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Introduction  
• State-of-the-art lattice QCD simulations 
• Approach to extract electromagnetic (EM) form factors  

Neutron electric dipole moment (nEDM) in lattice QCD 
•  Evaluation of  topological charge  
• Extraction of   CP-odd form factor F3  
• Discussion of  results 

Conclusions 
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Collaborators: 
A. Athenodorou, K. Hadjiyiannakou, A. Todaro 

C.A., A. Athenodorou, K. Hadjiyiannakou and A. Todaro, Phys. Rev. D 103, 054501 (2021), arXiv: 2011.01084

https://arxiv.org/abs/2011.01084


Extraction of  matrix elements in lattice QCD
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Computational resources
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Summit, OLCF 

Marconi100, CINECA 

Piz Daint, CSCS 

HAWK, HLRS 

SuperMUC, LRZ 

JSC

Stampede,TACC

USA



Status of  current simulations

 A number of  collaborations has physical point ensembles: 

‣ Wilson-type: BMW, ETMC, CLS, PACS 

• BMW and ETMC  have multiple lattice spacings 0.05<a<0.1 fm  

• PACS has a large volume ensemble at a single lattice spacing 

‣  Staggered at physical point: MILC with 4 and BMW with 6 lattice spacings 0.05<a<0.15 fm 

‣  Domain wall at physical point: RBC/UKQCD with 2 lattice spacings

Wilson-type

Staggered
Domain wall



 5 ensembles at physical pion mass 

• 3 lattice spacings 0.05<a<0.1 fm —> take continuum limit directly at 
the physical point avoiding chiral extrapolation removing a major  
systematic error in the baryon sector 

• Two volumes at a=0.08 fm and 0.07 fm of  Lmπ~3.6 (5.1 fm) and Lmπ 

~5.4 (7.7 fm) 

 Algorithmic improvements needed to go to a<0.05 fm due to critical slow 
down in HMC (long autocorrelations) —> new approaches e.g. Machine 
learning approaches  using equivariant flows                                                                                     
G. Kanwar, et al., Phys. Rev. Lett. 125 (2020) 121601, arXiv:2003.06413; D. Boyda,  et 
al., Phys.Rev.D 103 (2021)  074504, arXiv: 2008.05456; M. S. Albergo et al., 	 	 	
Phys.Rev.D 104 (2021) 114507, arXiv:2106.05934

Gauge ensembles generated by ETMC

Nf=2+1+1 ETMC ensembles

•Analysis completed for 643x128 a=0.08 fm 
•Analysis ongoing for 963x192 a=0.08 fm

•Analysis ongoing for 803x160, a=0.07 fm 
•Simulation ongoing for 1123x224, a=0.07 fm 

Analysis ongoing for 
963x192, a~0.06 fm 

C. A. et al. (ETMC),  “Simulating twisted mass fermions at physical light, strange and charm quark masses” Phys. Rev. D98 (2018) 054518 

Physical point

https://arxiv.org/abs/2106.05934


Systematics & Challenges
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 Discretisation effect: Continuum limit    
 —> need simulations for at least 3 lattice spacings

 Finite volume effects: Infinite volume limit                                                     
—> need simulations for at least 3  volumes

 Simulations directly at the physical point   
  Systematic effects from chiral extrapolation are eliminated

 Ground-state identification  
   Cross-check (one-, two-  and three-state fits, summation), but two or more particle states create difficulties

 Renormalisation  
    Non-perturbatively with improvements e.g using perturbative subtraction of  lattice artefacts - more 
complicated for extended operators

Typically done using simulations for heavier 
than physical values of  the pion mass

 In what follows we assume isospin symmetry i.e. up and down quarks have equal mass, and 

neglect EM effects



Analysis of  two- and three-point functions C2pt and  C3pt 

Nucleon propagator
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 Identification of nucleon matrix element M (t0=0)

Nucleon matrix elements
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L. Maiani, G. Martinelli, M. L. Paciello, and B. Taglienti, Nucl. Phys., B293: 420, 1987
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 Important to probe large ts values keeping error approximately the same to reliably eliminate contributions 
from excited states

Isovector tensor charge 
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B-ensemble: 643 x 128, a~0.08 fm

C-ensemble: 803 x 160, a~0.07 fm

D-ensemble: 963 x 192, a~0.06 fm

on-going



 Important to probe large ts values keeping error approximately the same to reliably eliminate contributions 
from excited states

Isovector tensor charge 
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B-ensemble: 643 x 128, a~0.08 fm

C-ensemble: 803 x 160, a~0.07 fm

—> precision era of  lattice QCD
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 Generalisation to non-zero momentum transfer to extract form factors 
EM form factors best studied

Form factors
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C.A. et al. (ETMC), Phys.Rev.D 100 (2019) 1, 014509, —> precision era of  lattice QCD

B-ensemble: 643 x 128, a~0.08 fm



 Sea quark effects can be accurately determined —> provide precise input to 
experiments

Strangeness of  the nucleon
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C. A. et al., Phys. Rev. D 101 (2020) 031501, arXiv:1909.10744 

Negative  magnetic moment
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https://arxiv.org/abs/1909.10744
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Neutron electric dipole moment 



Possible detection of  nEDM would break CP symmetry —> new source of  CP 
violation within the Standard Model (SM) 

Despite experimental efforts over the last 70 years no non-zero value has 
been measured 

Best upper bound:  |dN|<1.8 x 10-13 e fm

Motivation

15

Abel et al., Phys. Rev. Lett. 124, 081803 (2020)



Possible detection of  nEDM would break CP symmetry —> new source of  CP 
violation within the Standard Model (SM) 

Despite experimental efforts over the last 70 years no non-zero value has 
been measured 

Best upper bound:  |dN|<1.8 x 10-13 e fm

Motivation

Abel et al., Phys. Rev. Lett. 124, 081803 (2020)

Standard model prediction 
• Electroweak sector: phase in quark mass from Yukawa coupling with Higgs field 
                    |dN|~O(10-19) e fm 

• Strong sector: a QCD Lagrangian invariant under C, P and T transformations does not permit nEDM 
                                  Include the CP-violating Cherns-Simons (CS) term: 

Topological charge: 
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          invariant under C, P and T transformations —> cannot induce a non-vanishing nEDM. 

Insert the CP-violating Cherns-Simons (CS) term —> 

General approach
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LQCD

 Measure the neutron CP-violating electromagnetic form factor F3(Q2) and extract F3(0) —> 

We can only calculate F3(Q2) and need to take Q2  —>0
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|dN | = F3(0)

2mN

 Compute expectation values including CS-term: 

Sign problem: CS-term makes the action complex 

• Measure the neutron energy in an external electric field 

• Simulate with imaginary θ as done by e.g. QCDSF, Guo et al. 2015 

• Since θ is small expand keeping only first order terms
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Correlation with topological charge



 Compute the 3-point function:

Nucleon matrix for nEDM
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Form factor decomposition for the nucleon electromagnetic form factor: 
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 To extract matrix element take ratio of  3- and 2-point functions: 
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e.g.

 Need to determine α(1) —> extracted from nucleon 2-point functions: 
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C2pt = hJN (~pf , tf )J̄(~0, 0)i , C2pt,Q = hJN (~pf , tf )QJ̄(~0, 0)i
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CP-odd EM form factor F3 much less studied 

Need topological charge for the computation of  the matrix element - need an appropriate discretisation 

• Field theoretic definition - Di Vecchia et al., Nucl. Phys. B192, 392 (1981)  

• Fermionic definition using spectral projectors - Giusti and Luescher, J. High Energy Phys. 03 (2009) 

In the continuum the two definitions are equivalent  

Topological charge
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Field theoretic definition: 

• Discretize Fμν - use O(a2) improved definition by using Clover and rectangular Wilson loops

<latexit sha1_base64="ZGjGskook2jbHOdqCne0oGssUtw="></latexit>

Q =
1

32⇡2

Z
d4x ✏µ⌫⇢�Tr [Fµ⌫(x)F⇢�(x)]

• Smooth out the ultraviolet fluctuations —> use gradient flow
<latexit sha1_base64="2/lwdym3tSfsEG5K9STto5O7b80="></latexit>

V̇µ (x, ⌧) = �g20 [@x,µSG(V (⌧))]Vµ (x, ⌧)

Vµ (x, 0) = Uµ (x)

Spectral projector definition: 

• Write in terms of  the eigenmodes of  the Wilson-Dirac operator
<latexit sha1_base64="H4fVweD3j5TtfFCgP5NH9A91a2o="></latexit>
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Topological susceptibility via spectral projectors shows milder cutoff  effects as compared to the field theoretical definition  

The choice oice of  the threshold Mthr doesn’t affect the continuum extrapolation  

Comparison of  two definitions of  topological charge (I)
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r 0
2 χ

Topological susceptibility χ=<Q2>/V 



Comparison of  two definitions of  topological charge (II)
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C.A., A. Athenodorou, K. Hadjiyiannakou and A. Todaro, Phys. Rev. D 103, 054501 (2021), arXiv: 2011.01084

https://arxiv.org/abs/2011.01084


Determination of  the mixing angle α(1)
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↵1 = lim
tf!1

C2pt,Q
C2pt

Nf=2+1+1 twisted mass fermions with a clover term: B-ensemble 

• Lattice size 643 x 128 
• a=0.08 fm determined from the nucleon mass 
• mπ=139 MeV 
• Lmπ=3.6 



Extract at finite momentum and take Q2—>0

Determination of  CP-odd F3
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Results shown with dashed error bars are corrected by subtracting  spurious contribution

Results for nEDM
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Chiral & continuum extrapolation

Abramczyk et al., Phys. Rev. D 96, 014501 (2017) 



Using spectral projections improved signal by 2x 

Obtain lattice determination of  nEDM directly at the physical pion mass to unprecedented 
accuracy  

Conclusions
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d✓N = �0.0009(24)✓ e fm

Ruling out a zero value would require at least 2-orders-of-magnitude increase in statistics  

Alternative approaches of  extracting 𝜽-nEDM highly desirable e.g. simulating ensembles at imaginary 𝜽 

Exascale computing plus new ideas !! 

Lattice 2007


