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Weak and Strong Correlation

Weak correlation
@ Dispersion effects
@ For molecules: one resonance structure
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Strong correlation

e Bond-stretching / breaking

@ Motion of electrons rigidly coupled

@ For molecules: many resonance structures
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Weak and Strong Correlation

Weak correlation

@ Dispersion effects

@ For molecules: one resonance structure

@ HOMO-LUMO gap large compared with electronic repulsion
Strong correlation

Bond-stretching / breaking
@ Motion of electrons rigidly coupled

@ For molecules: many resonance structures

@ HOMO-LUMO gap small compared with electronic repulsion
e “How many bonds?”

Any system far from a mean-field of electrons (aufbau). Try to
subdivide effects and treat correctly at the mean-field level.
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Mean-field approach

Weakly-correlated:

[O) = [HF) + ) " Cia|®f) + > Cijuan [BF) + ...

7,0 ij,ab

Series “converges” provided that Hartree-Fock is a reasonable
approximation to the exact result.
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Mean-field approach

Weakly-correlated:

[O) = [HF) + ) " Cia|®f) + > Cijuan [BF) + ...

7,0 ij,ab

Series “converges” provided that Hartree-Fock is a reasonable
approximation to the exact result.

Problem: can we define a “reference” state for strongly-correlated
systems such that a short expansion converges?

@ Productive to expand in seniority
@ Solve seniority problems individually

o Start with weakly-correlated pairs rather than electrons
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Seniority and DOCI
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Q=0 Q=2 Q=4

@ Seniority, §2: the number of unpaired electrons of a given MO diagram

@ Doubly-Occupied Configuration Interaction: DOCI, all diagrams with
seniority zero

@ Pair mean-fields have DOCI as best possible case
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Bytautas JCP 135, 044119 (2011)
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su(2): Pairs

Individual electrons:

ala; +ajal =5
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su(2): Pairs

Individual electrons:

T

. T s
a;a; +aja; = o;

In one spatial orbital, can make / remove pairs:

S+:a$a1, ST =ajar, S = (1%"“%%‘1)

DN |

[ST,57] =257 [S$%, 8] = +5*

P. A. Johnson (Université Laval) October 10, 2022 6/24



su(2): Pairs

Individual electrons:

T

. T s
a;a; +aja; = o;

In one spatial orbital, can make / remove pairs:

S+:a$a1, ST =ajar, S = (1%"“%%‘1)

DN |

[ST,57] =257 [S$%, 8] = +5*
Extends to any number of spatial orbitals cleanly:
_ 1
$=%%,%=mm,$=ﬂ%%+%%—9
[st.57] =205z, [s7.85] = 205
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Geminals

Geminal Mean-field wavefunctions: ], Gl |6)
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Geminal Mean-field wavefunctions: ], Gl |6)
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Geminals

Geminal Mean-field wavefunctions: ], Gl |6)
o RHF: Gl = S
o Geminal Power (AGP): Gl = 3. ¢:S
o Richardson-Gaudin (RG) states: Gj = 3° St

i Ug—E;
@ Product of Interacting Geminals (APIG): Gl = > 9aiS;
Occupied-Virtual separation type:
o GVB/PP: Gl =57 — SF.
o APSG: Gl = S + >4 9abSy

o AP1roG/pCCD: Gh = St + Y ycvins 9abSy
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Geminals

Geminal Mean-field wavefunctions: ], Gl |6)
o RHF: Gl = S
e Geminal Power (AGP): Gl = > giS;
St

e Richardson-Gaudin (RG) states: G}, = P e
e Product of Interacting Geminals (APIG): G, = > 9aiS;
Occupied-Virtual separation type:
o GVB/PP: Gl =57 — SF.
o APSG: Gl = S + Yy 4 9abS;
o AP1roG/pCCD: Gh = St + Y ycvins 9abSy
Geminal wavefunction ~ Natural-Orbital functionals.
Explicit AGP and APSG

Implicit RG states and APIG
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Richardson-Gaudin states

A 1 N g _
HBCS': 5257;711-—525;5]-
7 i

Competition between aufbau filling and pair scattering.
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Richardson-Gaudin states

A 1 N g _
HBCS’ = izani — §ZSZ+SJ
7 i

Competition between aufbau filling and pair scattering.
Richardson, Gaudin (specific example of Bethe Ansatz):

S+ St St
tuh) = (Z Uy ia) (Z Us ia) (Z uMl—el) 19)

2 3
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Richardson-Gaudin states

A 1 N g _
HBCS’ = izani — §ZSZ+SJ
7 i

Competition between aufbau filling and pair scattering.
Richardson, Gaudin (specific example of Bethe Ansatz):

S+ St St
tuh) = (Z Uy ia) (Z Us ia) (Z uMl—el) 19)

2 3

Can show that
Hpes [{u}) = E|{u}) + (garbage)
So |{u}) a solution provided garbage disappears, or

2 1 2
g+zi:ua—€z+zub—uazo'

b#a
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Variational Program

Use RG states to approximate energy of Coulomb Hamiltonian He

(o)
T )
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Variational Program

Use RG states to approximate energy of Coulomb Hamiltonian He

(o)
T )

e {e}, g define reduced BCS Hamiltonian
@ Solve Richardson's equations for {u}

e Construct (normalized)

v = ({u}nil{u})
Di; = ({u}|fin;|{u})
Py = ({u}|S;"S; [{u})
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Variational Program

Use RG states to approximate energy of Coulomb Hamiltonian He

(o)
T )

e {e}, g define reduced BCS Hamiltonian
@ Solve Richardson's equations for {u}

e Construct (normalized)

v = ({u}nil{u})
Di; = ({u}|fin;|{u})
Py = ({u}|S;"S; [{u})

e System: {c}, ¢
o States: {u} ~ pair energies
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JCP 156, 214110 (2022)

APIG scalar products

SOIHEDS | BNV

P Pep

Sums of all possible rank-q contractions:

L (hays---hags Gbrs-- -+ Gb,) = (=D Ngl(g - 1)!2]121 ...hiqggl . .géq
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APIG scalar products

SOIHEDS | BNV

P Pep

Sums of all possible rank-q contractions:
. . o .
T (hays- - hags Gors -5 96,) = (1) T Vql(q = DY "Rl .. b gh, - g,
i

Become feasible in 3 distinct ways:

RG Rank-reduction: all rank-q contractions writeable as rank-1
{u} a solution of Richardson's equations — 1 determinant
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APIG scalar products
{righ) =D TI r{ntrudgte)
P PeP

Sums of all possible rank-q contractions:
. . o .
T (hays- - hags Gors -5 96,) = (1) T Vql(q = DY "Rl .. b gh, - g,
i

Become feasible in 3 distinct ways:

RG Rank-reduction: all rank-q contractions writeable as rank-1
{u} a solution of Richardson's equations — 1 determinant
AGP Recursion: contractions depend only on the rank

@ determinant of power-sum symmetric polynomials
@ Very clean recursion for scalar products
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JCP 156, 214110 (2022)

APIG scalar products

SOIHEDS | BNV

P Pep

Sums of all possible rank-q contractions:
. . o .
T (hays- - hags Gors -5 96,) = (1) T Vql(q = DY "Rl .. b gh, - g,
i

Become feasible in 3 distinct ways:

RG Rank-reduction: all rank-q contractions writeable as rank-1
{u} a solution of Richardson's equations — 1 determinant

AGP Recursion: contractions depend only on the rank

@ determinant of power-sum symmetric polynomials
@ Very clean recursion for scalar products

APSG Sparsity: only diagonal rank-1 contractions are non-zero
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JCP 156, 214110 (2022)
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JCP 156, 194103 (2022)

RDM elements require computing rapidities {u}
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JCP 156, 194103 (2022)

RDM elements require computing rapidities {u}

2 1 2
4> +Zub_%:0

IO

Use variables Uj;, then root-find a Lagrange interpolation polynomial for
{u}
Uy —U;

v=y 4 0=U7—2Wi—g ) =
k

i ta k(i)

€q
Equations are solved by adiabatic evolution from g =0
0=U;(U; —2)

Solutions at g = 0 are Slater determinants labelled by occupations and

evolve uniquely. Unambiguous to label states based on g =0, e.g.
111000, 110100, ..., 000111
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JCP 156, 194103 (2022)

RDM elements require computing rapidities {u}

2 1 2
+;ua_5i+ Z Ub_ua:O

g b(2a)

Use variables Uj;, then root-find a Lagrange interpolation polynomial for

{u}

E; — Ug Ek Eq

k(40)

Equations are solved by adiabatic evolution from g =0
0=U;(U; —2)

Solutions at g = 0 are Slater determinants labelled by occupations and
evolve uniquely. Unambiguous to label states based on g =0, e.g.
111000, 110100, ..., 000111

RDM elements now only require variables U;.
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JCP 156, 194103 (2022)
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JCP 156, 194103 (2022)
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After assigning occupations at ¢ = 0, dynamic g—step approach:
@ Attempt large step with a Taylor series
@ Reject, and retry with half-step if terms in series grow
@ Newton-Raphson solve
@ Reject, and retry if norm of {U} changes by more than threshold

Number of steps required grows only logarithmically with g.
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RG 1010 smoothly transitions from RHF + pairs to GVB
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With {e} and ¢ found for 1010 state, compute all other RG states.
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With {e} and ¢ found for 1010 state, compute all other RG states.
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With {e} and ¢ found for 1010 state, compute all other RG states.
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@ The RG states are the DOCI states: non-interacting RG pairs is the
physical picture
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@ The RG states are the DOCI states: non-interacting RG pairs is the
physical picture

@ Correct description of excited states requires OO for each state...

P. A. Johnson (Université Laval)

October 10, 2022

16 /24



0.0035
-38 b ® RG 10101010 -DOCI 0
‘@ 0.0030
E L]
-39
T © 0.0025
g E
£ a0 ; 000201 %
z @ %
0.00
5 -41 g = 0..
E RHF a 0.0010 °
—42 —e— RG 10101010 2
—— DOCI E 0.0005
—43 —+— FCI
0.0000
2 3 4 5 6 2 3 4 5 6 7 8 9 10
Distance (Bohr)

Distance (Bohr)

P. A. Johnson (

iversité Laval) October 10, 2022 17




-3.8
__ -39
[
L
£ a0
z
>
9 -4.1
: RHF
42 —e— RG 10101010
—=— DOCI
—43 —— FCl
2 3 4 5 6
Distance (Bohr)
a)
—-108.35
-108.40
— —108.45
[
L
+ -108.50
z
< -108.55 RG 1111111000
) RG 1111110010
g e —e— RG 1111101010
10865 —e— RG 1111101100
—— DOCI
-108.70 —— FCI
15 2.0 25 3.0 35 4.0 4.5 5.0 55 6.0

P. A. Johnson (

Distance (Bohr)

iversité Laval)

Energy Difference (Hartree)

o

Energy Difference (Hartree)

0.0035

p
0.0030 @

'
0.0025
0.0020
0.0015
0.0010
0.0005

0.0000

0.010

0.008

0.006

0.004

0.002

0.000

L)
.-"'..

e RG 10101010 - DOCIO

2 3 4 5 6
Distance (Bohr)

N e RG 1111101010 -DOCIO

6 8
Distance (Bohr)

October 10, 2022

17 /24



More than one RG state

Can compute matrix elements between RG eigenvectors:

Each state parametrized by distinct solution of {u}

e Transition matrix elements require determinants (but less clean)
@ Analogue of aufbau principle for RG states

@ On paper: each RG state couples with each other RG state
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More than one RG state

Can compute matrix elements between RG eigenvectors:
@ Each state parametrized by distinct solution of {u}

b) )
Dy

Transition matrix elements require determinants (but less clean)
Analogue of aufbau principle for RG states

On paper: each RG state couples with each other RG state
Numerically: Couplings decrease with “excitation level”

Dy = {{odain;{w}) Py = ({0}SS; [{w})
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We are building methods for strong electron correlation using
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We are building methods for strong electron correlation using
exactly solvable models. RG pairs in particular.
Advantages:

@ Variationally feasible mean-field
@ Complete set of eigenvectors
o Clean, easy computational expressions
@ Potential for sparsity
Issues:
@ Orbital optimization
e Optimization of variational parameters {¢}, g
@ Choosing the correct RG state
@ Transition density matrices expensive
@ Degenerate RG states

Machinery to employ RG states as a basis is not difficult!
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More than 1 RG state required

21 sites (6 levels) ® 28 sites (7 levels) @ 36 sites (8 levels) @ 45 sites (9 levels) 55 sites (10 levels)

® 6sites (3 levels) @ 10sites (4 levels) ® 15 sites (5 levels)

1.000E+01

25506402

-5.200E+02

Energy

-7.850E402

-1.050E+03
0 32 a8 64

Beta

v

H=> mini+ > Vij(B)SFS;
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More than 1 RG state required

0 _10 — 27‘2 — — — — —
2 — 23‘2 ,—\-/_\_/—————-— e —/:
1Fa

MeV
~N
T
~N
]
N

3r m—/f Sn isotopes

0" s—
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A
A. E. Stuchberry and J. L. Wood, Physics, 2022, 4, 697-773.
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More than 1 RG state required
E (MeV)
10

Note: f,;, shell is “half-filled"”
@ “°Ca for 8p-8h
@ “2Ca for 6p-4h
o & @ ““Ca form 2p-2h
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- | o o
6 | & z o >0 *
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A. E. Stuchberry and J. L. Wood, Physics, 2022, 4, 697-773.
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We are looking for PhD students!
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