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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN / |!p |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/ mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN / |!p |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/ mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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Couplings of short-range interactions are Þxed from NN - data. 
In the isospin limit we have:

LO [Q0]:
NLO [Q2]:

N3LO [Q4]:

2 operators (S-waves)
+ 7 operators (S-, P-waves and ! 1)

+ 12 operators (S-, P-, D-waves and ! 1, ! 2) 
N4LO [Q5]: no new terms

N2LO [Q3]: no new terms

Long range part of the nuclear forces are predictions (chiral symmetry of QCD) 
once couplings from single-nucleon subprocess are determined
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NN parameter free predictions



Nuclear currents in chiral EFT

Axial-vector source
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Chiral EFT Hamiltonian depends on external sources
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Electroweak probes on nucleons and nuclei can be described by current formalism



single-nucleon two-nucleon three-nucleon

Q-3

Q-1

Q0

Q1

depend on d 8, d9, d18, d21, d22,
no 1/m correctionsÉ 

parameter-free

depend on C 2, C4, C5, C7 + L1, L2; 
no loop corrections

depend on C T

parameter-free static two-pion exchange

Chiral expansion of the electromagnetic current  and charge  operators 

ci

1/m

di

ei

Vector currents in chiral EFT

Chemtob, Rho, Friar, 
Riska, Adam, Gari, É 

Park, Min, Rho, Kubodera, Song, Lazauskas (earlier works, incomplete, TOPT)
Pastore, Schiavilla et al. (TOPT), Kšlling, Epelbaum, HK, Mei§ner (UT)

depend on C T

HK, Epelbaum, Mei§ner (UT) forthcoming

Up to order Q only
single-nucleon current 
operator does depend  
on energy-transfer k0

Needed for veriÞcation
of continuity equation 
for OPE part



single-nucleon two-nucleon three-nucleon

Q-3

Q-1

Q0

Q1

depend on d 2, d5, d6, d15, d18, d23,
no 1/m correctionsÉ 

parameter-free

depend on z 1, z2, z3, z4; 
no loop corrections1/m corrections

parameter-free static two-pion exchange

depend on C T

Chiral expansion of the axial vector current  and charge  operators 

ci

1/m

di

Axial vector operators in chiral EFT

Ando, Park, Kubodera, 
Myhrer (2002)

Park, Min, Rho (earlier works, incomplete, TOPT)
Baroni et al. (TOPT), HK, Epelbaum, Mei§ner (UT)

di

1/m2

Bernard, Kaiser, Mei§ner (HBCHPT)



Regularization of NN Force I

Long-range behavior (prediction of chiral EFT) 
of the NN force should be unaffected by regulator

Short-range part strongly depends on regulator

Short-range interactions are responsible for
restoring regulator independence

Increasing number of short-range interactions
remove regulator dependence

Short-range Intermediate Long

Regularize nuclear force in coordinate space: 
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Regularization of LS-equation with Þnite cut-off range:
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Epelbaum, HK, Mei§ner Õ15

Inconvenient for currents (momentum space regulator preferable)

Appearance of deeply-bound states for higher cut-offs make many-body 
calculations for A > 3 unfeasible

Regulator which minimizes Þnite-" artifacts is crucial!



Regularization of NN Force II

Regularize one-pion-exchange propagator: (inspired by Rijken Õ91)

all 1/"-corrections are short-range interactions

Reinert, HK, Epelbaum Õ17 

Implement similar regularization for two-pion exchange
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Compared to simple gaussian regulator                 πN-coupling gets quenched
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Problem of Pragmatic Approach
Replace in every topology class of 3NF pion propagators

Large - 𝛬 limit of 2𝛑-1𝛑 requires counter-terms which break chiral symmetry
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Higher Derivative Regularization

Change leading order pion - Lagrangian (modify free part)

Every derivative should be covariant one
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has to be invariant under               L (2)
! ,! SU(2)L ! SU(2)R ! U(1)V

Lagrangian         should be formulated in terms of L (2)
! ,! U(~⇡(x)) ! SU(2)
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Based on ideas: Slavnov, NPB31 (1971) 301;  
Djukanovic et al. PRD72 (2005) 045002; Long and Mei  PRC93 (2016) 044003
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Building blocks

Gasser, Leutwyler «84, «85; Bernard, Kaiser, Mei§ner «95
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Higher Derivative Regularization
Regularization of pion - Lagrangian will not affect nucleon Green function

Schršdinger or LS-equations get not modiÞed

Only nuclear forces get affected

We are not going to change pion-nucleon Lagrangian

Not every chiral symmetric higher derivative extension of pion - Lagrangian 
leads to a regularized theory
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Unregularization of two propagators



Higher Derivative Regularization
Four-nucleon force as a regularization test

Only two linear combinations of momenta get regularized Unregularized 4NF

Which additional constrain is needed to construct a regularized theory?

All higher derivative terms of the non-linear sigma model Lagrangian
in Slavnov, NPB31 (1971) 301 are proportional to equation of motion

Generalize this idea to chiral EFT: all additional terms ~ EOM

classical equation of motion for pions



Higher Derivative Lagrangian
To construct a parity-conserving regulator it is convenient to work with building-blocks

Possible ansatz for higher derivative pion Lagrangian

Expand         in               Lorentz-invariance only perturbatively 

Use dimensional regularization on top of higher derivative one
for regularization of zeroth component of momenta



ModiÞed Vertices
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Every propagator is suppressed by

Pionic sector becomes unregularized

Use dimensional on top of high derivative regularization 

Dimensional regularization will not affect effective potential and
Schršdinger or LS equations but will regularize pionic sector
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Regularized 4NF
Nonvanishing diagrams from Epelbaum, PLB639 (2006) 456

458 E. Epelbaum / Physics Letters B 639 (2006) 456–461

Fig. 2. Examples of disconnected diagrams at order ν = 4 that lead to vanishing contributions to the four-nucleon force.

Fig. 3. The leading contributions to the four-nucleon force. Graphs resulting by the interchange of the vertex ordering and/or nucleon lines are not shown.

Hamilton operator acts on the nucleon subspace of the Fock space and provides a definition of the nuclear forces. A rather tedious
calculation along the lines of Ref. [20] yields the following result for the contributions of individual diagrams in Fig. 3:
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Fig. 3. The leading contributions to the four-nucleon force. Graphs resulting by the interchange of the vertex ordering and/or nucleon lines are not shown.
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Fig. 2. Examples of disconnected diagrams at order! = 4 that lead to vanishing contributions to the four-nucleon force.

Fig. 3. The leading contributions to the four-nucleon force. Graphs resulting by the interchange of the vertex ordering and/or nucleon lines are not shown.

Hamilton operator acts on the nucleon subspace of the Fock space and provides a deÞnition of the nuclear forces. A rather tedious
calculation along the lines of Ref.[20] yields the following result for the contributions of individual diagrams inFig. 3:
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Fig. 3. The leading contributions to the four-nucleon force. Graphs resulting by the interchange of the vertex ordering and/or nucleon lines are not shown.
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Fig. 3. The leading contributions to the four-nucleon force. Graphs resulting by the interchange of the vertex ordering and/or nucleon lines are not shown.

Hamilton operator acts on the nucleon subspace of the Fock space and provides a definition of the nuclear forces. A rather tedious
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Fig. 3. The leading contributions to the four-nucleon force. Graphs resulting by the interchange of the vertex ordering and/or nucleon lines are not shown.

Hamilton operator acts on the nucleon subspace of the Fock space and provides a definition of the nuclear forces. A rather tedious
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Every pion-propagator of the shown diagrams is multiplied with appropriate 
exponential function

Short-range contributions are multiplied with non-local regulator consistent
with NN case

No dependence on chiral parametrization of U - Þelds by construction
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Fig. 2. Examples of disconnected diagrams at order! = 4 that lead to vanishing contributions to the four-nucleon force.

Fig. 3. The leading contributions to the four-nucleon force. Graphs resulting by the interchange of the vertex ordering and/or nucleon lines are not shown.

Hamilton operator acts on the nucleon subspace of the Fock space and provides a deÞnition of the nuclear forces. A rather tedious
calculation along the lines of Ref.[20] yields the following result for the contributions of individual diagrams inFig. 3:
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Three or four propagators get exponential suppression

Four-pion vertex still leads to exponential increase

Regularized 4NF

EOM constrain prevents angular dependence in exponential 



Regularization of 3NF at N3LO
Modify pion-propagators in all 3NF diagrams

Recalculate 3NF diagrams with four-pion vertices

No four-pion vertices in 
ring and 2𝛑-1𝛑 topologies

&

ModiÞed four-pion vertex 
leads to exponential increase 
in momenta

3NFÕs do not depend on
chiral parametrization of 
U - Þelds by construction

Large cut-off limit of the 3NF: we see linear divergence which we 
can not be absorbed by rescale of ciÕs and CD LECs

Non-renormalizable 3NF at N3LO

Preliminary



Regularization of Vector Current 

Modify pion-propagators in a vector current

Modify two-pion-photon vertex

ModiÞed two-pion-photon vertex 
leads to exponential increase 
in momenta



Regularization of Vector Current 
Regularization of pion-exchange vector current

Riska prescription: longitudinal part of the current can be derived 
                               from continuity equation (Siegert theorem)

Riska, Prog. Part. Nucl. Phys. 11 (1984) 199
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Higher orders           work in progress



#21

Summary

Local regulator in momentum space chosen not to affect analytic structure
of NN force at any order in 1/𝝠-expansion

Naive application of the same regulator violates chiral symmetry in 3NFÕs

High-derivative in combination with dimensional regularization in pion-sector
regularizes 3NFÕs and currents respecting all symmetries

Appearance of modiÞed four-pion and pion-current vertices

Implementation            work in progress


