
Many-Body Perturbation Theory
for Nuclear Matter at High Orders

June 4, 2018  |  New Ideas in Constraining Nuclear Forces  |  Christian Drischler  |  1

Christian Drischler
with K. Hebeler and A. Schwenk
New Ideas in Constraining Nuclear Forces
ECT* – Workshop, Trento, June 6, 2018

Finite Nuclei
binding energies,

radii

Nuclear Forces
(QCD,) EFT, …

Astrophysics
neutron stars,

masses, radii, …
Nuclear Matter

equation of state, 
saturation, …

[ORNL]



Many-Body Perturbation Theory
for Nuclear Matter at High Orders

June 4, 2018  |  New Ideas in Constraining Nuclear Forces  |  Christian Drischler  |  2

Homogeneous nuclear matter

● theoretical testbed for 
benchmarking nuclear forces

• saturation point (n0, av)
• incompressibility (K)
• symmetry energy (Sv) and its 

slope (L) at saturation density

● many-body perturbation theory,
but also in QMC, CC, SCGF, …

for a recent review see:
Hebeler et al., Annu. Rev. Nucl. Part. Sci. 65, 457

saturation
Bethe–Weizsäcker formula

for more MBPT, see talks by 
J.W. Holt and C. Wellenhofer
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Homogeneous nuclear matter

● theoretical testbed for 

benchmarking nuclear forces

• saturation point (n
0
, a

v
)

• incompressibility (K)

• symmetry energy (S
v
) and its 

slope (L) at saturation density

● many-body perturbation theory,
but also in QMC, CC, SCGF, …

for a recent review see:

Hebeler et al., Annu. Rev. Nucl. Part. Sci. 65, 457

saturation
Bethe–Weizsäcker formula

for more MBPT, see talks by 
J.W. Holt and C. Wellenhofer

(Recent) MBPT calculations in MBPT
Hebeler, Bogner, Furnstahl, Nogga et al., PRC  83, 031301

Tews, Krüger, Hebeler, Schwenk, PRL 110, 032504

Krüger, Tews, Hebeler, Schwenk, PRC  88, 025802

Coraggio, Holt, Itaco, Machleidt et al., PRC  89, 044321

Wellenhofer, Holt, Kaiser, PRC  92, 015801

CD, Carbone, Hebeler, Schwenk, PRC  94, 054307 

Holt, Kaiser, PRC  95, 034326

Dyhdalo, Bogner, Furnstahl, PRC  96, 054005

…
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Neutron-matter EOS

Push state-of-the-art MBPT 
calculations to higher orders»

Explore new (N3LO+) potentials1
Treatment of NN+3N & 4N forces2

Remarkable agreement between
many-body frameworks and different
Hamiltonians

situation is different in symmetric matter

Improvements in MBPT needed:

Computationally efficient tools3
for QMC see, e.g., Tews et al. PRC 93, 024305

Hebeler et al., Annu. Rev. Nucl. Part. Sci. 65, 457
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Progress in nuclear potentials

e.g., Carlsson, Ekström, Entem, Epelbaum, Forssén, Gezerlis, Krebs, Machleidt, Tews …
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Progress in nuclear potentials

e.g., Carlsson, Ekström, Entem, Epelbaum, Forssén, Gezerlis, Krebs, Machleidt, Piarulli, Tews …
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Hierarchy of nuclear forces e.g., Epelbaum, Hammer, Meißner, RMP 81, 1773

Weinberg, van Kolck, Kaplan, Savage, Wise, Bernard, Epelbaum, Kaiser, Krebs, Machleidt, Meißner, ...
… and ongoing work at N4LO and even N5LO…

Q0

Q2

Q3

Q4

Many-body forces

Expansion

cD cE

no unknown parameters

see E. Epelbaum’s talk
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Hierarchy of nuclear forces e.g., Epelbaum, Hammer, Meißner, RMP 81, 1773

Weinberg, van Kolck, Kaplan, Savage, Wise, Bernard, Epelbaum, Kaiser, Krebs, Machleidt, Meißner, ...
… and ongoing work at N4LO and even N5LO…

Q0

Q2

Q3

Q4

Many-body forces

Expansion

cD cE

no unknown parameters

see E. Epelbaum’s talk

Subleading 3N forces:
Tews, Krüger et al., PRL 110, 032504
CD, Hebeler et al., PRC  93, 054314

CD, Carbone et al., PRC  94, 054307

Leading 4N forces:
Krüger, Tews et al., PRC 88, 
025802 [Hartree-Fock only]
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Neutron star radii Abbott et al. (LIGO/Virgo), arXiv:1805.11581

Hebeler et al., Astrophys. J. 773, 11

see talk by J.W. Holt

for QMC, see: Gandolfi et al., Phys. Rev. C 85, 032801
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Neutron star radii
Abbott et al. (LIGO/Virgo), arXiv:1805.11581

~2 n0

Hebeler et al., Astrophys. J. 773, 11

see talk by J.W. Holt

for QMC, see: Gandolfi et al., Phys. Rev. C 85, 032801
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Residual contributions

exact normal-ordering

4N forces

3N contributions beyond Hartree-Fock

Holt et al., PRC 81, 024002
Hebeler et al., PRC 82, 014314

P

Apply Wick‘s theorem:
normal-ordered NN level

initial NN potential
normal-ordered 3N forces

combinatorial factor
V as = VNN + ⇠ V 3N

<latexit sha1_base64="2SXd1yJVLgcP90g4A3XWLxGODVo="></latexit><latexit sha1_base64="2SXd1yJVLgcP90g4A3XWLxGODVo="></latexit><latexit sha1_base64="2SXd1yJVLgcP90g4A3XWLxGODVo="></latexit><latexit sha1_base64="2SXd1yJVLgcP90g4A3XWLxGODVo="></latexit>

only approx. included: P = 0 (operat., N2LO) 
or P angle-averaged (PW basis, N2LO & N3LO)

CD, Hebeler, Schwenk, PRC 93, 054314

?

k3�3⌧3
<latexit sha1_base64="UXtpfs8ATJJUk/Va/Rrlot0RB7o="></latexit><latexit sha1_base64="x3/T3rFBPAv0SeQxIf0UvbE9Glo="></latexit><latexit sha1_base64="x3/T3rFBPAv0SeQxIf0UvbE9Glo="></latexit><latexit sha1_base64="AiTE0bnhQL/P4BgRTxdy35GJ+Aw="></latexit>

Hartree-Fock

N3LO 3N matrix elements:
Hebeler et al., PRC 91, 044001
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Neutron matter: MB convergence CD, Carbone, Hebeler, Schwenk, PRC 94, 054307

Contributions from NN+3N forces up to 3rd order: (ladders only)

• based on N3LO NN potentials plus leading/subleading 3N forces
• MBPT well converged for EGM potentials 
• 3rd-order contribution: important for EM 500 MeV (less perturbative)

N2LO 3N
N3LO 3N

(N3LO) (N3LO) (N3LO)

see also: Tews et al., PRL 110, 032504; Krüger et al., PRC 88, 025802
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Neutron matter: MB convergence CD, Carbone, Hebeler, Schwenk, PRC 94, 054307

Contributions from NN+3N forces up to 3rd order: (ladders only)

• based on N3LO NN potentials plus leading/subleading 3N forces
• MBPT well converged for EGM potentials 
• 3rd-order contribution: important for EM 500 MeV (less perturbative)

N2LO 3N
N3LO 3N

(N3LO) (N3LO) (N3LO)

see also: Tews et al., PRL 110, 032504; Krüger et al., PRC 88, 025802

(free space)
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Number of diagrams in MBPT Stevenson, Int. J. Mod. Phys. C 14, 1135

1, 3,  39,  840,  27 300,  1 232 280, …

Integer sequence A064732:
Number of labeled Hugenholtz diagrams with n nodes. 

2 n = 3 4 5 6 7 

The number of diagrams increases rapidly!

2x
n
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Significant challenges remain! CD, Hebeler, Schwenk, arXiv:1710.08220

Higher orders: particle-hole contributions

Approximated normal-ordering

Neglected residual 3N diagrams

Higher many-body forces

!

!

!

!

» development of a novel
Monte-Carlo framework

Holt et al., PRC 81, 024002; Hebeler, Schwenk, PRC 82, 014314

Coraggio et al., PRC 89, 044321; Holt, Kaiser, PRC 95, 034326

Hagen et al., PRC 89, 014319; Kaiser, EPJ A 48, 58

Hebeler et al., PRC 91, 044001
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Efficient Monte-Carlo framework CD, Hebeler, Schwenk, arXiv:1710.08220

represent interactions as matrices in spin-isospin space
● using analytic expressions: NN, 3N, 4N forces (nonlocal) up to N3LO
● matrix elements: analytic functions of the single-particle momenta (in C++)
● alternatively, partial-wave summation can be used

analytic form of the
forces & diagrams

automatic code
generation

optimized
computation» »
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Efficient Monte-Carlo framework CD, Hebeler, Schwenk, arXiv:1710.08220

represent interactions as matrices in spin-isospin space
● using analytic expressions: NN, 3N, 4N forces (nonlocal) up to N3LO
● matrix elements: analytic functions of the single-particle momenta (in C++)
● alternatively, partial-wave summation can be used

efficient evaluation of diagrams in MBPT (single-particle basis)
● implementing diagrams has become straightforward (also ph)
● spin-isospin traces are fully automated; multidim. momentum integrals
● developed new VEGAS integrator: openMP, MPI, and job management
● rapid increase of number of diagrams: 3 (3rd), 39 (4th), 840 (5th)

analytic form of the
forces & diagrams

automatic code
generation

optimized
computation» »
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Example: second-order contribution

:

Tolos, Friman, Schwenk, NPA 806 105

Partial-wave method (spin sums) • Needs an individual treatment of 

each diagram: tedious
• inefficient, esp. at higher orders

holes: i, j, k,…  particles: a, b, c,…

Single-particle basis

»
E(2)

NN

V
=

1

4

X

ij
ab

hij|AVNN|abi hab|AVNN|iji
"i + "j � "a � "b

<latexit sha1_base64="uGY2Hf8MUVJLlUSnyhFOva+3OWM="></latexit><latexit sha1_base64="uGY2Hf8MUVJLlUSnyhFOva+3OWM="></latexit><latexit sha1_base64="uGY2Hf8MUVJLlUSnyhFOva+3OWM="></latexit><latexit sha1_base64="uGY2Hf8MUVJLlUSnyhFOva+3OWM="></latexit>
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Example: third-order contributions

Involved partial-wave
decomposition

Single-particle basis

Coraggio, Holt et al., PRC 89, 044321
Holt, Kaiser, PRC 95, 034326

pp hhph

E(3)
1

V
= +

1

8

X

ijkl
ab

hij|A12VNN|abi hkl|A12VNN|iji hab|A12VNN|kli
DijabDklab

E(3)
2

V
= +

X

ijk
abc

hij|A12VNN|abi hak|A12VNN|ici hbc|A12VNN|jki
DijabDjkbc

E(3)
3

V
= +

1

8

X

ij
abcd

hij|A12VNN|abi hab|A12VNN|cdi hcd|A12VNN|iji
DijabDijcd
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• transparent & fast 
implementation

• can be automated

• well-suited for massive 

parallel computation
• requires high level of 

optimization
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Energy expressions Stevenson, Int. J. Mod. Phys. C 14, 1135

1, 3,  39,  840,  27 300,  1 232 280, …

2 n = 3 4 5 6 7 

How to obtain the nth-order energy expressions?

» Automatic diagram generation

• remarkably simple set of rules (matrix representation)
• conversion to expressions: developed for B-MBPT

Arthuis, Duguet, Tichai et al., in prep.
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CD, Hebeler, Schwenk, arXiv:1710.08220.

CHIRAL INTERACTIONS UP TO N3LO 
AND NUCLEAR SATURATION 
Objectives: MBPT calculations at fourth order

explore new N3LO interactions

Batty et al., 
Karlsruhe (1987)



Many-Body Perturbation Theory
for Nuclear Matter at High Orders

June 4, 2018  |  New Ideas in Constraining Nuclear Forces  |  Christian Drischler  |  22

Nuclear saturation CD, Hebeler, Schwenk, arXiv:1710.08220

include contributions from up to

• NN (4th), NN plus 3N (3rd),

• residual 3N–3N term (2nd)

good many-body convergence

interactions are perturbative
for these densities

Coester-like linear correlation

(550)

Coester et al., PRC 1, 769

»
Hebeler et al., PRC 83, 031301
Carlsson et al., PRX 6, 011019

(λ / Λ3N)

(Λ)
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Nuclear saturation CD, Hebeler, Schwenk, arXiv:1710.08220

include contributions from up to

• NN (4th), NN plus 3N (3rd),

• residual 3N–3N term (2nd)

good many-body convergence

interactions are perturbative
for these densities

Coester-like linear correlation

(550)

Coester et al., PRC 1, 769

»
Hebeler et al., PRC 83, 031301
Carlsson et al., PRX 6, 011019

(λ / Λ3N)

(Λ)
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Fits to saturation region CD, Hebeler, Schwenk, arXiv:1710.08220

use the Monte-Carlo framework to 
constrain 3N LECs
• N2LO / N3LO EMN potentials 

with Λ = 450 MeV & Λ = 500 MeV

• fit to 3H binding energy: cE(cD) 
consistently at N2LO / N3LO

• study saturation properties:
3rd order contribution important !

fits close to saturation point
at N2LO & N3LO identified

Entem, Machleidt, Nosyk, PRC 96, 024004
(cD)

Λ = 450 MeV Λ = 500 MeV

NN plus 3N forces at N2LO
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Fits to saturation region CD, Hebeler, Schwenk, arXiv:1710.08220

use the Monte-Carlo framework to 
constrain 3N LECs
• N2LO / N3LO EMN potentials 

with Λ = 450 MeV & Λ = 500 MeV

• fit to 3H binding energy: cE(cD) 
consistently at N2LO / N3LO

• study saturation properties:
3rd order contribution important !

fits close to saturation point
at N2LO & N3LO identified

Entem, Machleidt, Nosyk, PRC 96, 024004
(cD)

Λ = 450 MeV Λ = 500 MeV

NN plus 3N forces at N2LO
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Fits to saturation region
CD, Hebeler, Schwenk, arXiv:1710.08220

Neutron and symmetric matter
with consistent NN + 3N forces

• 4N HF energy ~150 keV @ n0

• narrow ranges for Esym and L
• uncertainties from chiral EFT

Symmetric matter @ N3LO:
• reduced cutoff dependence
• reduced theo. uncertainties

left column: right column:

Epelbaum et al., EPJ A 51, 53
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Guiding finite nuclei Ekström et al., Phys. Rev. C 91, 551301

Infinite Matter

Finite Nuclei

Ab initio calculations overbind
medium-mass and heavy nuclei, 

underestimate charge radii
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Guiding finite nuclei Ekström et al., Phys. Rev. C 91, 551301

Infinite Matter

Finite Nuclei

Ab initio calculations overbind
medium-mass and heavy nuclei, 

underestimate charge radii

Realistic saturation properties are
important for agreement with experiment.

Ekström et al., PRC 91 051301; Hagen et al., NP 12 186;
Simonis et al., PRC 93 011302; Binder et al., PLB 736 119;

Simonis et al., PRC 96 014303; Ekström et al., PRC 97, 024332; ...
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Guiding finite nuclei Simonis, Stroberg et al., Phys. Rev. C 96, 014303

ground-state energies

charge radii

“Hebeler et al.” interactions:

• N3LO NN (SRG) + N2LO 3N forces

• cD, cE only fit to few-body data

λ / Λ3N = 1.8 / 2.0 (EM) exhibits
good agreement with experiment

potentials fit in Hebeler et al., PRC 83, 031301
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Bayesian analysis: uncertainty estimates together with Melendez, Furnstahl, Phillips

�k = �ref

kX

n=0

cnQ
n
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symmetric matter

see talk by S. Wesolowski

e.g., Melendez, Wesolowski, Furnstahl, PRC 96, 024003; Furnstahl, Klco, Phillips et al., PRC 92, 024005
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Bayesian analysis: uncertainty estimates together with Melendez, Furnstahl, Phillips
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symmetric matter

see talk by S. Wesolowski

e.g., Melendez, Wesolowski, Furnstahl, PRC 96, 024003; Furnstahl, Klco, Phillips et al., PRC 92, 024005
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Outlook

Apply the new Hamiltonians to finite nuclei

Extend framework to asymmetry/temperature

Quantify theoretical uncertainties

Constrain fits of next-gen. chiral potentials

1

2

3

4
Bayesian truncation errors: naturalness, breakdown scale, …

single-particle energies, mass-radius relations, …

calculations will provide additional insights …

in terms of saturation, perturbativeness, …

Thank you
for your attention!

Collaborators:
R.J. Furnstahl

K. Hebeler
K. McElvain
J. Melendez

D. Phillips 
A. Schwenk

C. Wellenhofer


