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General discussion of the decay law
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Exponential decay law

• : Number of unstable particles at the time t = 0.
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• For a single unstable particle:

Confirmend in countless cases! 

tetp )(

...1)(  ttp

is the survival probability for a single unstable particle created at  t=0.

(Intrinsic probabilty, see Schrödinger´s cat).
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For small times: 
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Basic definitions
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p(t) decreases quadratically (not linearly); 

no exp. decay for short times. 
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Deviations from the exp. law at short times

Taylor expansion of the amplitude:

Note: the quadratic behavior holds 

for any quantum transition, not only for decays. 
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Time evolution and energy distribution (1)
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 The unstable state S  is not an eigenstate of the Hamiltonian H.

Let d (E) be the energy distribution of the unstable state S .  

Normalization holds:  d (E)dE 1
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The Breit-Wigner energy distribution cannot be exact. 

Two physical conditions for a realistic              are:

1) Minimal energy:

2) Mean energy finite:
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Time evolution and energy distribution (2)

Breit-Wigner distribution:

.)()(
4/)(

1

2
)(

2/

22
0 tttiM

S etpeta
ME

Ed  









Francesco Giacosa

A very simple numerical example
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Cold Na atoms in a optical potential

Experimental confirmation of 

non-exponential decay (1)
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Experimental confirmation of 

non-exponential decay (2)

Measured survival probabilty p(t)

Non-exp decay!
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Experimental confirmation of 

non-exponential decay and Zeno /Anti-Zeno effects

Same exp. setup, 

but with measurements in between

Zeno effekt Anti-Zeno effect
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Late-time deviations

Confirmation of: L. A. Khalfin. 1957. 1957 (Engl. trans. Zh.Eksp.Teor.Fiz.,33,1371)
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Considerations

• No other short- or long-time deviation from the exp. law 

was seen in unstable states.

• Verification of the two aforementioned works (Reizen + 

Rothe) would be needed.

• The measurement of deviations in simple natural 

systems (elementary particles, nuclei, atoms) would be a 

great achievement. 
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Probability of decay: formal argument
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Technical remark: the propagator
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Multichannel decay law
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A simple question
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A difficult question

Which are the wi(t) ????
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N Decay channels: formal aspects
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The Friedrichs-Lee Hamiltonian
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Solution

hi(t)dt is the probability that the unstable particle decays in the i-th channel

between t and t+dt
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Breit-Wigner limit
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A simple model



Francesco Giacosa



Francesco Giacosa



Francesco Giacosa



Double-delta:
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QFT case: result

Recalll QM:
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QFT: example
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Decay of a moving particle



Francesco Giacosa

2206.05125



Unstable particle with momentum p: 

decay law
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Unstable particle with momentum p: exp. limit

M = rest mass; Γ= decay width in the rest frame.

An unstable particle moves with definite momentum p. 

Which is its decay width? The standard expression is:

Important but sublte point: 

in QM and QFT a state with definite momentum has not definite velocity.
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Finite momentum vs finite velocity 

• Subtle but important point: in the long-life limit, a particle 

with definite momentum has also definite velocity. 

•

• In general, however, there is a difference! For an 

unstable state a boost is not equivalent to a momentum 

translation.

• Here, we consider (at first) definite momentum
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Unstable particle with momentum p: unexpected 

result for the nondecay probability

The non-decay probability in the exp. limit: 

F. G. arXiv:1512.00232 [hep-ph]

But this is not a breaking of relativity!

It is a different setup.
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Unstable particle with momentum p: deviations
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Unstable particle with momentum p: some 

examples of deviations

Muon

M = 105.65 MeV

Γ = 

Neutral pion

M = 134.98 MeV

Γ = 

Rho meson

M = 775.26 MeV

Γ = 147.8 MeV

Very small deviations!
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Boost: state with definite velocity

A boosted muon consists of an electron and two neutrinos!

A boosted neutron consists of a proton, an electron, and a 

neutrino

etc etc
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Summary and outlook

• The decay is never exponential! This is a fact. 

• Multichannel decay: promising new direction fro the 
study of decay beyond the exponential limit.

Formulas presented both for the QM and QFT cases. 
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Summary and outlook

• Decay of a moving particle: interesting link   

between relativity and QM and QFT.

• For a particle with definite momentum p (for 

the measuring observer) there is a different 

formula.

• A boost is a very subtle operation in QM and 

QFT.
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Other decay-related topics
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Thank You
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Wave packet in momentum

Inclusion of spatial wave function is simple.
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Boost: state with definite velocity

Point: a velocity translation (i.e. a boost) is not a momentum translation!!!!

The survival probability shows here an absurd Lorentz contraction!
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Boost: wave packet in velocity 

(is qualitatively different!)


