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1 fm

How can something so complicated as a proton look so simple?

Can this be explained / excluded in QCD?



Similarity of atomic and hadronic spectra

V (r) = ��
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V (r) = c r � 4
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PQED: PQCD?

Adapted from presentation by J. Ritman (2005)
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Positronium Charmonium

Quarkonia are like atoms with confinement

V (r) = �↵

r
E. Eichten, S. Godfrey, H. Mahlke and J. L. Rosner, 
Rev. Mod. Phys.  80 (2008) 1161

“The J/ψ is the Hydrogen atom of QCD”

V (r) = V 0r � 4
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(1980)



3
Bound states from the QFT action

Bound states are omitted from QFT textbooks

Cf.  Careful derivations of the perturbative S-matrix

The Schrödinger equation does not follow from the QED action
For states at rest: Assumed initial state for an EFT (NRQED, NRQCD)

Need textbook level derivations of bound states starting from ℒQFT

Atoms in motion are pictured as
                  classically contracted
Their QM wave functions are not calculated

M. Järvinen, PRD 71 (2005)

What about moving atoms and hadrons: ?

In our quest for hadrons:

Caswell & 
Lepage (1975)
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Relativistic qq̅ spectrum

3 15. Quark Model

Table 15.2: Suggested qq̄ quark-model assignments for some of the ob-
served light mesons. Mesons in bold face are included in the Meson Sum-
mary Table. The wave functions f and f

Õ are given in the text (Eqn. 15.9).
The singlet-octet mixing angles from the linear mass formula (15.12) and
its quadratic version (in which the masses are squared) are also given for
the well established nonets. The classification of the 0++ mesons is ten-
tative: the light scalars a0(980), f0(980), f0(500) and K

ú
0 (700) are often

considered to be four-quark states, and are omitted from the table, see Eqn.
(15.26) below. The isoscalar 0++ mesons f0(1370), f0(1500) (not shown)
and f0(1710) are expected to mix, see the “Note on Non-qq̄ mesons” and
the “Note on Scalar Mesons below 2 GeV” in the Meson Listings for de-
tails. The isoscalar assignments in the 21

S0 (0≠+) nonet are also tentative.
The ÷(1405) (not shown) and ÷(1475) may be manifestations of the same
state, see the “Note on Pseudoscalar and Pseudovector Mesons in the 1400
MeV Region” in the Meson Listings.
† The 1+± and 2≠± isospin 1

2 states mix. In particular, the K1A and K1B

are nearly equal (45¶) mixtures of the K1(1270) and K1(1400) (see [2] and
references therein).
‡ The physical vector mesons may be mixtures of 13

D1 and 23
S1 [3].

n
2s+1

¸J J
P C I = 1 I = 1

2 I = 0 I = 0 ◊quad ◊lin
ud̄, ūd, us̄, ds̄; f

Õ
f [¶] [¶]

1Ô
2(dd̄ ≠ uū) d̄s, ūs

11
S0 0≠+ fi K ÷ ÷Õ(958) ≠11.3 ≠24.5

13
S1 1≠≠ fl(770) Kú(892) „(1020) Ê(782) 39.2 36.5

11
P1 1+≠ b1(1235) K1B

† h1(1415) h1(1170)
13

P0 0++ a0(1450) Kú
0(1430) f0(1710) f0(1370)

13
P1 1++ a1(1260) K1A

† f1(1420) f1(1285)
13

P2 2++ a2(1320) Kú
2(1430) f Õ

2(1525) f2(1270) 29.6 28.0
11

D2 2≠+ fi2(1670) K2(1770)† ÷2(1870) ÷2(1645)
13

D1 1≠≠ fl(1700) Kú(1680)‡ Ê(1650)
13

D2 2≠≠ K2(1820)†

13
D3 3≠≠ fl3(1690) Kú

3(1780) „3(1850) Ê3(1670) 31.8 30.8
13

F4 4++ a4(1970) Kú
4(2045) f4(2300) f4(2050)

13
G5 5≠≠

fl5(2350) K
ú
5 (2380)

21
S0 0≠+ fi(1300) K(1460) ÷(1475) ÷(1295)

23
S1 1≠≠ fl(1450) Kú(1410)‡ „(1680) Ê(1420)

23
P1 1++ a1(1640)

23
P2 2++ a2(1700) K

ú
2 (1980) f2(1950) f2(1640)

These mixing relations are often rewritten to exhibit the uū+dd̄ and ss̄ components which decouple
for the “ideal” mixing angle ◊i, such that tan ◊i = 1/

Ô
2 (or ◊i = 35.3¶). Defining – = ◊ + 54.7¶,

one obtains the physical isoscalar in the flavor basis

f
Õ = 1Ô

2
(uū + dd̄) cos – ≠ ss̄ sin – , (15.9)

1st June, 2020 8:28am

Particle Data Group

Take the features of hadrons at face value

No gluons, sea quarks

αₛ is perturbative

High-mass excitations

Confining potential:
αₛ⁰, instantaneous⇒

and

Dramatic consequences: A perturbative expansion for hadrons, as for atoms
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The scale of Confinement: ΛQCD ≃ 1 fm–1

Cornell QQ̅ potential V (r) = V 0r � 4

3

↵s

r
<latexit sha1_base64="FSjEu3MzYfRTzqau5lFKkY0E9gI="></latexit><latexit sha1_base64="FSjEu3MzYfRTzqau5lFKkY0E9gI="></latexit><latexit sha1_base64="FSjEu3MzYfRTzqau5lFKkY0E9gI="></latexit><latexit sha1_base64="FSjEu3MzYfRTzqau5lFKkY0E9gI="></latexit>

V´ ≈ 0.18 GeV2 Confinement scale:  Not in ℒQCD

Must be added without changing ℒQCD 

αs ≈ 0.39 Perturbative analysis of quarkonia

Do QCD interactions depend on something beyond ℒQCD ?

E. Eichten et al
PRD 21 (1980) 203

Yes: Boundary conditions
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6The instantaneous gauge potential

Gauge theories do have instantaneous interactions: 
Although their action is local, the gauge may be fixed non-locally

The lack of ∂₀A0 and ∇⋅A in FμνFμν means that A0 and AL do not propagate

Covariant gauge fixing: LGF= (∂μ Aμ)2 adds the missing derivatives 

This hides the instantaneous potential, obscures bound state dynamics.

The values of A0 and AL are determined by the choice of gauge
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7Temporal gauge: A0(t,x) = 0

 A0 = ∂₀A0 = 0
<latexit sha1_base64="qRc8EaGC5795/79iqA3H9JpCED4="></latexit>⇥
Ei(t,x), Aj(t,y)

⇤
= i�ij�(x� y)

Physical states must be invariant under all gauge transformations:
<latexit sha1_base64="fM3PI3orgab4Hc3Ujx8MCaJRPNI="> </latexit>

�SQED

�A0(x)
|physi = 0 Determines ∇⋅EL from the charges in each state

<latexit sha1_base64="AjXK/7K72HIAVF1sE6VnBHDTGC4="></latexit>

�SQED

�A0(x)
= @iE

i(x)� e † (x)

Willemsen (1978)
A0(t,x) = 0 is preserved under time-independent gauge transformations, 
which are generated by the operator of “Gauss’ law”:

Does not vanish as an operator since A0 = 0

Canonical quantisation is straightforward:

Ei = – ∂₀Ai Electric field
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8The classical, instantaneous field EL

EL can bind qq̅ Fock states strongly, without pair creation. 

The electric field EL is a classical field.

Allows valence dominance even for relativistic hadrons

<latexit sha1_base64="fM3PI3orgab4Hc3Ujx8MCaJRPNI="></latexit>

�SQED

�A0(x)
|physi = 0

x2

x1

e+e– :



9Temporal gauge in QCD: Aa0 = 0

The temporal gauge constraint determines ∇⋅ EL,a for each state:

Include a homogeneous solution for EL,a :   ∇⋅ EL,a (x) = 0

Introduces the QCD scale from a boundary condition

Translation and rotation symmetry impose tight constraints

Works only for color singlet states

<latexit sha1_base64="i57yVp+TugKQ0UzYfwDjrd7rgF4="></latexit>

�SQCD

�A0
a(x)

= @iE
i
a(x) + gfabcA

i
bE

i
c � g †T a (x)

<latexit sha1_base64="PkCSAOZ5dGW8N3DHco2yr6JIVBQ="></latexit>

�SQCD

�A0
a(x)

|physi = 0



10The confining potential in the Hamiltonian

Ei
L,a(x) |physi = �@x

i

Z
dy

h
x · y +

g

4⇡|x� y|

i
Ea(y) |physi

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The field energy ∝ volume of space is irrelevant only if it is universal.

This relates the normalisation κ of all Fock components,

leaving a universal scale Λ = O(αₛ⁰) as the single parameter.

HV ⌘
1
2

Z
dx

X

a

Ea
L ·Ea

L

<latexit sha1_base64="y/LnBf7mje5m9eVwAk0ubbh1JuI="></latexit>

<latexit sha1_base64="S4+o75OQpaOLirnRY5yc8qaumwo="></latexit>

=

Z
dydz

n
y · z

h
1
2

2

Z
dx+g

i
+ 1

2

↵s

|y � z|

o
Ea(y)Ea(z)

where Ea(y) = �fabcA
i
bE

i
c(y) +  †T a (y)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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11Meson qq̅ Fock state potential

|q(x1)q̄(x2)i ⌘
X

A

 ̄A(x1) 
A(x2) |0i

<latexit sha1_base64="lbd4cESyhPMNRbzkf6zIWydHoAI="></latexit>

Cornell potentialVqq̄(x1,x2) = ⇤2|x1 � x2|� CF
↵s

|x1 � x2|

<latexit sha1_base64="I300IL8ktnl/KGseWtdyR290vOk="></latexit>

<latexit sha1_base64="bl23Gb02JMATVIAoL23RyjcbToA="></latexit>

HV |qq̄i = Vqq̄ |qq̄i

HV ⌘
1
2

Z
dx

X

a

Ea
L ·Ea

L

<latexit sha1_base64="y/LnBf7mje5m9eVwAk0ubbh1JuI="></latexit>

globally color singlet

This potential is valid also for relativistic qq̅ Fock states, in any frame

The universal vacuum energy density is
<latexit sha1_base64="3t3KJLQUMzntWlstBMpb2om6dp4="></latexit>

E⇤ =
⇤4

2g2CF

<latexit sha1_base64="I1lxvxqQaCzMxyTG0W0kW92uBls="></latexit>

HV |0i = 0



12Baryon Fock state potential

Baryon:

Vqqq(x1,x2,x3) = ⇤2dqqq(x1,x2,x3)�
2

3
↵s

⇣ 1

|x1 � x2|
+

1

|x2 � x3|
+

1

|x3 � x1|

⌘

<latexit sha1_base64="P4FaT3OezJUk+2KpgueiTMZoqyw="></latexit>

dqqq(x1,x2,x3) ⌘
1p
2

p
(x1 � x2)2 + (x2 � x3)2 + (x3 � x1)2

<latexit sha1_base64="ICKqdX4LeMmtbzoRvEtuZmVSOjA="></latexit>

Analogous potentials are obtained for any globally color singlet 
quark and gluon Fock state, such as qq̅g and gg.

When two of the quarks coincide the potential reduces to the qq̅ potential:
<latexit sha1_base64="ZuEHtliMMKMSJwA3W3dqbaZh6Vk="></latexit>

Vqqq(x1,x2,x2) = ⇤2|x1 � x2|�
4

3

↵s

|x1 � x2|
= Vqq̄(x1,x2)

<latexit sha1_base64="9ekWTx1STEbSdwCXI4w/jIjMZec="></latexit>

|q(x1)q(x2)q(x3)i ⌘
X

A,B,C

✏ABC 
†
A(x1) 

†
B(x2) 

†
C(x3) |0i
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V (0)
qgq (x1,xg,x2) =

⇤2

p
CF

dqgq(x1,xg,x2)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

dqgq(x1,xg,x2) ⌘
q

1
4 (N � 2/N)(x1 � x2)2 +N(xg � 1

2x1 � 1
2x2)2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

V (1)
qgq (x1,xg,x2) =

1
2 ↵s

h 1

N

1

|x1 � x2|
�N

⇣ 1

|x1 � xg|
+

1

|x2 � xg|

⌘i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

V (0)
qgq (x1 = xg,x2) = ⇤2|x1 � x2| = V (0)

qq̄
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

When q and g coincide:

V (1)
qgq (x1 = xg,x2) = V (1)

qq̄
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(universal Λ)

The qgq̅ potential

A qq̅ state, with the emission of a transverse gluon:

|q(x1)g(xg)q̄(x2)i ⌘
X

A,B,b

 ̄A(x1)A
j
b(xg)T

b
AB B(x2) |0i

<latexit sha1_base64="4A47M1oNzVnscPPsuHznqAz2ZsM="></latexit>

AT
EL
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Vgg =

r
N

CF
⇤2 |x1 � x2|�N

↵s

|x1 � x2|
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

This agrees with the qgq̅ potential where the quarks coincide:

Vgg(x,xg) = Vqgq̄(x,xg,x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

It is straightforward to work out the instantaneous potential for any Fock state.

The gg potential

|g(x1)g(x2)i ⌘
X

a

Ai
a(x1)A

j
a(x2) |0i

<latexit sha1_base64="b7SFvYI2CKTLDh+oNwPNkMU5Bgk="></latexit>

A “glueball” component:

has the potential
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15Bound Fock expansion for mesons in A0=0 gauge

The perturbative expansion in αs starts
from the |qq̅〉 Fock state, bound by the
O(αₛ⁰) instantaneous potential Vqq̅ :

q

q̅
EL

Each Fock component of  the bound state 
includes its O(αₛ⁰) instantaneous potential.

This Fock expansion is valid in any frame,
and is formally exact at O(αs∞).

O(αₛ) corrections include states with
transverse gluons and quark pairs,
determined perturbatively by HQCD |qq̅〉 AT

EL

q q̅

q q̅ g
q

q̅
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|Mi =
X

A,B;↵,�

Z
dx1dx2  ̄

A
↵ (t = 0,x1)�

AB�↵�(x1 � x2) 
B
� (t = 0,x2) |0i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

In the non-relativistic limit (m ≫ Λ) this reduces to the Schrödinger equation.

The quarkonium phenomenology with the Cornell potential.⇒ 

 qq̅ bound statesO
�
↵0
s

�
<latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit>

 An                meson state with P = 0 and wave function Φ:O
�
↵0
s

�
<latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit><latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit><latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit><latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit>

The (rest frame) bound state condition H |Mi = M |Mi
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

gives

⇥
i�0� ·

!
r+m�0

⇤
�(x) + �(x)

⇥
i�0� ·

 
r�m�0

⇤
=

⇥
M � V (|x|)

⇤
�(x)

where x ≡ x1 – x2 and                             at 
<latexit sha1_base64="Ii0qu4pPhml++c+JxNFdlA/a5aA="></latexit>

V (x) = ⇤2|x|
<latexit sha1_base64="TeO4ayQeNplsgZuO5Drk5zWmsNg="></latexit>

O
�
↵0
s

�
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  Example:                                 states at O(αs0)

��+(x) =
h 2

M � V
(i↵ ·

!
r+m�0) + 1

i
�5 F1(r)Yj�(x̂)

Radial equation: F 00
1 +

⇣2
r
+

V 0

M � V

⌘
F 0
1 +

h
1
4 (M � V )2 �m2 � j(j + 1)

r2

i
F1 = 0

Spectrum similar to
dual models

/V´

Linear Regge
trajectories 

with daughters

• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •

5 10 15 20

1

2

3

4

5

6

M2

j
Mass spectrum: m = 0

Regularity of the wave function determines the bound state masses M

<latexit sha1_base64="s6DXAoEGRvKSBrffdnLS13le0ek="></latexit>

�⌘P = ⌘C = (�1)j
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QFT dynamics at O

�
↵0
s

�
<latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit>

In a perturbative expansion each order in αₛ, including O(αₛ0),
must have all features required by field theory.

Boost covariance of bound state with CM momentum P:
<latexit sha1_base64="urWghj9wJvG0n+jYDRD9gnerVE4="></latexit>

|M,P i = 1p
Nc

X

A,B

Z
dx1dx2  ̄

A(x1)e
iP ·(x1+x2)/2�AB�(P )(x1 � x2) 

B(x2) |0i

<latexit sha1_base64="KtD2bmOHtQgNhVhs6BqCIuOv3Rk="></latexit>

ir ·
�
↵,�(P )(x)

 
� 1

2P ·
⇥
↵,�(P )(x)

⇤
+m

⇥
�0,�(P )(x)

⇤
=
⇥
E � V (x)

⇤
�(P )(x)

<latexit sha1_base64="yxoTzpY7jUGh+cBZBHi9dOdfK7c="></latexit>

E =
p
M2 + P 2Implies

Relates Φ(P)(τ) at a common value of 
<latexit sha1_base64="QGkwcIrlZibEBTrtHWEK8lSJy6g="></latexit>

⌧ ⌘ (E � V 0r)2 � P 2

EM form factor: Gauge invariant

Poincaré invariant (checked in D = 1+1)
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39

(ii) It has been known since 1932 [28] that the normalization integral
R
d
3x| (x)|2 of the Dirac wave function diverges

for all polynomial potentials V (|x|) and that the energy spectrum is continuous17. There is little awareness and
understanding of this property of the Dirac bound states (see [30] for a recent discussion). With retarded boundary
conditions  †

 is the number operator of positive and negative energy fermions, and its expectation value in the
Dirac state is | (x)|2. Fig. 14 supports the interpretation of | (x)|2 as an inclusive particle density.

δ1

δ2
A

B

C

FIG. 19: The dual diagram for meson
splitting A ! B + C, given by (7.1).
The qq̄ pair is created at distance �1

from the quark and �2 from the anti-
quark of meson A.

The ff̄ bound states that we studied in Section V also need to be built on
a vacuum that is an eigenstate of the Hamiltonian. This suggests an analogy
to the in and out states used as asymptotic states of the perturbative S-
matrix, which are eigenstates of the free Hamiltonian H0. States defined at
asymptotic times are on-shell and thus independent of the i" prescription in
their propagator. The ff̄ states discussed here may be used as asymptotic
states of the S-matrix, as in the electromagnetic form factor (5.48).

The time development from t = ±1 to the (finite) scattering time is deter-
mined by the full Hamiltonian. The asymptotic states therefore develop into
eigenstates of H by the time of scattering. In addition to contributions from
higher orders in ↵s, the bound states can split and merge as illustrated in
the dual meson diagram of Fig. 19. The amplitude hB,C|Ai can be evaluated
directly from the definition (6.12) of the meson states, using anticommutation
relations for the quark fields according to Fig. 19. Suppressing Dirac and color
indices,

hB,C|Ai =
1p
NC

Z h Y
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(7.1)

If the A ! B + C amplitude is combined with B + C ! A we get a hadron loop correction to the propagation of A.
The loop also induces mixing between hadrons, A ! B + C ! D. Thus the orthogonal basis of wave functions �(x)
which satisfy the bound state equation (6.10) needs to be rediagonalized when hadron loop corrections are considered.
Similarly to the Dirac wave functions (see remark (ii) above) the original basis functions are not normalizable, as
their norm �†(x)�(x) approaches a constant at large |x|. The mixing will likely redistribute the large |x| components
of low-lying states onto higher-lying states (which then decay into on-shell pairs, much like the pions produced in
phenomenological string breaking). The states of the rediagonalized basis may thus become normalizable. The
importance of the loop corrections for physical quantities depends on how sensitive measurables are to the large |x|
components of the wave functions. In D = 1+ 1 both the parton distributions and duality relations were determined
by low values of x, and should therefore be fairly insensitive to the mixing e↵ects.

There is an essential di↵erence between the Dirac wave functions and the ff̄ solutions of (6.10). The ff̄ wave functions
�(x) are (in the rest frame) generally singular at M = V (|x|) [42]. Regular (locally normalizable) solutions exist
only for discrete bound state masses. The Dirac wave functions have no singularities, implying a continuous mass
spectrum [28, 29].

The bound state equation (6.10) appears to have a hidden boost invariance, which ensures the correct frame depen-

dence for the energy eigenvalues, E =
p

M2 + P 2. We investigated this in some detail in D = 1 + 1 dimensions,
where the P -dependence of the wave function is given by (5.16). In D = 3+ 1 a similar relation holds when x||P , in
which case the bound state equation can be cast in the covariant form (6.32). Whether the frame dependence of the
wave function can be expressed analytically for general x is an open question.

The Poincaré covariance makes it possible to consider dynamical processes involving bound states. We studied
electromagnetic form factors and parton-hadron duality in D = 1+ 1. Many more processes are of interest, including
hadron-hadron scattering. The outcome of such studies, including the loop corrections mentioned above, will determine
whether considering the O

�
g
0
�
homogeneous solution (6.11) of Gauss’ law is physically viable.

17 The sole exception is the V (r) ⇠ 1/r potential in D = 3 + 1 dimensions, which is often found in textbooks.

String breaking: Quark pairs created in V(r) :

QFT dynamics at O
�
↵0
s

�
<latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit>

Hadron loops: Required by unitarity

A brave new αₛ⁰ world given to us by QFT
It should have all required features

Bound state overlap determined by their wf’s

Dihadron component of hadron wf (cf. form factors)
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The QCD scale ΛQCD can be introduced only via a boundary condition

In temporal gauge (A0 = 0) the constituents instantaneously determine ∇⋅EL 

Including a homogeneous solution for EL gives confinement in QCD

A Bound Fock expansion: Formally exact when summed to all orders in αₛ

A formulation of bound states at the
 same level as the perturbative S-matrix. More details in: 

PH 2101.06721

O(αₛ0) “Born term” provides a non-trivial, consistent(?) hadron dynamics 

Expanding around free quarks and gluons may never give confinement.
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Back-up slides



Paul Hoyer ECT* 9/22

22

9. Quantum chromodynamics 33

QCD αs(Mz) = 0.1185 ± 0.0006

Z pole fit  

0.1

0.2

0.3

αs (Q)

1 10 100
Q [GeV]

Heavy Quarkonia (NLO)

e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

Sept. 2013

Lattice QCD (NNLO)

(N3LO)

τ decays (N3LO)

1000

pp –> jets (NLO)
(–)

Figure 9.4: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).
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The perturbative αₛ

αₛ (0) < 1 if the strong coupling stops running around Q ∼ 1 GeV
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C. Itzykson and J.-B. Zuber: Quantum Field Theory (1980)

QED atoms (are not) in QFT textbooks

Bound states are not discussed in today’s textbooks. The last exception:

I & Z do not discuss the Schrödinger equation and its relation to the QED action.

The situation has not improved qualitatively.

INTEGRAL EQUATIONS AND BOUND-STATE PROBLEMS 493 

This is not the only disease of this model. It is possible to study corrections 
to the sensible set of solutions (K = O) which reproduces to lowest order the 
nonrelativistic result, Eqs. (10-75) and (10-76). The result of this analysis shows 
that 2ne/ Å, with e = J 1 - pZ /4, has an expansion of the form 

2ne T = 1 + e(all In e + ad + eZ[azdln e)Z + azzln e + a23] + ... (10-78) 

with e of order Å. These logarithmic terms are not present in a more physical 
approximation than the ladder series. 

If this were not enough, Nakanishi has shown that certain solutions have a 
negative norm! They are called "ghosts," and it is unclear whether they result 
from the inadequacy of the approximation or from a deeper inconsistency of 
the theory. 

The previous study may be generalized to the inhomogeneous equation for 
the amplitude, in particular to high-energy behavior in the crossed channe1 (cor-
responding to the exchanged particles). It is possible to find a Regge behavior 
sa(t) with a computable trajectory function a(t). 

Various attempts have been made to introduce an effective potential (or quasipotential) approxima-
tion to reduce the number of degrees of freedom of the relativistic bound-state problem, in particular 
the troublesome relative time. Even though they lead to interesting practical results, they mutilate 
one way or another the exact theory and generally introduce spurious singularities. 

10-3 HYPER FINE SPLITTING IN POSITRONIUM 

It should not be concluded that relativistic weak binding corrections cannot be 
obtained for two-body systems that agree with experiment. On the contrary, the 
positronium states give an example of a successful agreement. This wilI serve to 
ilIustrate the theory. To be completely fair, we should admit that accurate pre-
dictions require some artistic gifts from the practitioner. As yet no systematic 
method has been devised to obtain the corrections in a complete1y satisfactory 
way. 

We quote here some of the significant results and refer to Secs. 2-3 and 5-2 
for pre1iminary investigations. Even though in the study of positronium we restrict 
ourse1ves to an almost pure e1ectromagnetic system, some of the methods are 
useful in other instances such as mode1s of quark bound state s of hadrons. 

The energy difference between the higher tri pIet (ortho) and lower singlet 
(para) ground states of positronium, denoted respectively 13 S 1 and 11 So (in the 
spectroscopic notation n Zs + 1 L J ), has now been measured with great accuracy. 
The values quo ted for this hyperfine splitting ,1Ets are 

,1Ets = 2.033870 (16) x 105 MHz 
(MilIs and Bearman) 

,1Ets = 2.033849 (12) x 105 MHz 
(10-79) 

(E gan, Frieze, Hughes, and Yam) 
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“In spite of the statement in the preceding paragraph that bound-
state theory is nonperturbative, it is possible to make use of small 
parameters such as α and me/mA (where mA is the mass of the 
nucleus) to develop expressions in increasing orders of smallness. 
However, the nonperturbative nature of the expansion shows up in 
non-analytic dependence on these parameters (such as logarithms). 
As indicated in the preceding paragraph, there is an art in developing 
a theoretical expression in this manner.”

Recoil effects in the hyperfine structure of QED bound states
G. T. Bodwin
High Energy Physics DiUision, Argonne National Laboratory, Argonne, Illinois 60439

D. R. Yennie
Laboratory ofNuclear Studies, Cornell Uniuersity, Ithaca, ¹wFark 14853

M. A. Gregorio
Instituto de Fisica, Uniuersidade Federal de Rio de Janeiro, Rio de Janeiro, Brazil
The authors give a general discussion of the derivation from field theory of a formalism for the perturba-
tive solution of the relativistic two-body problem. The lowest-order expression for the four-point function
is given in terms of a two-particle three-dimensional propagator in a static potential. It is obtained by fix-
ing the loop energy in the four-dimensional formalism at a point which is independent of the loop momen-
tum and is symmetric in the two particle variables. This method avoids awkward positive- and negative-
energy projectors, with their attendant energy square roots, and allows one to recover the Dirac equation
straightforwardly in the nonrecoil limit. The perturbations appear as a variety of four-dimensional kernels
which are rearranged and regrouped into. convenient sets. In particular, they are transformed from the
Coulomb to the Feynman gauge, which greatly simplifies the expressions that must be evaluated. Al-
though the approach is particularly convenient for the precision analysis of QED bound states, it is not lim-
ited to such applications. The authors use it to give the first unified treatment of all presently known recoil
corrections to the muonium hyperfine structure and also to verify the corresponding contributions through
order u 1naEF in positronium. The required integrals are evaluated analytically.
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