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From Quarks to Nuclei and Neutron starsFrom Quarks to Nuclei and Neutron starsFrom Quarks to Nuclei and Neutron starsFrom Quarks to Nuclei and Neutron stars
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Derivation of hadron interaction

The process is independent of the experimental status

Technical improvements
Unified Contraction Algorithm, 
Time dependent method, 
Higher partial waves

Generalized baryon interaction
Meson-meson,meson-baryon system
Three-body interaction

Applications
Few-body system
Medium heavy system
Neutron star EOS
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Baryon interaction from LQCDBaryon interaction from LQCDBaryon interaction from LQCDBaryon interaction from LQCD
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BB interaction from QCD BB interaction from QCD BB interaction from QCD BB interaction from QCD 

BB interaction

QCD is the fundamental theory of strong interactionsQCD is the fundamental theory of strong interactions

ud
s

ud
u

It is difficult to solve analytically the dynamics 
of quarks and gluons because of its 

non-perturbative nature at low-energies.
Lattice QCD simulationLattice QCD simulation

Non-perturbative calculation.
Independent of experimental situation.
Huge computer resource is required.

LQCD= q̄(i γμ Dμ−m)q+
1
4

Fμν
a F aμν

QCD LagrangianQCD Lagrangian
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Baryon scattering on the latticeBaryon scattering on the latticeBaryon scattering on the latticeBaryon scattering on the lattice

In LQCD, the key quantity is baryon four-point correlator

⟨0|B1 B2(t , r⃗ ) Ī (t 0)|0⟩=A0Ψ( r⃗ , E0)e
−E 0 (t−t0 )+⋯⟨0|B1 B2(t , r⃗ ) Ī (t 0)|0⟩=A0Ψ( r⃗ , E0)e
−E 0 (t−t0 )+⋯

Energy eigenvalues Wn and NBS (Nambu-Bethe-Salpeter) wave function

Lüscher's finite volume methodLüscher's finite volume method

M. Lüscher, NPB354(1991)531 Ishii, Aoki, Hatsuda, PRL99 (2007) 022001

HAL QCD methodHAL QCD method

r

B
1

B
2

S-matrixS-matrix
sp

ac
e

Imaginary time

Psi from spacial correlation
Wn from temporal correlation

Wn from temporal correlation

Ψ(E , r⃗ )≃A
sin ( pr+δ(E ))

pr
Asymptotic form of NBS wave function is 
                         characterized by phase shift

C.-J.D.Lin et al.,NPB619 (2001) 467.
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Scattering observable from LQCD dataScattering observable from LQCD dataScattering observable from LQCD dataScattering observable from LQCD data

Lattice QCD simulationLattice QCD simulation Lüscher's finite volume methodLüscher's finite volume method

M. Lüscher, NPB354(1991)531

S≡e iδ (k )S≡e iδ (k )

⟨0|B1 B2(t , r⃗ ) Ī (t 0)|0⟩=A0Ψ( r⃗ , E0)e
−E 0 (t−t0 )+⋯⟨0|B1 B2(t , r⃗ ) Ī (t 0)|0⟩=A0Ψ( r⃗ , E0)e
−E 0 (t−t0 )+⋯

Scattering S-matrixScattering S-matrix

E

Eigen energy is extracted 
from temporal correlation

Ishii, Aoki, Hatsuda, PRL99 (2007) 022001

HAL QCD methodHAL QCD method

NBS wave function

( p2+∇ 2)Ψ( r⃗ , E)=0,(r>R)

R

( p2+∇ 2)Ψα (E , x⃗)≡∫ d 3 y U α
α( x⃗ , y⃗)Ψα (E , y⃗ )

U(x,y) is faithful to the S-matrix.

U(x,y) is energy independent but non-local.
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Excited state contamination Excited state contamination Excited state contamination Excited state contamination 

C B(t )=a0 e−m B(t−t0 )+a1 e−(mB+mπ)(t−t 0 )+⋯

⇒a0 e
−mB t sat

t sat∼mπ
−1∼1 fm

C BB(t )=b0 e−W 0(t−t 0)+b1e−W 1 (t−t 0)+⋯

⇒b0 e
−W 0 t sat

t sat∼δ W
−1=mB (L/2π )

2

Single baryon caseSingle baryon case Two baryon caseTwo baryon case

In contrast to the determination of the single baryon mass,
The measurement of ground state energy is hindered by elastic excited states. 

Elastic scattering
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Management of excited statesManagement of excited states

Lüscher's finite volume methodLüscher's finite volume method

M. Lüscher, NPB354(1991)531

⟨0|B1 B2(t , r⃗ ) Ī E i

opt (t 0)|0 ⟩=Ai Ψ( r⃗ , E i)e
−E i(t−t 0)⟨0|B1 B2(t , r⃗ ) Ī E i

opt (t 0)|0 ⟩=Ai Ψ( r⃗ , E i)e
−E i(t−t 0)

It is mandatory to find the well-optimized source operator 
                           which strictly couples to the specific energy.

If the optimization of source operator is not enough,
        one encounters the “mirage plateau” and irrelevant observable
            through the Luscher’s formula.

By way of caution

d

E
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Time-dependent Time-dependent HAL QCD methodHAL QCD methodTime-dependent Time-dependent HAL QCD methodHAL QCD method

N. Ishii et al Phys. Lett. B712(2012)437

(p0
2

2μ
+∇

2

2μ )Ψ( r⃗ , E0)=∫U ( r⃗ , r⃗ ')Ψ( r⃗ ' , E0)d
3 r '

R I
B1 B 2(t , r⃗ )=F B1 B2

I (t , r⃗ )e(m1+m2) t

=A0Ψ( r⃗ , E 0)e
−(E 0−m1−m 2)t+A1Ψ( r⃗ , E1)e

−(E 1−m1−m2 )t+⋯

(−∂∂ t +∇
2

2μ )R IB1B2(t , r⃗ )=∫U ( r⃗ , r⃗ ' )R IB1B2(t , r⃗ )d3 r '

(p1
2

2μ
+∇

2

2μ )Ψ( r⃗ , E1)=∫U ( r⃗ , r⃗ ' )Ψ( r⃗ ' , E1)d
3r '

A single state saturation is not required!!

Considering the normalized four-point correlator,

En−m1−m2≈
pn

2

2μ

U ( r⃗ , r⃗ ' ) = [V C (r )+S 12V T (r )]+[ L⃗⋅S⃗ sV LS (r )+ L⃗⋅S⃗ a V ALS (r )]+O(∇ 2)

Derivative (velocity) expansion of U

All elastic energies contribute 
as a signal of energy indep. pot.
All elastic energies contribute 
as a signal of energy indep. pot.
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LLüscher's method (coupled-channel)scher's method (coupled-channel)LLüscher's method (coupled-channel)scher's method (coupled-channel)

Lattice QCD simulationLattice QCD simulation Scattering S-matrixScattering S-matrix

Lüscher's finite volume methodLüscher's finite volume method

M. Lüscher, NPB354(1991)531

⟨0|B1 B2(t , r⃗ ) Ī (t 0)|0⟩=A0Ψ( r⃗ , E0)e
−E 0 (t−t0 )+⋯⟨0|B1 B2(t , r⃗ ) Ī (t 0)|0⟩=A0Ψ( r⃗ , E0)e
−E 0 (t−t0 )+⋯

Extra-information (relation) is necessary to solve coupled channel scattering

Assumption of InteractionAssumption of Interaction

Relations of parameters

Fixed form of K-matrixFixed form of K-matrix
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Coupled-channel HAL QCD methodCoupled-channel HAL QCD methodCoupled-channel HAL QCD methodCoupled-channel HAL QCD method

ud
s

ud
u

Lattice QCD simulationLattice QCD simulation Scattering S-matrixScattering S-matrix

Ψα ( r⃗ , E i)e
−Ei t = ⟨0|(B1B2)

α( r⃗ ) |Ei ⟩
Ψβ( r⃗ , Ei)e

−Ei t = ⟨0|(B1B2)
β( r⃗ ) |Ei⟩

NBS wave function for each channel

( pα
2+∇ 2)Ψα (E , x⃗)≡∫ d 3 y U β

α( x⃗ , y⃗)Ψβ (E , y⃗ )( pα
2+∇ 2)Ψα (E , x⃗)≡∫ d 3 y U β

α( x⃗ , y⃗)Ψβ (E , y⃗ )

Coupled-channel Schrödinger equationCoupled-channel Schrödinger equation

S.Aoki et al [HAL] Proc. Jpn. Acad.,Ser.B,87 509 

⟨0|(B1 B2)
α (t , r⃗ ) Ī (t 0)|0 ⟩=A0Ψ

α( r⃗ , E0)e
−E 0 (t−t0 )+⋯⟨0|(B1 B2)

α (t , r⃗ ) Ī (t 0)|0 ⟩=A0Ψ
α( r⃗ , E0)e

−E 0 (t−t0 )+⋯

HAL QCD methodHAL QCD method

U(x,y) is faithful to the S-matrix

beyond the threshold of channel b.

U(x,y) is energy independent

until the higher energy threshold opens.

Derivative (velocity) expansion is used.

a

b

da

da, db, h

Ψsc
α ( r⃗ )

Ψsc
α ( r⃗ ) Ψsc

β ( r⃗ )

⟨0|(B1 B2)
β (t , r⃗ ) Ī (t 0)|0 ⟩=C0 Ψ

β ( r⃗ , E 0)e
−E0 ( t−t 0)+⋯⟨0|(B1 B2)

β (t , r⃗ ) Ī (t 0)|0 ⟩=C0 Ψ
β ( r⃗ , E 0)e

−E0 (t−t 0)+⋯

,
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ResultsResultsResultsResults
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Numerical setupNumerical setupNumerical setupNumerical setup

2+1 flavor gauge configurations.
Iwasaki gauge action & O(a) improved Wilson quark action

a = 0.084 [fm], a−1 = 2.333 GeV.

963x96 lattice, L = 8.12 [fm].
414 confs x 96 sources x 4 rotations.

Wall source is considered to produce S-wave B-B state.
Mass [MeV]

p 146

K 525

m
p
/m

K 0.28

N 958±3

L 1140±2

S 1223±2

X 1354±1

K-computer + FX100@ RIKEN + HA-PACS@ Tsukuba 
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WWWW J Jpp(I) = 0(I) = 0++(0) state near the physical point(0) state near the physical pointWWWW J Jpp(I) = 0(I) = 0++(0) state near the physical point(0) state near the physical point

S. Gongyo et al (HAL QCD) PRL120(2018)212001

PotentialPotential Phase shiftPhase shift

Nf = 2+1 full QCD with L = 8fm, mp = 146 MeV 

Short range repulsion and 
attractive pocket is found.

Calculated phase shift indicates
a bound WW state 
[Most strange dibaryon].

Physical WW state in Jp(I) = 0+(0)
is very close to unitary region.

mW = 1712 MeV 
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LL, NX LL, NX (I=0) (I=0) 11SS
00
 potential    potential   LL, NX LL, NX (I=0) (I=0) 11SS

00
 potential    potential   

Coupled-channel LL and NX potentials
are plotted.

 Long range part of potential is almost
stable against the time slice.

Nf = 2+1 full QCD with L = 8.1fm, mp = 146 MeV 

LL-LLLL-LL

LL-NXLL-NX

NX-NXNX-NX



Kenji Sasaki (YITP Kyoto University) for HAL QCD Collaboration 18

LL LL andand NX NX phase shift and inelasticity phase shift and inelasticityLL LL andand NX NX phase shift and inelasticity phase shift and inelasticity

NXNX phase shift phase shiftNXNX phase shift phase shiftLL LL phase shiftphase shiftLL LL phase shiftphase shift

InelasticityInelasticityInelasticityInelasticity

LL and NX phase shift is calculated.

A sharp resonance is found 

below the NX threshold for t=9 - 10.

t=09 
t=10
t=11
t=12

t=09 
t=10
t=11
t=12
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LL LL andand NX NX phase shift –comparison-- phase shift –comparison--LL LL andand NX NX phase shift –comparison-- phase shift –comparison--

LL LL phase shiftphase shiftLL LL phase shiftphase shift

Our results are compatible 
with the phenomenological ones.

Y.Fujiwara et al, PPNP58(2007)439

t=09 
t=10
t=11
t=12

t=09 
t=10
t=11
t=12

J. Haidenbauer et al, NPA954(2016)273 

NXNX phase shift phase shiftNXNX phase shift phase shift
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NNNN J Jpp(I) = 0(I) = 0++(1) and 1(1) and 1++(0) state(0) stateNNNN J Jpp(I) = 0(I) = 0++(1) and 1(1) and 1++(0) state(0) state

[ T. Doi ]
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Baryon interactions: 
Bridge between particle/nuclear/astro-physics

HAL QCD method crucial for a reliable calculation
Direct method suffers from excited state contaminations

The 1st LQCD calculation for Baryon interactions 
at almost physical point is reported

Prospects:

SummarySummarySummarySummary
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BackupBackupBackupBackup
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B-B potentials in SU(3) limitB-B potentials in SU(3) limitB-B potentials in SU(3) limitB-B potentials in SU(3) limit

Two-flavors Three-flavors

 mp= 469MeV mp= 469MeV

Quark Pauli principle can be seen at around short distances
No repulsive core in flavor singlet state
Strongest repulsion in flavor 8s state

Possibility of bound H-dibaryon in flavor singlet channel.

J
=

0
J

=
1
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NBS wave function has a same asymptotic form with quantum 
mechanics.
                       (NBS wave function is characterized from phase shift)

Ψ(E , r⃗ )≃A
sin ( pr+δ(E ))

pr

Nambu-Bethe-Salpeter wave functionNambu-Bethe-Salpeter wave functionNambu-Bethe-Salpeter wave functionNambu-Bethe-Salpeter wave function

Ψα(E , r⃗ )e−E t = ∑⃗
x

〈0∣H 1
α(t , x⃗+ r⃗ )H 2

α(t , x⃗)∣E 〉

Definition : equal time NBS w.f.Definition : equal time NBS w.f.

E : Total energy of the system

( p2+∇2)Ψ(E , r⃗ )=0It satisfies the Helmholtz eq. in asymptotic region :

Local composite interpolating operatorsLocal composite interpolating operators

Bα=ϵ
abc(qa

T C γ5 qb)qcα Dμα=ϵabc(qa
T C γμ qb)qcα

M=(q̄a γ5 qa) Etc.....

Phase shift is defined as

S≡eiδ

Ψα(E , r⃗ ) = √ZH1√ZH 2(ei p⃗⋅⃗r+∫d3q2Eq T (q , p)
4 Ep(Eq−E p−i ϵ)

ei q⃗⋅⃗r)
Using the reduction formula,

C.-J.D.Lin et al.,NPB619 (2001) 467.

Kenji Sasaki (YITP, Kyoto University) for HAL QCD Collaboration



Kenji Sasaki (YITP Kyoto University) for HAL QCD Collaboration 31

Potential in HAL QCD methodPotential in HAL QCD methodPotential in HAL QCD methodPotential in HAL QCD method

( p2+∇ 2)Ψα (E , x⃗)=K α(E , x⃗ )

Kα (E , x⃗)≡∫d E ' K α(E ' , x⃗)∫ d 3 y
~Ψα (E ' , y⃗ )Ψα(E , y⃗)

=∫ d 3 y [∫ dE ' K α(E ' , x⃗ )
~
Ψα(E ' , y⃗)]Ψα (E , y⃗ )

=∫ d 3 yU α
α( x⃗ , y⃗ )Ψα(E , y⃗)

We define potentials which satisfy Schrödinger equation

( p2+∇ 2)Ψα (E , x⃗)≡∫ d 3 y U α
α( x⃗ , y⃗)Ψα (E , y⃗ )

This potential automatically reproduce the scattering phase shift

We can define an energy independent potential but it is fully non-local.

Energy independent potential

Aoki, Hatsuda, Ishii, PTP123, 89 (2010).

Kenji Sasaki (YITP, Kyoto University) for HAL QCD Collaboration
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