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nuclear interactions (here: NN) P =(p1—p2)/2
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nonlocal
Epelbaum, Glockle, Meissner, NPA 747, 362 (2005)
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(momentum space)

cf. Navratil, Few-body Systems 41, 117 (2007) Reinert et al., arXiv:1711.08821
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Regularization schemes for P P’

nuclear interactions (here: NN) P = (p1—p2)/2
: P = (pP; —P3)/2
Separation of long- and q=(p1—p})
short-range physics pi Do
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Epelbaum et. al, PRL, I 15, 122301 (2015)
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Power counting in chiral 3N sector (nonlocal):
Contributions of many-body forces at N3LO in neutron matter
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4N

- e first calculations of N3LO 3NF and 4NF

contributions to EOS of neutron matter

* found large contributions in Hartree Fock appr.,
comparable to size of N2LO contributions

Kruger, Tews, KH, Schwenk,

PRC 88,025802 (2013)

Tews, Kruger, KH, Schwenk
PRL 110,032504 (201 3)

Pion-ring 3N

Two-pion—-one-pion-exchange 3N

He

+ EM 500 MeV
T EGM 450/700 MeV
T |m EGM 450/500 MeV
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Power counting in chiral 3N sector (nonlocal):
Contributions of many-body forces at N3LO in neutron matter
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* first calculations of N3LO 3NF and 4NF
contributions to EOS of neutron matter

* found large contributions in Hartree Fock appr.,
comparable to size of N2LO contributions

e 4NF contributions

Kruger, Tews, KH, Schwenk,
PRC 88,025802 (201 3)

Tews, Kruger, KH, Schwenk
PRL 110,032504 (2013)

1 EGM 450/500 MeV 104
EGM 450/700 MeV ]
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Representation of 3N interactions in momentum space

pga) s = |piqs; [(LS)J(1s:)j] T T (Tt:)TT)
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Due to the large number of matrix elements, the traditional way of

computing matrix elements requires extreme amounts of computer resources.

N, ~ N, ~ 15

SVENINEN 7 10
N., ~ 30 — 180 dim[{pga|V123|p'¢'a’)] ~ 10" — 10



Representation of 3N interactions in momentum space

pga) s = |piqs; [(LS)J(1s:)j] T T (Tt:)TT)

; pgar), pga), pga)
® [ ) p
_ . \. 1 q
p\< q
P
20 2@
J \_ J \_

~N

-

~

e

Due to the large number of matrix elements, the traditional way of

computing matrix elements requires extreme amounts of computer resources.

N, ~ N, ~ 15

INT ~ 7 10
N. ~ 30 — 180 )} =107 =10

dim[(pgar|Vaas|p'q'

A ‘new’ algorithm allows efficient calculation.
KH, Krebs, Epelbaum, Golak, Skibinski, PRC 91,044001(2015)
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Calculation of 3N forces in momentum
partial-wave representation

-

\_

traditional method:
* reduce dimension of angular integrals from 8 to 5 by using symmetry

* discretize angular integrals and perform all sums numerically

s

\_

much more efficient method:
* use that all interaction contributions (except rel. corr.) are local:
(pa|Vi2slp'd’) = Vizs(p —pP',q — q)
= Vias(p —p',q¢ — ¢, cos 0)
—> allows to perform all except for 3 integrals analytically
* only a few small discrete internal sums need to be

performed for each external momentum and angular momentum




Hartree-Fock energy of infinite matter (unregularized 3NF)

neutron matter:
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* in PNM only matrix elements with 7 = 3/2 contribute

* resummation up to J = 9/2 leads to well converged results

* essentially perfect agreement with ‘exact’ results (cf. PRC88, 025802)
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Hartree-Fock energy of infinite matter (unregularized 3NF)

symmetric nuclear matter:
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3NF power counting in 3H for different regulators
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3NF power counting in 3H for different regulators
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* size of N3LO contribution not suppressed for shown nonlocal interactions
* N3LO contributions suppressed for semilocal interactions
* technical challenges for semilocal interactions:
* forces non-perturbative, large basis spaces/RG evolution needed
* implementation of 3N forces hard, stability problems for scattering calculations

* derivation and implementation of nuclear currents hard
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interactions regularised in momentum space.

Vi(p,p') = Vi(p,p)e (@ tma)/A°

Development of improved novel semilocal NN+3N )

Reinert et al.,
arXiv:1711.08821

p
Calculation of N2LO 3NFs completed.
N3LO contributions progress!
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Semi-local regularization of 3NF (coordinate space)
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Semi-local regularization of 3NF (coordinate space)

Jir(r23)

L

Jir(ri2)  fur(ris) fsk  fur(ris) Jir(r12)  fur(rz)  fur(ri2)  fur(riz) fsk  fur(ris)
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Computational strategy:
(1) calculate unregularized 3NF in sufficiently large partial-wave basis

(2) fourier transform coordinate space regulator to momentum space



Semi-local regularization of 3NF (coordinate space)

Jir(r23)
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Computational strategy:
(1) calculate unregularized 3NF in sufficiently large partial-wave basis
(2) fourier transform coordinate space regulator to momentum space

(3) decompose regulator frr in partial wave momentum basis



Semi-local regularization of 3NF (coordinate space)

Jir(r23)

XM

Jir(ri2)  fur(ris) fsr fur(ri3) fur(ri2)  fur(rs)  fur(ri2)  fur(riz) fsr  fur(ris)

_-.‘.-_. ......

Computational strategy:

(1) calculate unregularized 3NF in sufficiently large partial-wave basis
(2) fourier transform coordinate space regulator to momentum space
(3) decompose regulator frr in partial wave momentum basis

(4) perform convolution integrals:

(pge|Vigs p'q o) / dq q’ / dﬁﬁQZ (pqo|Vias|pga) (pGal fLrlp'q o)



Semi-local regularization of 3NF (coordinate space)
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Computational strategy:

(1) calculate unregularized 3NF in sufficiently large partial-wave basis
(2) fourier transform coordinate space regulator to momentum space
(3) decompose regulator frr in partial wave momentum basis

(4) perform convolution integrals:
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(5) regularize short-range parts in interactions with non-local regulator



Semi-local regularization of 3NF (coordinate space)

Jir(r23)

L

Jir(ri2)  fur(ris) fsr fur(ri3) fur(ri2)  fur(rs)  fur(ri2)  fur(riz) fsr  fur(r13)

_-.‘.-_. ......

Computational strategy:

(1) calculate unregularized 3NF in sufficiently large partial-wave basis
(2) fourier transform coordinate space regulator to momentum space
(3) decompose regulator frr in partial wave momentum basis

(4) perform convolution integrals:
<pqoz|V1 / / / /dqq /dﬁﬁQZ pqoz|V123\ﬁc]64> <]5q~54|fLR|p/ ! />

(5) regularize short-range parts in interactions with non-local regulator

(6) antisymmetrize interactions (optional)



Naive calculation of convolution integrals:
Problem!

with F (7:5)

(1 — exp(—r, /R2))"



Naive calculation of convolution integrals:

Problem!

-

Vieg(Ti2,T13,T23) = V(ri12,113,r23) F(112) F (113) F (r23)

Vieg(ri2,r13) = V(r12,113)F(r12)F (r13)

Vieg(r12) = V(r12) F(r12)

~

Wlth F(T@j) = (1 — eXp(—r?j/R2))nemp

-

for practical calculation of the convolution integrals we need to explicitly

.

Problem:

separate the delta function part

(pa|Vie|p'd) = / dpdd (pa|V|pd) (pal Rlp'q)

_ / dpda (palV[pa) (palR — Lp'd)|+

(palV|p'q’)

\ delicate /

cancellation!




More clever way to calculate convolution integrals:

with Hermann Krebs

consider a N2LO long-range topology:

d d Q2T 1q3-r
V(I‘13,I'23)=/(2;1;3/(22§36zq2 2e' 128V (qe, q3)

~




More clever way to calculate convolution integrals:

with Hermann Krebs

4 )

consider a N2LO long-range topology:

dq dq 19 T 1q3 Iy
V(r137r23):/(27_‘_;3/(27_536(12 Bet BTV (q,q3)

\ J

4 )
for the calculation of the regularized interaction we insert an identity

Vieg(r13,r23) = V(r13,T23)

Q(ri3) Q(r3;) —r2, )R> 0 —r2, )R> 0
e oy (L) (L)




More clever way to calculate convolution integrals:

with Hermann Krebs

-

consider a N2LO long-range topology:

dq dq 1q2-T 1Q3-T2
V(I'13,I'23)=/(QW;?)/(%T;?,@% 2e' 128V (qe, q3)

~

J

P
for the calculation of the regularized interaction we insert an identity

(1 — 6_7“%3/R2)6 (1 — e_TSS/R2)6

Q(T%?)) Q(T%:s)
Q(T%?,) Q(nga)

Vieg(T13,T23) = V(r13,T23)

~

e

|

and define a preregularized interaction:

\

Virereg(d2,d3) = /d1‘13/dr236_iq2'r13€_iq3'r23Q(T%?))Q(?“S?))V(rl&r23) = Q(—Ay)Q(—Ay;)V(az,q3)

J




More clever way to calculate convolution

integrals:

with Hermann Krebs

-

consider a N2LO long-range topology:

[ @

dq:
(2m)3

e“lz ‘r13 6’“13'1'23 V(QQ, q3)

V(ri3,re3) = /

~

J

P
for the calculation of the regularized interaction we insert an identity

(1 — e_T%S/R2)6 (1 — e_TSS/R2>6

Q(T%?J Q(T%‘s)
Q(T%?,) Q(Tgs)

Vieg(T13,T23) = V(r13,T23)

~

e

and define a preregularized interaction:

Virereg(d2,d3) = /d1‘13/dr236_iq2'rlsG_iq?"m?’Q(”“%?))Q(""S?))V(rl&r23) = Q(—Ay)Q(—Ay;)V(az,q3)

\

\ J
4 . . )
the preregularized regulator reads accordingly:

6 6
— _"“%3/1:32 — _Tgs/R2
R (q q ) — / dris / dras —1d2T13 ,—1d43T23 (1 i ) (1 i )
. s 2r)* ] (2n)? Q(rf5)Q(r3s) y




More clever way to calculate convolution

integrals:

with Hermann Krebs

-

consider a N2LO long-range topology:

[ @

dq:
(2m)3

6“12'1'13 6’“13'1'23 V(QQ, q3)

V(ri3,re3) = /

~

J

P
for the calculation of the regularized interaction we insert an identity

(1 — e_T%S/R2)6 (1 — e_r§3/R2>6

Q(T%3) Q(T%:s)
Q(T%?,) Q(nga)

Vieg(ri3,ra3) = V(ri3,123)

~

e

and define a preregularized interaction:

Virereg(d2,d3) = /d1‘13/d1'23€_iq2'r13B_iq?"m?’Q("“%?))Q(""S?))V(I'Bar23) = Q(—Ay)Q(—Ay;)V(az,q3)

\

\ J
4 ] . )
the preregularized regulator reads accordingly:

6 6
— _””%3/1:32 — _TSS/R2
. dI'13 dI‘23 —iqQa-T13 . —iQ3-Tas3 (1 € ) (1 c )
R rere (QI2 q3> — e 'd e 'q
L S (2m)* J (27)? Q(r1s)Q(r3s) )

For Q(r2) = r? all integrals are finite and can be calculated without subtraction!




Momentum space regularized semi- Iocal 3NF
Easy and efficient to |mplement'

XL K B LR
JLR fir fsk  Jir fsr fLR JLrR
fir = fur(q) = exp [—(q® + m2)/A?] —>  Hermann’s talk

Vias = V123(p — p’» q— Cl/» COS ‘9) — V123(157 q,Ccos ‘9)

Example:
1

(a5 + m2)(q; + m2)
1

N2LO 2pi topology: Viog ~

(P —a/2)* +mz)((Pp+4a/2)* +m3)

S V27T,'reg " fLR(qZ)fLR(CB)
T (G b ma) ] + md)




Fits of N2LO 3NF (semi-local momentum space)

o—o A=400 MeV
=—a A=450 MeV
—o A=500 MeV
a—a A=550 MeV

" N2LO NN + 3N

to 3H binding

-5

o—o A=400 MeV
s—a A=450 MeV
&—¢ A=500 MeV
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energy

oo A=400 MeV
s—a A=450 MeV
20 |o—e A=500 MeV

[ | a—4 A=550 MeV

_ | | | | | | | | | | | | | | | |
-10 -5 0 5 10

)

* currently exploring behaviour of
NN+3N interactions in many-body
systems

* Which set of observables for
fixing 3NF couplings ¢D and cE!?
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Determination of LECs:
Uncertainties from triton beta decay

(14 dp)t =

3
F) = (*He| ) 7"|°H)
i=1

K/G5,
fv (F)? + fa g3 (GT)?

<GT 3H€||ZJ b+ZJm 2b||3H

1<J
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Determination of LECs:
Uncertainties from triton beta decay
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Question:
How should the current be regularized when computing <F> and <GT>!
What are the uncertainties related to this choice!?




exp

<GT>,/<GT>

Determination of LECs:
Uncertainties from triton beta decay

. loc "4 4 .
Using for the 2b-currents: f3(p.p’) =exp |—(p — p')*/A"| Gazit etal, PRLI03, 102502 (2009)
1,14 T T T T | T T T T | T T T T | T T T T | T T T T | T T T T | T T T T
1.12 [ — full calculation, loc 2bc Reg. EMS500 N°LO i 1.04 —
T -+ full calculation, non-loc. 2bc Reg.
— - NN only, loc. 2bc Reg.
1.10 Oy, 106, <DE Beg 1.02 EGM 550/600
L o
1.08 AP
- —
1‘06 9 S
. 2.2/2.0 EM
s 098 =
1.04 N
- -
Lozr (\:/3 0.96 1820EM
1.0 - 2.0/2.5 EM
. 0.94 - |
0.98F “= ‘
- | | | “‘ 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1
0.96 ¢ 6 4 “3 e 09300 500 600 700 800 900 1000
ch A [MeV]

Klos et al., EPJA A53, 168 (2018), EPJA A54,76 (2018) [erratum]

* varying Lambda in current leads to a significant range in cD

* how to choose the cutoffs consistently in currents and interaction

(continuity equation?)



Implementation of nuclear current operators for applications in
few- and many-body frameworks

Warmup problem: single-nucleon point charge operator k'

147, 1 —17,
(147, =7
2 2

ki|pki) = |Gy

with G, =1 and G7 =0




Implementation of nuclear current operators for applications in
few- and many-body frameworks

Warmup problem: single-nucleon point charge operator k'
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Implementation of nuclear current operators for applications in
few- and many-body frameworks

. k'

Spin vector current
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Summary
* power counting in 3NF sector sensitively depends on regularization scheme

* developed efficient framework to compute general 3NF for basically
arbitrary regulators in coordinate or momentum space

* adaption of framework to calculation of general one- and two-body
nuclear currents (benchmarks finished for first simple test cases)
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Open Questions

* more systematic study of power counting — uncertainty estimates in fits?
* how to avoid fine tuning/cancellations in fits at N3LO!?
* inclusion of new observables in fitting frameworks

* identify relevant nuclear currents

* regularization of currents?



