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Ground-state energy via the minimisation

E = min
|ΨN 〉∈HN

〈ΨN | Ĥ |ΨN 〉 .

Works for any Ĥ, but the dimension of HN grows exponentially
with N .

Functional theories build minimisation problems for specific
families of Ĥ and thus reduce the dimensionality.

Ĥ = ĥ+ Ŵ .

I ĥ – single-particle terms
I Ŵ – fixed interaction (e.g. Coulomb, Hubbard).
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Ĥ = ĥ+ Ŵ .
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Ĥ = ĥ+ Ŵ .

Reduced Density Matrix Functional Theory – the dimension grows
quadratically with the number of sites independently of N .

Thanks to the Levy-Lieb constrained search.

[M. Levy, Proc. Natl. Acad. Sci. U.S.A 76, 6062 (1979), E. H. Lieb, Int. J. Quantum Chem. 24, 243 (1983)]
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The universal Reduced Density Matrix Functional

FŴ (ρ̂) := min
HN3|ΨN 〉7→ρ̂
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ĥρ̂
)

+ 〈ΨN | Ŵ |ΨN 〉
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ĥρ̂
)
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ĥρ̂
)
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= min
ρ̂

min
|ΨN 〉7→ρ̂

[
Tr
(
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The functional for the Hubbard dimer

ŴBH = n̂2
1 + n̂2

2, ŴFH = n̂1↑n̂1↓ + n̂2↑n̂2↓

[A. J. Cohen and P. Mori-Sanchez, Phys. Rev. A 93, 042511 (2016), L. Benavides-Riveros, J. Wolff, M. A. L.

Marques, and C. Schilling, Phys. Rev. Lett. 124, 180603 (2020)]



Diverging gradient at the boundary of the domain

I ”exchange force” (fermions)
I ”Bose-Einstein condensation

force”

[C. Schilling and R. Schilling, Phys. Rev. Lett. 122, 013001 (2019), C. L. Benavides-Riveros, et al., Phys. Rev. Lett.

124, 180603 (2020), Julia Liebert and Christian Schilling, Phys. Rev. Research 3, 013282 (2021)]
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Diverging gradient – the main result

F
(
UρU †

)
≤
(

1− D

βd

)
F
(
UρBEC/HFU

†
)

+

+c1(U)

√
D

βd

(
1− D

βd

)
+ c2(U)

D

βd
, c1(U) < 0



Diverging gradient – the main result

F
(
UρU †

)
≤
(

1− D

βd

)
F
(
UρBEC/HFU

†
)

+

+c1(U)

√
D

βd

(
1− D

βd

)
+ c2(U)

D

βd
, c1(U) < 0



F
(
UρU †

)
≤
(

1− D

βd

)
F
(
UρBEC/HFU

†
)

+

+c1

√
D

βd

(
1− D

βd

)
+ c2

D

βd
, c1 < 0



The upper bound for the Bose-Hubbard dimer

FboundBH (D,φ) =
1

4
N (1 + 3N + (N − 1) cos(2φ)) +

− sin2 φ

√
N(N − 1)

2

√
D(2−D)− D

2
(N − 2)(1 + 3 cos(2φ)).



The wavefunction ansatz

FŴ (ρ) := min
HN3|ΨN 〉7→ρ

〈ΨN | Ŵ |ΨN 〉 ≤ 〈ΦN | Ŵ |ΦN 〉 , |ΦN 〉 7→ ρ

Fbound(ρ) = 〈ΦN (ρ)| Ŵ |ΦN (ρ)〉

|ΦN (ρ)〉 determined by ρ.

I invert the map |ΨN 〉 7→ ρ for any ρ,

I control the geometry of the problem,

I extract the dependence on the D-variable.
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The wavefunction ansatz for the singlet sector
|ΦN (ρ)〉 determined by the eigendecomposition of ρ.

ρ =

d∑
i=1

νi |φi〉〈φi| , 2 ≥ ν1 ≥ ν2 ≥ · · · ≥ νd ≥ 0

Define the Slater-determinantal (Hartree-Fock) state
|HF (ρ)〉 :=

∣∣φ1 ↓, φ1 ↑, . . . , φN/2 ↓, φN/2 ↑
〉
.

|ΦN (ρ)〉 :=
1√

1 + ε2

1 + ε

N/2∑
i=1

d∑
j=N/2+1

αi,ja
†
φj↓a

†
φj↑aφi↑aφi↓

 |HF (ρ)〉

∑N/2
i=1

∑d
j=N/2+1 α

2
i,j = 1, ε > 0. Parameters αi,j and ε found

from the condition |ΦN (ρ)〉 7→ ρ. In particular,

D = βd
ε2

1 + ε2
=

1

2
βd(N −NHF ), NHF :=

N/2∑
i=1

νi.
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Extra: An approximate functional/MCSCF ansatz?

Eapprox = min
ρ̂

[
Tr
(
ĥρ̂
)

+ Fbound(ρ̂)
]

FboundBH (D,φ) =
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Extra: An approximate functional/MCSCF ansatz?

Eapprox = min
ρ̂

[
Tr
(
ĥρ̂
)

+ Fbound(ρ̂)
]

Application to the electron transfer problem.

ĤFH = t

d−1∑
i=1

∑
σ∈{↑,↓}

(
â†iσâ(i+1)σ + â†(i+1)σâiσ

)
+

d∑
i=1

∑
σ∈{↑,↓}

vin̂iσ+V

d∑
i=1

n̂i↑n̂i↓
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Electron transfer in the Fermi-Hubbard chain

Electron transfer calculations
I pointed out as one of the current challenges of the Reduced

Density Matrix Functional Theory,
I some RDMFT functionals (HF, Power, Müller) give

qualitatively incorrect results even for the Fermi-Hubbard
dimer (d = 2) in the strong interaction limit.

[A. J. Cohen, et al., Chem. Rev., 112, 1, 289–320,(2012), P. Mori-Sanchez and A. J. Cohen, Phys. Chem. Chem.

Phys. 16, 14378 (2014), P. Mori-Sanchez and A. J. Cohen, Phys. Rev. A 93, 042511 (2016)]
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Electron transfer in the Fermi-Hubbard chain

However, there are significant errors for the correlation energy in
the strong interaction limit.



Summary

I The repulsively diverging gradient explains why interacting
systems of bosons or fermions can never attain the maximal
possible occupation numbers.

I Reproducing the repulsively diverging gradient could serve as
a test for new approximate functionals.

I Further challenges: proving rigorously that the exact
functional is differentiable at the set of HF/BEC states,
extending the result to electronic doublet, triplet sectors, etc.

I Approximate RDMFT functional for electron transfer?
Generalise by taking higher excitation spaces, etc...
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