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To promote, or not to promote ?



• satisfies renormalization group inv. (cutoff independence)

• shows order-by-order convergence

• shows good agreement w/ PWA (by eyeballing)

• passes other consistency checks

Building chiral EFT force that 



  

Basics of chpt

….

OPE Leading irreducible TPE

non-polynomials follow naïve dimensional analysis:

primordial c.t. 

Long-range

Weinberg's prescription

 → assumming resummed OPE does not change anything

 → c.t. follow naïve dimensional analysis, too

• Power counting for pion-exchanges potentials follows standard ChPT

Kaiser et al(1997)

Weinberg’s prescription: C.T. follow NDA (just like primordial C.T.)

An economical choice 

w/o recoil

V1⇡ = � g2A
4f2

⇡

⌧1 · ⌧2
~q · ~�1~q · ~�2

~q2 +m2
⇡

Irreducible pion exchanges



Strength of OPE

  

Mass scale of OPE's strength

This is a good thing
 → no need to put in by hand low-energy mass scale in order to 

generate bound states

  → nonperturbative OPE
For lower p.w. 
where a(l)~1:

This is a bad thing
 → always have to choose between two mass scales in power counting
 → NDA no longer reliable
 → WPC is the most economical choice

Two scales differ only by a numerical factor!

  

Mass scale of OPE's strength

This is a good thing
 → no need to put in by hand low-energy mass scale in order to 

generate bound states

  → nonperturbative OPE
For lower p.w. 
where a(l)~1:

This is a bad thing
 → always have to choose between two mass scales in power counting
 → NDA no longer reliable
 → WPC is the most economical choice

Two scales differ only by a numerical factor!

⇠ 1

f2
⇡

Q2
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⇠ 1

f2
⇡

Strength of OPE characterized by low-energy scale           (for small l)

• can influence C.T. through renormalization

• NDA no longer reliable

Suppression by 
centrifugal barrier

⇠ 1

f2
⇡

mNQ

4⇡f⇡

1

alf⇡

alf⇡
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C3P0~p · ~p0 ⇠
Q2

m2
hi

C3P0~p · ~p0 ⇠
Q2

m2
lo

or ?



NLO not vanishing                          

C2(p
02 + p2)

LO cutoff error = O
✓

k2

Mlo⇤

◆
⇠ O

✓
Q

⇤

◆

Larger than NNLO C.T. can compensate

→ NLO

Formal RG analysis: Birse ’06, Pavon Valderrama ’09 

(BwL & Yang ’12)

Saga of 1S0

O(Q)

O(1)

O(Q2)

(Kaplan et al. ’96)First RG issue found with Weinberg PC

Cqm
2
⇡ / m2

⇡

M2
NN

LO
m2

⇡

m2
lo
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V (0)
1S0 = � g2A

4f2
⇡

m2
⇡

q2 +m2
⇡

+ C0
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redundant:

T
(2)
E = E

C(0)2

χR
k

2

(
C−1

R − IR
k

)2

× {[k2 − mNṼ (0)(0)]2 − mN ∇⃗2Ṽ (0)(0)}. (31)

With Eqs. (25) and (30), T
(2)
E can be expressed in the large-"

limit as a combination of the C and E operators. A more
general argument is of course the field redefinition inspired
by the nucleon equation of motion [28]. For a general cutoff
regulator with finite ", p′4 + p4 is not necessarily equivalent
to p′2p2. But their difference for finite ", in a consistent
power counting, is no more significant than the cutoff error
when either operator, but not both, is used.

The analytic part of V
(0)

2π (q) is a second-order momentum
polynomial, i.e., its primordial counterterm, which, when
projected onto 1S0, is nothing but the D term. The insertion of
the D term into T (0) is shown in Sec. III. We now consider
the matrix element of the nonanalytic part, which diverges
as r → 0 in coordinate space: Ṽ

(0)
2π (r) ∼ 1/(M2

hir
5). This was

first shown in Ref. [14], though in a slightly different notation
than ours.

This is perhaps most readily done in coordinate space where
V

(0)
2π is diagonal,

T
(2)

2π = 4π

∫
dr r2ψ2

k (r) Ṽ
(0)

2π (r), (32)

where ψk(r) is the LO 1S0 wave function. The “outside”
part of ψk(r) ("−1 ! r) is subject to the Yukawa potential
and is dominated by the irregular solution Hk(r) (A3) at
short distance, which diverges as 1/r near r ∼ "−1. As a
consequence, the UV divergence of T

(2)
2π is illustrated by the

integration of the outside wave function from any infrared
length down to r ∼ "−1,

T
(2)

2π = 4π

∫

∼ "−1
dr r2ψ2

k (r) Ṽ
(0)

2π (r) + F.T.

∝
(

N
C(0)

) 2 χR
k

2

(
C−1

R − IR
k

)2 (ρ0"
4 + ρ1k

2"2 + ρ2k
4 ln ")

+ F.T., (33)

where N /C(0) is RG invariant (see Appendix A) and “F.T.”
refers to finite terms. ρi are functions of κπ/" and have at
most logarithmic dependence on ". While ρ0"

4 and ρ1k
2"2

can be respectively subtracted by C(2) (28) and D(1) (29),
the divergence proportional to ρ2k

4 ln " needs E(0) (30) to
cancel. That is, the 1S0 distorted-wave counterterm of TPE0—
the E term—has two more derivatives than the primordial
counterterm—the D term.

Using the fact that a multiple-pion exchange with
O(Qn/Mn

hi) correction to TPE0 behaves as 1/r5+n at short
distance, and repeating the above procedure, we can eventu-
ally conclude that, for any multiple-pion exchange, the 1S0
distorted-wave counterterm is a momentum polynomial with
two more powers than its primordial counterpart.

We have seen two motivations to promote the E counterterm
to O(Q2): (i) to control the regularization-scheme dependence

of two insertions of the D term and (ii) to absorb the distorted-
wave UV divergences of two-pion exchanges.

Unfortunately, the integral in Eq. (33) cannot be evaluated
analytically even as " → ∞; thus we cannot express the
full O(Q2) amplitude in terms of the previously defined
renormalized building blocks. But the structure of VS atO(Q2)
will suffice in the numerical calculations carried out later:

⟨1S0|V (2)
S |1S0⟩ = C(2) + D(1)

2
(p′2 + p2) + E(0)p′2p2. (34)

B. P wave

The distorted-wave counterterm for TPE0 in 1P1 is the same
as the primordial counterterm because, without an irregular
component, the LO P -wave outside solution cannot make the
distorted-wave counterterm more singular than the primordial
one. It follows from this, combined with the observation that
the residual counterterm for 1P1 is not larger than TPE0,
that WPC does not need to change for 1P1; a single P -wave
counterterm is what is needed for O(Q2) and O(Q3):

⟨1P1|V (2, 3)
S |1P1⟩ = C

(0, 1)
1P1

p′p. (35)

C. Numerics

We compare our EFT calculations with the Nijmegen partial
wave analysis (PWA) [35]. The expressions for the delta-less
TPEs from Ref. [3] are adopted here. Sharp momentum cutoff
is used in solving the (partial-wave) Lippmann-Schwinger
equation for the LO amplitudes and in evaluating the integrals
involved in perturbative insertions of the subleading poten-
tials. The analytical expressions of insertions of subleading
counterterms, Eqs. (22) and (27), are not used since they are
exactly correct only as " → ∞.

Plotted in Fig. 2 are 1S0 phase shifts versus laboratory
energy, Tlab. The LO curve is fitted to the PWA at Tlab = 5 MeV.
The PWA points at Tlab = 25 and 50 MeV are added to
determine D and E, respectively, at O(Q) and O(Q2). A good
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FIG. 2. (Color online) 1S0 phase shifts as a function of laboratory
energy. The red dots are from the Nijmegen PWA [35]. The dark green
(light blue) band is the LO (O(Q)) EFT result with " = 0.5–2 GeV.
The dashed, dotted, and dot-dashed lines are O(Q2) with " = 0.5, 1,
and 2 GeV, respectively.
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Slow convergence

NLO

LO

NNLO

BwL & Yang ’12

(Pavon Valderrama ’09)

Additional low-energy scale “emerging” from underlying theory?
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III. POWER COUNTING WITH THE 1S0 DIBARYON FIELD

The first few Lagrangian terms involving φ are [8,29]

Lφ = σφ†·
(

iD0 + D⃗2

4mN

+ #

)
φ + y(φ†

aN
T PaN + H.c.)

+d2 m2
π

(
1 − π2/4f 2

π

1 + π2/4f 2
π

)
φ†·φ + w2 m2

π

(
1 − π2/4f 2

π

1 + π2/4f 2
π

)

× (φ†
aN

T PaN + H.c.)

+d4 m4
π

(
1 − π2/4f 2

π

1 + π2/4f 2
π

)2

φ†·φ + · · · , (20)

where Dµ is the covariant derivative for an isovector field:

Dµφ ≡ ∂µφ −
(

1 + π2

4f 2
π

)− 1 (
π

fπ

×∂µπ

2fπ

)
×φ. (21)

Here I have normalized φ so that σ = ±1. Later we see that
fitting to the PWA results in σ = − 1. The d2 term is chiral-
symmetry breaking and, as shown later, it needs to be at LO
because of the fully iterated Yukawa potential. Terms that do
not explicitly involve φ but are needed in the paper are already
shown in Lagrangian (1).

A. O( Q−1 )

Following the argument that leads to Eqs. (17) and (18),
I revise WPC so that the LO “short-range” potential is
represented by an s-channel exchange of φ:

V (− 1) = Vφ(E) + VY , (22)

where

Vφ(E) ≡ σy2

E + # + d2m2
π

. (23)

Having both mass and kinetic terms of φ at LO means that
Vφ(E) ∼ VY ∼ 4π

mN

m2
π

Mlo(m2
π +Q2) and that renormalized #, d2, and

y scale as follows:

#R ∼ dR
2 m2

π ∼ M2
lo

mN

and (yR)2 ∼ 4π

mN

Mlo

mN

. (24)

The new LO potential is computationally equivalent to an
energy-dependent C0 in the dibaryonless theory. With such
an observation, we can write the new LO 1S0 amplitude in an
analogy to Eq. (5):

T (− 1) = TY + χ2
k

σ
#+d2m2

π

y2 + σ k2

y2mN
− Ik

. (25)

The necessity of having d2m
2
π at LO is now clear; its

assignment is to subtract the m2
π ln ' divergence of Ik . It

is worth stressing that promoting d2m
2
π is independent of

resumming the kinetic term of φ, which is shown below to
be responsible for generating r̃ at LO. That is, even if we
decide to live with the slow convergence of perturbative r̃/2,
the dibaryon still presents itself as a viable option for absorbing
the m2

π ln ' divergence of Ik . The term d2m
2
π defying naive

dimensional analysis has another consequence in addition to

affecting the quark-mass dependence of the 1S0 amplitude. As
indicated by Lagrangian (20), the promoted d2m

2
π gives rise to

an unsuppressed, nonderivative ππφφ coupling:

Lππφφ = − d2m
2
π

π2

2f 2
π

φ†·φ. (26)

Again, renormalization of other Lagrangian parameters is
perhaps most elucidated in the form of modified ERE:

T (− 1) = TY − 4π

mN

χ2
k

− 1
ã

+ r̃
2k2 + 4π

mN
IR
k (µ)

, (27)

with the generalized scattering length and generalized effective
range defined for ' → ∞ as

1
ã(µ)

≡ 4π

mN

{
σ #R

(yR)2
+ m2

π

σ dR
2

(yR)2

}
∼ Mlo, (28)

r̃

2
≡ − 4π

mN

σ

mNy2
∼ 1

Mlo
, (29)

where

σ
#R

(yR)2
≡ σ

#

y2
− β0',

σ
dR

2

(yR)2
≡ σ

d2

y2
− β1απ ln

(
'

µ

)
, and yR ≡ y. (30)

Thus, we arrive at the desired scalings for ã and r̃ . For a finite
value of ', r̃ has residual ' dependence that vanishes at the
rate of 1/'. The details of the numerical calculations are set
up later, but I would like to remark that for ' = 800 MeV, r̃/2
is found to be 1/(115 MeV), which is consistent with its value
stated in Ref. [9]. Equation (29) tells us that r̃/2 and σ must
have opposite signs; therefore, σ = − 1.

The form of the LO 1S0 wave function in coordinate space
is needed for later use. Since they are somewhat out of the
main line of the physics, I relegate the technical details of its
construction to Appendix.

B. O( Q0 )

The most general dibaryon Lagrangian is bound to have
many redundant terms because there will not be enough
observables to pin them down, because φ does not correspond
to any particle appearing in asymptotic states. I choose to
minimize the number of φ-related operators and to have
four-nucleon contact operators be responsible for improving
short-range interactions at subleading orders. This choice
means that, after the φ exchange taking away the dominant
part of short-range interactions, C0 of the dibaryon Lagrangian
represents higher-order effects:

C0 ∼ 4π

mN

1
Mhi

. (31)

Note that I have slightly modified the scheme of Ref. [8]
in which C0 was put on equal footing with the φ
exchange.

It is convenient to expand formally bare low-energy
constants (LECs) to reflect the fact that. even though the

014002-4

  

Improve LO of 1S0

 To introduce energy dependence in LO counterterm, use auxiliary field 
(only coupled to 1S0)  s-channel exchange→

 Φ does not correspond to physical state

(Kaplan, 1996, with a bit of 
modifciation by BwL)

  

Improve LO of 1S0

 To introduce energy dependence in LO counterterm, use auxiliary field 
(only coupled to 1S0)  s-channel exchange→

 Φ does not correspond to physical state

(Kaplan, 1996, with a bit of 
modifciation by BwL)

(Kaplan ’96; BwL ’13)Auxiliary 1S0 dibaryon field

C0

C2(p
02 + p2) + V (0)

2⇡

O(1)

O(Q2)

O(Q) perturbations !

RG inv.



BINGWEI LONG AND C.-J. YANG PHYSICAL REVIEW C 86 , 024001 (2012)

redundant:

T
(2)
E = E

C(0)2

χR
k

2

(
C−1

R − IR
k

)2

× {[k2 − mNṼ (0)(0)]2 − mN ∇⃗2Ṽ (0)(0)}. (31)

With Eqs. (25) and (30), T
(2)
E can be expressed in the large-"

limit as a combination of the C and E operators. A more
general argument is of course the field redefinition inspired
by the nucleon equation of motion [28]. For a general cutoff
regulator with finite ", p′4 + p4 is not necessarily equivalent
to p′2p2. But their difference for finite ", in a consistent
power counting, is no more significant than the cutoff error
when either operator, but not both, is used.

The analytic part of V
(0)

2π (q) is a second-order momentum
polynomial, i.e., its primordial counterterm, which, when
projected onto 1S0, is nothing but the D term. The insertion of
the D term into T (0) is shown in Sec. III. We now consider
the matrix element of the nonanalytic part, which diverges
as r → 0 in coordinate space: Ṽ

(0)
2π (r) ∼ 1/(M2

hir
5). This was

first shown in Ref. [14], though in a slightly different notation
than ours.

This is perhaps most readily done in coordinate space where
V

(0)
2π is diagonal,

T
(2)

2π = 4π

∫
dr r2ψ2

k (r) Ṽ
(0)

2π (r), (32)

where ψk(r) is the LO 1S0 wave function. The “outside”
part of ψk(r) ("−1 ! r) is subject to the Yukawa potential
and is dominated by the irregular solution Hk(r) (A3) at
short distance, which diverges as 1/r near r ∼ "−1. As a
consequence, the UV divergence of T

(2)
2π is illustrated by the

integration of the outside wave function from any infrared
length down to r ∼ "−1,

T
(2)

2π = 4π

∫

∼ "−1
dr r2ψ2

k (r) Ṽ
(0)

2π (r) + F.T.

∝
(

N
C(0)

) 2 χR
k

2

(
C−1

R − IR
k

)2 (ρ0"
4 + ρ1k

2"2 + ρ2k
4 ln ")

+ F.T., (33)

where N /C(0) is RG invariant (see Appendix A) and “F.T.”
refers to finite terms. ρi are functions of κπ/" and have at
most logarithmic dependence on ". While ρ0"

4 and ρ1k
2"2

can be respectively subtracted by C(2) (28) and D(1) (29),
the divergence proportional to ρ2k

4 ln " needs E(0) (30) to
cancel. That is, the 1S0 distorted-wave counterterm of TPE0—
the E term—has two more derivatives than the primordial
counterterm—the D term.

Using the fact that a multiple-pion exchange with
O(Qn/Mn

hi) correction to TPE0 behaves as 1/r5+n at short
distance, and repeating the above procedure, we can eventu-
ally conclude that, for any multiple-pion exchange, the 1S0
distorted-wave counterterm is a momentum polynomial with
two more powers than its primordial counterpart.

We have seen two motivations to promote the E counterterm
to O(Q2): (i) to control the regularization-scheme dependence

of two insertions of the D term and (ii) to absorb the distorted-
wave UV divergences of two-pion exchanges.

Unfortunately, the integral in Eq. (33) cannot be evaluated
analytically even as " → ∞; thus we cannot express the
full O(Q2) amplitude in terms of the previously defined
renormalized building blocks. But the structure of VS atO(Q2)
will suffice in the numerical calculations carried out later:

⟨1S0|V (2)
S |1S0⟩ = C(2) + D(1)

2
(p′2 + p2) + E(0)p′2p2. (34)

B. P wave

The distorted-wave counterterm for TPE0 in 1P1 is the same
as the primordial counterterm because, without an irregular
component, the LO P -wave outside solution cannot make the
distorted-wave counterterm more singular than the primordial
one. It follows from this, combined with the observation that
the residual counterterm for 1P1 is not larger than TPE0,
that WPC does not need to change for 1P1; a single P -wave
counterterm is what is needed for O(Q2) and O(Q3):

⟨1P1|V (2, 3)
S |1P1⟩ = C

(0, 1)
1P1

p′p. (35)

C. Numerics

We compare our EFT calculations with the Nijmegen partial
wave analysis (PWA) [35]. The expressions for the delta-less
TPEs from Ref. [3] are adopted here. Sharp momentum cutoff
is used in solving the (partial-wave) Lippmann-Schwinger
equation for the LO amplitudes and in evaluating the integrals
involved in perturbative insertions of the subleading poten-
tials. The analytical expressions of insertions of subleading
counterterms, Eqs. (22) and (27), are not used since they are
exactly correct only as " → ∞.

Plotted in Fig. 2 are 1S0 phase shifts versus laboratory
energy, Tlab. The LO curve is fitted to the PWA at Tlab = 5 MeV.
The PWA points at Tlab = 25 and 50 MeV are added to
determine D and E, respectively, at O(Q) and O(Q2). A good
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FIG. 2. (Color online) 1S0 phase shifts as a function of laboratory
energy. The red dots are from the Nijmegen PWA [35]. The dark green
(light blue) band is the LO (O(Q)) EFT result with " = 0.5–2 GeV.
The dashed, dotted, and dot-dashed lines are O(Q2) with " = 0.5, 1,
and 2 GeV, respectively.
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FIG. 2. (Color online) 1S0 phase shifts as a function of laboratory energy. The black dots are from the Nijmegen PWA [7]. (a) The light
blue, light-green, and dark orange bands are O(Q−1), O(Q0), and O(Q1) calculated with ! = 0.6–2 GeV. (b) O(Q0) (light-green dot-dashed
line) and O(Q1) (dark orange solid line) are plotted with ! = 1 GeV.

The small correction provided by the leading TPE reassures
its perturbative nature. This is in contrast to the WPC-based
study of Ref. [31], which suggested that in order to have
perturbative multiple-pion exchanges the cutoff needs to be
soft, and the speculation of Ref. [32] that the delta-isobar may
be the source of the slow convergence.

To get an idea of how much the fit can be further improved,
I fit to PWA points at higher energies, and the results are shown
in Fig. 2(b). There the fitted PWA points are at Tlab = 50 MeV
for O(Q0) and Tlab = 150 MeV for O(Q1), while the inputs for
LO did not change from Fig. 2(a). Since the cutoff dependence
is no longer a concern, only ! = 1 GeV is used for O(Q0)
and O(Q1).

IV. SUMMARY

I have considered the EFT expansion for 1S0 of NN
scattering in which the generalized effective range r̃/2 is
counted as an infrared length scale due to fine tuning of
the underlying theory. The new expansion was made possible
by an auxiliary, dibaryon field φ that has the same quantum
numbers as the 1S0 partial wave [20]. At LO, the fine tuning in
question is incorporated by iterating the s-channel exchange
of φ to all orders. The price to pay for the nonperturbative
treatment of r̃/2 is an additional short-range parameter at
each order, compared with the power counting for perturbative
r̃/2 [13,15].

I chose to minimize the number of φ-dependent operators
and to use four-nucleon counterterms to account for subleading
short-range forces. If irreducible multiple-pion exchanges
were hypothetically turned off, power counting of the so-called
residual counterterms could be considered. C2n would appear
in the O(Qn+1/Mn+1

hi ) corrections to LO and would scale as

C2n ∼ 4π

mN

1

Mn
loM

n+1
hi

. (61)

This counting was actually found to provide enough countert-
erms to absorb the divergences of TPEs, when they are turned
back on and are inserted to the LO amplitude. Therefore, the

above power counting is the final answer we were looking for.
The numerical results showed much improved convergence of
the EFT 1S0 phase shifts.

In addition to resumming r̃/2, the dibaryon field provides
a transparent mechanism to deal with quark-mass-dependent
contact operators that concern the 1S0 channel. At LO the
dibaryon field absorbs the logarithmic m2

π divergence by al-
lowing its mass to be renormalized. Through chiral symmetry,
this immediately calls for renormalization-driven promotion of
the quark-mass-dependent, nonderivative ππφφ coupling [see
Eq. (26)]. I also showed the m2

π dependence of the 1S0 operators
up to O(Q0). A more complete study on the quark-mass
dependence of low-energy 1S0 scattering is reserved for a future
publication.
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APPENDIX: LO WAVE FUNCTION

I follow the technique developed in Ref. [20] to obtain
the short-distance behavior of the LO 1S0 wave function. In
the limit ! → ∞, the LO potential has the following formal
coordinate-space form:

Ṽ (0)(r⃗ ) = Vφ(E)δ(3)(r⃗ ) + ṼY(r), (A1)
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FIG. 5. np 1S0 shape parameter P [0]
0 (!) (in fm3) versus inverse

cutoff 1/! (in GeV−1) for χEFT at LO in our new PC. The straight
line represents a linear fit to the numerical values.

in the prediction for P [0]
0 (∞) compared to the corresponding

pionless result (29) is confirmation of the importance of pions
at LO.

B. Next-to-leading order

As before, we can infer the short-range contributions at
NLO from the residual cutoff dependence of the amplitude.
Figure 5 shows that the cutoff dependence of P [0]

0 (!) is
proportional to 1/!, with QP = O(Mlo) as expected. Just as in
the pionless case, this behavior implies that at least one extra
short-range parameter needs to be included at NLO. This is
represented by the NLO potential V [1], Eq. (50).

Treating V [1] in distorted-wave perturbation theory, we
obtain a separable NLO amplitude,

T [1]( p′, p,k; !) = χ [0]( p′,k; !) V [1](k; !) χ [0]( p,k; !),

(57)

where

χ [0]( p,k; !) =1−mN

∫
d3q

(2π )3

fR(q/!)
q2 − k2 − iϵ

T [0]( p,q,k; !),

(58)

is defined in terms of the full LO amplitude in analogy with
Eq. (53) for the long-range LO amplitude. As in the pionless
case, we obtain the pionful LO+NLO phase shift from Eq. (22).

The dibaryon parameters are fixed in virtue of four cutoff-
independent conditions, which we choose to be the values of
the Nijm93 phase shifts [63] at four different momenta:

(i) δ[0+1](20.0 MeV; !) = 61.1◦;
(ii) δ[0+1](40.5 MeV; !) = 64.5◦;

(iii) δ[0+1](237.4 MeV; !) = 21.7◦;
(iv) δ[0+1](340.4 MeV; !) = 0◦.
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FIG. 6. np 1S0 phase shift δ (in degrees) versus laboratory energy
Tlab = 2k2/mN (in MeV) forχEFT at NLO in our new PC. The narrow
(green) band represents the evolution of the cutoff from 600 MeV to
2 GeV. The (black) squares are the Nijm93 results [63,70].

The LO+NLO phase shifts are shown in Fig. 6. The narrow
band when the cutoff is varied from 600 MeV to 2 GeV
confirms that, as in Fig. 4, very quick cutoff convergence
takes place. The LO+NLO prediction almost lies on the
Nijm93 curve, which means that now the description of the
empirical phase shifts throughout the whole elastic range
0 ! k ! √

mNmπ is much better than at LO. Indeed, the
improvement is clear not only in the very low momentum
regime (which had been expected considering that now we
relaxed the unitarity-limit condition) but—more importantly
from the χEFT point of view—also for momenta k ∼ mπ .
Comparison with the pionless result at NLO (Fig. 3) confirms
that adding OPE significantly improves predictions in this
momentum range.

C. Resummation and higher orders

So far we took the binding momentum of the 1S0 virtual
state as an NLO parameter, since it is only about 6% of the
pion mass and thus tiny on the scale of pion physics. We were
guided by the PC presented in Sec. II, whose consistency
could be demonstrated analytically. Despite the systematic
improvement and good description of data at NLO, one might
be distressed by the unusual appearance of our LO phase
shift (Fig. 4) at low momentum. Within potential models—
whether purely phenomenological or based on Weinberg’s
prescription—it is traditional to attempt to describe all regions
below some arbitrary momentum on the same footing.

As emphasized earlier, plotting phase shifts is misleading
when it comes to errors in the amplitude, which is the
observable the PC is designed for. A plot of k cot δ shows that
only a small amount of physics is missed at LO even at low
energies. Our strategy is a consequence of the fact that the
PC assumes momenta Q ∼ Mlo, and it is in principle only
in this region that we expect systematic improvement order
by order. The higher the momentum, the smaller the relative
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FIG. 1. (Color online) With the SCTs (20), the 3P1 phase shifts
(a) as a function of Tlab up to O(Q3), and (b) as a function of !

for Tlab = 100 MeV. In the legend of (a), the number following the
symbols is the cutoff value in GeV. The red dots are from the Nijmegen
PWA.

PWA for δ3S1 at Tlab = 30 and 50 MeV and ϵ1 at 50 MeV.
Consequently, the 3D1 EFT phase shifts are predictions. The
first indication of the cutoff independence is the closeness of
two EFT curves with ! = 1.5 and 2.5 GeV. The plot of ϵ1
shows a larger cutoff dependence toward higher energies, but
the fact that the ! = 2.0 GeV curve is closer to ! = 2.5 GeV
than ! = 1.5 GeV suggests that the cutoff independence is
finally achieved at larger !s.

The cutoff independence is more clearly demonstrated in
Fig. 3, which shows the phase shifts and the mixing angle at
Tlab = 40 and 100 MeV as functions of !. The residual cutoff
dependence is still visible at lower !s, but it is much smaller
than the size of the corresponding EFT correction. That is, the
corrections are meaningful even at the lower cutoffs because
they are not washed out by the cutoff uncertainties.

Figures 4 and 5 show the 3P2-3F2 phase shifts and the mixing
angle ϵ2 at O(Q2) and O(Q3) as functions of Tlab and the
cutoff, respectively, with the SCTs (26). Similar to the case of
3S1-3D1, we fit δ3P2 at Tlab = 30 and 50 MeV and ϵ2 at 50 MeV
to the PWA values.

The main goal of this paper is to verify the RG invariance
of our power counting in the UV region, so the cutoff window
was chosen such that the EFT curves start to show the cutoff
independence. For smaller cutoffs not shown in the plots
(1.2 ! ! ! 0.6 GeV), the general trend is similar to 3P0
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FIG. 3. (Color online) With the SCTs (25), the 3S1, 3D1 phase
shifts and the mixing angle ϵ1 at Tlab = 40 and 100 MeV, as functions
of the momentum cutoff. The dashed, dot-dashed, and solid lines are
O(1), O(Q2), and O(Q3), respectively.

(Fig. 2 of Ref. [23]): the O(Q2) EFT curve is the first to
become cutoff independent, while the LO is the latest.

A good fit to the PWA up to 100 MeV is presented at O(Q3)
in 3S1-3D1. Without special effort to improve the fits, the EFT
result agrees less well with the PWA in 3P2-3F2. We think that
this is largely owing to a disappointing LO, which departs
quickly from the PWA as the energy increases. The unusually
small 3P2 scattering volume, α3P2 ≃ −0.28 fm3, compared with
α of other P waves, |α| ≃ 1.5 − 2.8 fm3 [47], is suggestive
of a certain amount of fine tuning, which calls for a more
sophisticated fitting strategy.

To assess the feasibility of improving the fitting quality, we
refit the counterterms to the PWA inputs at higher energies: δ3P2
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at 50 and 100 MeV, and ϵ2 at 50 MeV. The updated 3P2-3F2 EFT
phases are plotted in Fig. 6. Although the EFT convergence
still breaks down at lower energies than in 3S1-3D1, a good fit
to the PWA until 130 MeV is achieved at O(Q2) and O(Q3),
and it is comparable to the WPC-based calculation with the
same TPEs, which is shown in Ref. [3]. We notice another
fitting strategy used in Ref. [22], which sacrifices the LO near
threshold in order to facilitate better agreements with the PWA
at higher orders. This amounts to tuning the LO counterterm
to further reduce the attraction of OPE.

Overall, the breakdown scale implied in the numerical
results is consistent with our expectation for the delta-less
theory, k ∼ δ ∼ 300 MeV, with the exceptions of 3P1 and 3P2-
3F2. Even for these two channels, one cannot help wondering
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and the mixing angle ϵ2 at Tlab = 40 and 100 MeV, as functions of
the momentum cutoff. The symbols are explained in the caption of
Fig. 3.

whether the delta can bring some attraction from O(Q3) to
O(Q2) and improve the convergence of EFT expansion [48].

IV. DISCUSSION AND CONCLUSION

We have studied up to O(Q3) the structure of counterterms
of chiral NN contact interactions in the triplet channels, with
S and P waves as the examples. The essential guideline we
have followed is to promote counterterms over WPC when RG
invariance requires it.

We found that the scaling of SCTs are mainly driven by
the interplay between TPEs and the LO wave functions. A
direct consequence is that O(Q) by contact interactions alone
vanishes. The resulting arrangement of the counterterms in
the studied channels are given by Eqs. (20) and (24)–(26),
which can be very nicely summarized by NDA: the SCTs are
enhanced by the same amount as the LO counterterm so that the
whole tower of counterterms with the same quantum number is
shifted uniformly. While this means that WPC remains intact
in 3S1-3D1 and 3P1, it requires an enhancement of O(M2

hi/M
2
lo)

to all counterterms in 3P0 and 3P2-3F2.
It is interesting to compare the chiral NN forces with the

three-body system that has only contact interactions. When the
two-body S-wave scattering length a2 → ∞, the three-body
“pionless” theory can be mapped onto a dual two-body theory
with −1/r2 long-range force and contact interactions that
represent three-body operators in the original system [49].
Reference [50] proposed a power counting similar to NDA for
the three-body contact interactions. However, the resemblance
between chiral EFT forces and the system investigated in
Ref. [50] is not perfect because the long-range interactions
beyond the leading −1/r2 in the dual two-body system, if
any, are resummed nonperturbatively instead of being treated
as perturbations. Therefore, it is not clear to us whether the
scaling of SCTs obtained in Ref. [50] is driven by the LO or
subleading long-range interactions.

Our finding that three counterterms are needed in
the coupled channels up to O(Q3) differs from that of
Refs. [21,22], which also adopted the perturbative approach
on top of the nonperturbative LO, but concluded instead that
six counterterms are necessary for renormalization purpose.
(Although it is speculated in Ref. [22] that it might be possible
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FIG. 2. (Color online) With the subleading counterterms (8), the
O(1), O(Q2), and O(Q3) 3P0 EFT phase shifts as functions of the
momentum cutoff at Tlab = 40 (a), 80 (b), and 130 (c) MeV.

where the phase shifts are plotted as functions of ! at given
Tlab.

In Fig. 3, the EFT phase shifts are plotted as function of
energy. The fit is refined by employing more PWA points
(Tlab = 25, 50, 75, and 100 MeV) in the fitting procedure. We
see that both O(Q2) and O(Q3) are in good agreement with
the PWA.

Although the perturbative treatment of WPC does not lead
to cutoff independent results, the nonperturbative treatment
does seem to fulfill RG invariance [17]. It is therefore instruc-
tive to compare the following three scenarios for 3P0: (i) the
perturbative (Pert-CD) and (ii) nonperturbative calculations
with the modified power counting (8) (Iter-CD), and (iii) the
nonperturbative calculation with WPC (Iter-WPC).

Shown in Fig. 4 are the 3P0 phase shifts calculated at O(Q3)
with the aforementioned three schemes, where the fit of C3P0

and D3P0 in Eq. (8) is performed with the PWA inputs up to
Tlab = 50 MeV. At the lower end of cutoffs (as exemplified by
! = 400 MeV), the three curves differ drastically from each
other above Tlab = 50 MeV, with the Pert-CD curve agreeing
somewhat better with the PWA. As the cutoff goes higher
(exemplified by ! = 1200 MeV), the difference between Iter-
CD and Iter-WPC becomes smaller and eventually vanishes, in
accordance with the finding of Ref. [25]. We note that this does
not necessarily mean that the fitting drives D3P0 to 0. Rather,
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FIG. 4. (Color online) The 3P0 phase shifts by Iter-CD, Pert-CD
and Iter-WPC as functions of laboratory energy. (a) is plotted with
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the quality of the fit is not sensitive to D3P0!
2/C3P0 when the

ratio is tuned from 0 to 1.
In summary, we conclude:
(i) WPC does not accommodate a cutoff independent T -

matrix at O(Q2) or O(Q3) when subleading potentials
are treated as perturbations on top of the LO.

(ii) RG invariance can be achieved by the modified power
counting (8), based on modified naive dimensional
analysis. This suggests that −1/r2, the LO long-range
potential in the model of Ref. [12], is not crucial for
NDA to be applicable.

(iii) At O(Q3), Iter-CD, Pert-CD and Iter-WPC show that
in a limited range of cutoffs these three approaches
produce similar phase shifts for 3P0, a conclusion
similar to that of Refs. [17,18]. While it is instructive,
we refrain from drawing the same conclusion for other
channels; it may well be that the “common” window
of cutoffs appears at different location for different
channels.

A simultaneous, coordinate-space calculation in Ref. [11]
has come to our attention. The conclusion drawn there for 3P0
agrees with ours, that is, in agreement with NDA. However,
Refs. [10,11] concluded a proliferation of six counterterms
in each of the coupled channels, 3S1 − 3D1 and 3P2 − 3F2,
whereas NDA suggests three once WPC is corrected at LO. We
defer to a further momentum-space calculation of the triplet
channels [26] that are subject to the singular attraction of OPE
to investigate whether NDA or the conclusion of Refs. [10,11]
on the coupled channels can be verified.
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FIG. 1. (Color online) With the SCTs (20), the 3P1 phase shifts
(a) as a function of Tlab up to O(Q3), and (b) as a function of !

for Tlab = 100 MeV. In the legend of (a), the number following the
symbols is the cutoff value in GeV. The red dots are from the Nijmegen
PWA.

PWA for δ3S1 at Tlab = 30 and 50 MeV and ϵ1 at 50 MeV.
Consequently, the 3D1 EFT phase shifts are predictions. The
first indication of the cutoff independence is the closeness of
two EFT curves with ! = 1.5 and 2.5 GeV. The plot of ϵ1
shows a larger cutoff dependence toward higher energies, but
the fact that the ! = 2.0 GeV curve is closer to ! = 2.5 GeV
than ! = 1.5 GeV suggests that the cutoff independence is
finally achieved at larger !s.

The cutoff independence is more clearly demonstrated in
Fig. 3, which shows the phase shifts and the mixing angle at
Tlab = 40 and 100 MeV as functions of !. The residual cutoff
dependence is still visible at lower !s, but it is much smaller
than the size of the corresponding EFT correction. That is, the
corrections are meaningful even at the lower cutoffs because
they are not washed out by the cutoff uncertainties.

Figures 4 and 5 show the 3P2-3F2 phase shifts and the mixing
angle ϵ2 at O(Q2) and O(Q3) as functions of Tlab and the
cutoff, respectively, with the SCTs (26). Similar to the case of
3S1-3D1, we fit δ3P2 at Tlab = 30 and 50 MeV and ϵ2 at 50 MeV
to the PWA values.

The main goal of this paper is to verify the RG invariance
of our power counting in the UV region, so the cutoff window
was chosen such that the EFT curves start to show the cutoff
independence. For smaller cutoffs not shown in the plots
(1.2 ! ! ! 0.6 GeV), the general trend is similar to 3P0
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FIG. 3. (Color online) With the SCTs (25), the 3S1, 3D1 phase
shifts and the mixing angle ϵ1 at Tlab = 40 and 100 MeV, as functions
of the momentum cutoff. The dashed, dot-dashed, and solid lines are
O(1), O(Q2), and O(Q3), respectively.

(Fig. 2 of Ref. [23]): the O(Q2) EFT curve is the first to
become cutoff independent, while the LO is the latest.

A good fit to the PWA up to 100 MeV is presented at O(Q3)
in 3S1-3D1. Without special effort to improve the fits, the EFT
result agrees less well with the PWA in 3P2-3F2. We think that
this is largely owing to a disappointing LO, which departs
quickly from the PWA as the energy increases. The unusually
small 3P2 scattering volume, α3P2 ≃ −0.28 fm3, compared with
α of other P waves, |α| ≃ 1.5 − 2.8 fm3 [47], is suggestive
of a certain amount of fine tuning, which calls for a more
sophisticated fitting strategy.

To assess the feasibility of improving the fitting quality, we
refit the counterterms to the PWA inputs at higher energies: δ3P2
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more . Therefore, we take a more simplistic point of view towards a(L) and b(L), assuming a(L) '

b(L) and a(L)MNN ⇠ Mhi, where Mhi is the breakdown scale of chiral nuclear EFT, and apply that
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Here we have used “absolute” power of Q to label orders and LO is O(Q�1).

A. NNLO

There are other pion-exchange forces. Appearing at NNLO or O(Q) is the leading two-pion

exchange (TPE0), made up of one-loop irreducible diagrams with ⌫ = 0 vertexes, where ⌫ is the

chiral index defined by Weinberg [5, 6]. The absence of pure NN intermediate states makes it

amenable to the standard ChPT counting rules:
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We follow the often-used choice made in Ref. [13] check jim friar’s TPE papers to define TPEs:

the non-polynomial terms arising from dimensionally regularized computation:
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Note that the sign di↵erence from Ref. [13]. Here we have dropped momentum polynomials with

chiral-logarithmic coe�cients, i.e., proportional to lnm⇡. These terms may have non-trivial conse-

quences in the explicit chiral breaking sector of ChEFT Lagrangian, but we are not aware of any
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B. NNNLO

At NNNLO or O(Q2), the subleading TPE (TPE1) includes two-pion exchange diagrams with

one insertion of ⌫ = 1 ⇡N vertexes. With dimensional regularization, the non-polynomial terms

were also worked out in Ref. [13]: complete the following expression for TPE1

NNNLO , O(Q2) : V (1)

2⇡
(12)

Just like those for TPE0, the primordial counterterms that renormalize TPE1 are also second-

degree momentum polynomials, but with di↵erent coe�cients. In addition, they are the short-range

interactions demanded by naive dimensional analysis (NDA) at NNNLO.

There are other pion-exchange contributions, which were not explicitly considered in previous

studies on peripheral partial waves peripheral papers : the twice-iterated OPE

NNNLO , O(Q2) : V1⇡G0V1⇡G0V1⇡ , (13)

and consecutive iterations of OPE and NNLO forces,

NNNLO , O(Q2) : V1⇡G0V
NNLO + V NNLOG0V1⇡ , (14)

where

V NNLO
⌘ V (0)

2⇡
+ V NNLO

CT . (15)

The iterations in Eqs. (13) and (14) will too be computed numerically with momentum cuto↵

regularization. The UV divergences of Eqs. (13) and (14) can be superficially estimated, and they

have the form of second-degree polynomials in external momenta. On the other hand, NNNLO

counterterms given by NDA are second-degree polynomials, i.e., having the same form as V NNLO

CT
.

Therefore, these counterterms indeed remove UV divergences generated by iterations in Eqs. (13)

and (14). However, the convergence to the large ⇤ limit is quite slow. Residual cuto↵ variations

of these amplitudes are fourth powers of external momenta, so the D-wave projection is a good

avenue to illustrate them. Shown in Fig. 1 are the D-wave phase shifts generated by the following

long-range-force contributions for momentum cuto↵ valued :

V (1)

2⇡
+ V1⇡G0V1⇡G0V1⇡ + V1⇡G0V

(0)

2⇡
+ V (0)

2⇡
G0V1⇡ , (16)

where we note that NNLO counterterms V NNLO

CT
do not contribute to D waves. explain why the

NNNLO band is kinda big
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B. NNNLO

At NNNLO or O(Q2), the subleading TPE (TPE1) includes two-pion exchange diagrams with

one insertion of ⌫ = 1 ⇡N vertexes. With dimensional regularization, the non-polynomial terms

were also worked out in Ref. [13]: complete the following expression for TPE1

NNNLO , O(Q2) : V (1)

2⇡
(12)

Just like those for TPE0, the primordial counterterms that renormalize TPE1 are also second-

degree momentum polynomials, but with di↵erent coe�cients. In addition, they are the short-range

interactions demanded by naive dimensional analysis (NDA) at NNNLO.

There are other pion-exchange contributions, which were not explicitly considered in previous

studies on peripheral partial waves peripheral papers : the twice-iterated OPE

NNNLO , O(Q2) : V1⇡G0V1⇡G0V1⇡ , (13)

and consecutive iterations of OPE and NNLO forces,

NNNLO , O(Q2) : V1⇡G0V
NNLO + V NNLOG0V1⇡ , (14)

where

V NNLO
⌘ V (0)

2⇡
+ V NNLO

CT . (15)

The iterations in Eqs. (13) and (14) will too be computed numerically with momentum cuto↵

regularization. The UV divergences of Eqs. (13) and (14) can be superficially estimated, and they

have the form of second-degree polynomials in external momenta. On the other hand, NNNLO

counterterms given by NDA are second-degree polynomials, i.e., having the same form as V NNLO

CT
.

Therefore, these counterterms indeed remove UV divergences generated by iterations in Eqs. (13)

and (14). However, the convergence to the large ⇤ limit is quite slow. Residual cuto↵ variations

of these amplitudes are fourth powers of external momenta, so the D-wave projection is a good

avenue to illustrate them. Shown in Fig. 1 are the D-wave phase shifts generated by the following

long-range-force contributions for momentum cuto↵ valued :

V (1)

2⇡
+ V1⇡G0V1⇡G0V1⇡ + V1⇡G0V

(0)

2⇡
+ V (0)

2⇡
G0V1⇡ , (16)

where we note that NNLO counterterms V NNLO

CT
do not contribute to D waves. explain why the

NNNLO band is kinda big

7

leading TPE

subleading TPE (w/ ci’s)

more . Therefore, we take a more simplistic point of view towards a(L) and b(L), assuming a(L) '

b(L) and a(L)MNN ⇠ Mhi, where Mhi is the breakdown scale of chiral nuclear EFT, and apply that

to partial waves considered in this paper: 1 6 L 6 3. With that and counting (5), the tree-level,

perturbative OPE, its once- and twice-iterations are next-to-leading order (NLO), next-to-next-to-

leading order (NNLO), and next-to-next-to-next-to-leading order (NNNLO), respectively,

NLO , O(1) : V1⇡ ⇠
4⇡

mN

1

Mhi

⇠
4⇡

mN

1

MNN

Q

Mhi

,

NNLO , O(Q) : V1⇡G0V1⇡ ⇠
4⇡

mN

1

MNN

Q2

M2

hi

,

NNNLO , O(Q2) : V1⇡G0V1⇡G0V1⇡ ⇠
4⇡

mN

1

MNN

Q3

M3

hi

.

(6)

Here we have used “absolute” power of Q to label orders and LO is O(Q�1).

A. NNLO

There are other pion-exchange forces. Appearing at NNLO or O(Q) is the leading two-pion

exchange (TPE0), made up of one-loop irreducible diagrams with ⌫ = 0 vertexes, where ⌫ is the

chiral index defined by Weinberg [5, 6]. The absence of pure NN intermediate states makes it

amenable to the standard ChPT counting rules:

NNLO , O(Q) : V (0)

2⇡
⇠

1

f2
⇡

Q2

M2

hi

⇠
4⇡

mN

1

MNN

Q2

M2

hi

. (7)

We follow the often-used choice made in Ref. [13] check jim friar’s TPE papers to define TPEs:

the non-polynomial terms arising from dimensionally regularized computation:

V (0)

2⇡
(~q ) = ⌧1 · ⌧2WC(q) + ~�1 · ~�2VS(q) + ~�1 · ~q ~�2 · ~q VT (q) ,

where

WC(q) = �
1

384⇡2f4
⇡


4m2

⇡

�
5g4A � 4g2A � 1

�
+ q2

�
23g4A � 10g2A � 1

�
+

48g4
A
m4

⇡

4m2
⇡ + q2

�
L(q) ,

VT (q) = �
VS(q)

q2
= �

3g4
A

64⇡2f4
⇡

L(q) ,

(8)

with

L(q) =
w

q
ln

w + q

2m⇡

, w =
p
4m2

⇡ + q2 . (9)

Note that the sign di↵erence from Ref. [13]. Here we have dropped momentum polynomials with

chiral-logarithmic coe�cients, i.e., proportional to lnm⇡. These terms may have non-trivial conse-

quences in the explicit chiral breaking sector of ChEFT Lagrangian, but we are not aware of any

5

B. NNNLO

At NNNLO or O(Q2), the subleading TPE (TPE1) includes two-pion exchange diagrams with

one insertion of ⌫ = 1 ⇡N vertexes. With dimensional regularization, the non-polynomial terms

were also worked out in Ref. [13]: complete the following expression for TPE1

NNNLO , O(Q2) : V (1)

2⇡
(12)

Just like those for TPE0, the primordial counterterms that renormalize TPE1 are also second-

degree momentum polynomials, but with di↵erent coe�cients. In addition, they are the short-range

interactions demanded by naive dimensional analysis (NDA) at NNNLO.

There are other pion-exchange contributions, which were not explicitly considered in previous

studies on peripheral partial waves peripheral papers : the twice-iterated OPE

NNNLO , O(Q2) : V1⇡G0V1⇡G0V1⇡ , (13)

and consecutive iterations of OPE and NNLO forces,

NNNLO , O(Q2) : V1⇡G0V
NNLO + V NNLOG0V1⇡ , (14)

where

V NNLO
⌘ V (0)

2⇡
+ V NNLO

CT . (15)

The iterations in Eqs. (13) and (14) will too be computed numerically with momentum cuto↵

regularization. The UV divergences of Eqs. (13) and (14) can be superficially estimated, and they

have the form of second-degree polynomials in external momenta. On the other hand, NNNLO

counterterms given by NDA are second-degree polynomials, i.e., having the same form as V NNLO

CT
.

Therefore, these counterterms indeed remove UV divergences generated by iterations in Eqs. (13)

and (14). However, the convergence to the large ⇤ limit is quite slow. Residual cuto↵ variations

of these amplitudes are fourth powers of external momenta, so the D-wave projection is a good

avenue to illustrate them. Shown in Fig. 1 are the D-wave phase shifts generated by the following

long-range-force contributions for momentum cuto↵ valued :

V (1)

2⇡
+ V1⇡G0V1⇡G0V1⇡ + V1⇡G0V

(0)

2⇡
+ V (0)

2⇡
G0V1⇡ , (16)

where we note that NNLO counterterms V NNLO

CT
do not contribute to D waves. explain why the

NNNLO band is kinda big

7

V NNLO
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TABLE II. The πN low-energy constants (LECs) as determined
in the Roy-Steiner equation analysis of πN scattering conducted in
Ref. [60]. The given orders of the chiral expansion refer to the NN
system. Note that the orders, at which the LECs are extracted from
the πN system, are always lower by one order as compared of the NN
system in which the LECs are applied. The ci , d̄i , and ēi are the LECs
of the second-, third-, and fourth-order πN Lagrangian [46] and are
in units of GeV−1, GeV−2, and GeV−3, respectively. The uncertainties
in the last digits are given in parentheses after the values.

NNLO N3LO N4LO

c1 –0.74(2) –1.07(2) –1.10(3)
c2 3.20(3) 3.57(4)
c3 –3.61(5) –5.32(5) –5.54(6)
c4 2.44(3) 3.56(3) 4.17(4)
d̄1 + d̄2 1.04(6) 6.18(8)
d̄3 –0.48(2) –8.91(9)
d̄5 0.14(5) 0.86(5)
d̄14 − d̄15 –1.90(6) –12.18(12)
ē14 1.18(4)
ē17 –0.18(6)

ρ(770) and ω(782), but above the f0(500) [also know as
σ (500)] [56]. This suggests that the region 600–700 MeV
is appropriate for %̃. Consequently, we use %̃ = 650 MeV
in all orders, except for N4LO, where we apply 700 MeV.
We use this slightly larger value for N4LO, because it is
suggestive that higher orders may permit an extension to higher
momenta.

3. The pion-nucleon low-energy constants

Chiral symmetry establishes a link between the dynamics
in the πN system and the NN system through common
low-energy constants. Therefore, consistency requires that we
use the LECs for subleading πN couplings as determined
in analysis of low-energy πN scattering. Over the years,
there have been many such determinations of questionable
reliability. Fortunately, that has changed recently with the
analysis by Hoferichter and Ruiz de Elvira [59] and their
coworkers [60], in which the Roy-Steiner (RS) equations are
applied. The RS equations are a set of coupled partial-wave
dispersion relations constrained by analyticity, unitarity, and
crossing symmetry. In the work of Ref. [60], they are used to
extract the LECs from the subthreshold point in πN scattering
instead of the physical region. This is the preferred method
for LECs to be applied in chiral potentials where, e.g., a
one-loop πN amplitude leads to a two-loop contribution in
NN. Such diagrams are best evaluated by means of Cutkosky
rules [12,52,53]. The πN amplitude that enters the dispersion
integrals is weighted much closer to subthreshold kinematics
than to the threshold point. The LECs determined in Ref. [60]
carry very small uncertainties (cf. Table II) for, essentially,
two reasons: first, because of the constraints built into the RS
equations, and second, because of the use of the high-accuracy
πN scattering lengths extracted from pionic atoms. In fact,
the uncertainties are so small that they are negligible for
our purposes. This makes the variation of the πN LECs

in NN potential construction obsolete and reduces the error
budget in applications of these potentials. For the potentials
constructed in this paper, the central values of Table II are
applied.

D. The short-range NN potential

The short-range NN potential is described by contributions
of the contact type, which are constrained by parity, time
reversal, and the usual invariances, but not by chiral sym-
metry. Terms that include a factor τ 1 · τ 2 (owing to isospin
invariance) can be left out due to Fierz ambiguity. Because
of parity and time reversal, only even powers of momentum
are allowed. Thus, the expansion of the contact potential is
formally written as

Vct = V
(0)

ct + V
(2)

ct + V
(4)

ct + V
(6)

ct + · · · , (2.23)

where the superscript denotes the power or order.
The zeroth-order (leading order, LO) contact potential is

given by

V
(0)

ct (p⃗′,p⃗) = CS + CT σ⃗1 · σ⃗2 (2.24)

and, in terms of partial waves,

V
(0)

ct (1S0) = C̃1S0 = 4π (CS − 3 CT ), (2.25)

V
(0)

ct (3S1) = C̃3S1 = 4π (CS + CT ) . (2.26)

To deal with the isospin breaking in the 1S0 state, we treat C̃1S0

in a charge-dependent way. Thus, we will distinguish among
C̃

pp
1S0

, C̃
np
1S0

, and C̃nn
1S0

.
At second order (NLO), we have

V
(2)

ct (p⃗′,p⃗) = C1 q 2 + C2 k2 + (C3 q 2 + C4 k2)σ⃗1 · σ⃗2

+C5[−iS⃗ · (q⃗ × k⃗)] + C6 (σ⃗1 · q⃗ ) (σ⃗2 · q⃗ )

+C7 (σ⃗1 · k⃗) (σ⃗2 · k⃗) , (2.27)

and partial-wave decomposition yields

V
(2)

ct (1S0) = C1S0 (p2 + p′2),

V
(2)

ct (3P0) = C3P0 pp′,

V
(2)

ct (1P1) = C1P1 pp′,

V
(2)

ct (3P1) = C3P1 pp′,

V
(2)

ct (3S1) = C3S1 (p2 + p′2),

V
(2)

ct (3S1 − 3D1) = C3S1−3D1p
2,

V
(2)

ct (3D1 − 3S1) = C3S1−3D1p
′2,

V
(2)

ct (3P2) = C3P2 pp′ . (2.28)

The relationship between C(2S+1)LJ
and Ci can be found in

Ref. [1].
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FIG. 4: F waves.

FIG. 5: G waves.
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FIG. 7: Comparison between various sets of values for ci’s in P and D waves.
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Summary

• 1S0 dominated by short-range interactions

• Non-pert. vs. pert. of singular potentials


