_\fq

Ly

+ Calculate (71,71,) =
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e As of yet: only evaluation on exact 1-RDMs at zero temperature
o Improve stability for fermions
o Self-consistent optimisation, integrating with pyscf(ad)

o Pleyte,) Z]L\?/_ \5?61

+ Calculate (71,71,) =

Zy
oWlyl aeq . L o .
e Obtain , Via —— from automatic differentiation or implicit function theorem
on, on,
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For future work

e As of yet: only evaluation on exact 1-RDMs at zero temperature

o Improve stability for fermions

o Self-consistent optimisation, integrating with pyscf(ad)
e—ﬁ(€p+€q)Z]L\i/_\fq

Ly

+ Calculate (71,71,) =

oWlyl 6€q . L o .
e Obtain , Via —— from automatic differentiation or implicit function theorem

dnp dnp

« The missing correlation functional Af[}/]

e In preparation: a reference that takes into account part of the interaction
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Conclusions

e Finite temperature 1-RDMFT in the canonical ensemble was studied
numerically for the first time

e A (canonical) non-interacting reference system was introduced

e Bosonic and Fermionic Sinkhorn algorithms were derived and
implemented in the bfsinkhorn package

e The algorithms were shown to be efficient and perform well for both
“simulated” and ground-state 1-RDMs

A study of the corresponding canonical approximation to the interaction
Wyly] revealed interesting behaviour w.r.t. grand canonical
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1-RDM Optimisation
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1-RDM Optimisation

. We need to optimise w.r.t. NOONs {7, } and NOs {¢,(X)

. Taking the derivative of Aﬁ[;/] w.r.t. n;:

1 05l{n,}] .\ oW, (7] N A’ly] _

h — 0
P B on, on, on,
() Y, . .
0BG _ @) oWyly™] N 0A! [}/. ] | p(+D[{e0AHD )]
P pp on, anlgl)

e Optimisation over NOs yields effective one-particle Schrodinger equation
e Analogous for Grand Canonical
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Hotstart convergence 5 fermions in 13 orbitals
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Linear NOONSs 4 particles in 8 orbitals
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Orbital energies H,O CCSD in cc-pVQZ basis
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Orbital energies H,O CCSD in cc-pVQZ basis

20 - ® Grand Canonical ®
e Canonical @
15 -
“O
5 -
o] 8
o
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Mp
e Shift by a constant and either match the strongly or weakly occupied 33
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Orbital energies H,O CCSD in cc-pVQZ basis
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H, dissociation, CISD (exact), aug-cc-pVQZ
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Preliminaries: finite temperature
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Preliminaries: finite temperature

o At finite temperature we have instead:
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Preliminaries: finite temperature

o At finite temperature we have instead:
A e PH ;
Canonical: 1",5 = — Z,B — Tr(e —ﬁH)
7P
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Preliminaries: finite temperature

o At finite temperature we have instead:

~ e_ﬂH ~
Canonical: 1",5 e Z,B — TI’(E —ﬁH)
v/
~ e_ﬁ(H_//tN) A ~
Grand Canonical: Fﬁaﬂ = Zﬁaﬂ — Tr(e—ﬁ(H—ﬂN ))
Fh.u
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Preliminaries: finite temperature
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~ e_ﬁ(H_//tN) A ~
Grand Canonical: Fﬁaﬂ = Zﬁaﬂ — Tr(e—ﬁ(H—ﬂN ))
Fh.u

. Note the different Hilbert spaces (single particle space §)
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Preliminaries: finite temperature

o At finite temperature we have instead:

~ e_ﬁH ~
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Preliminaries: finite temperature

o At finite temperature we have instead:

~ e_ﬂH ~
Canonical: F’B e Z,B — TI’(E —ﬁH)
v/
~ e_ﬂ(H_//tN) A ~
Grand Canonical: Fﬁaﬂ = Zﬁaﬂ — Tr(e—ﬁ(H—ﬂN ))
Fh.u

. Note the different Hilbert spaces (single particle space §)
N N
Canonical: H =\/f) H =/\f) fﬁE%N® %N
=1 =1

o0

Grand Canonical: S = @%N fﬂ’” e F X F
N=0 36
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