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1. Introduction

• The Colour Glass Condensate e�ective field theory is a framework to study
ultra-relativistic heavy ion collisions.

• Particle production cross sections contain rapidity correlators. These contain
Wilson lines œ SU(Nc): Wilson lines:
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• x is a two-dimensional transverse coordinate
• g is the coupling constant
• –a

x

is the colour field generated by the target nucleus
• ta’s are the generators of SU(Nc).

• JIMWLK evolution describes the change in the target field as a function of
rapidity. It is typically formulated as a Fokker-Planck functional di�erential
equation, equivalent to the Balitsky hierarchy.

• An alternative formulation is a Langevin equation, especially useful for
numerical computations of unequal rapidity correlators.

2. Inclusive Two-gluon Production

• Inclusive two-gluon production at unequal rapiditiesa:
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• Gluon 1 has rapidity Y and transverse momentum p

• Gluon 2 has rapidity YA < Y and transverse momentum kA

• Subscripts “A” label quantities at rapidity YA

• Bars denote quantities in the complex conjugate amplitude (CCA), as
opposed to the direct amplitude (DA).
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• ˆO is some observable local in rapidity YA

• [DU ] is the functional de Haar measure on SU(Nc)

• WYA
[U ] is the weight function describing the density distribution of the

Wilson lines in the target at rapidity YA; it evolves according to the JIMWLK
Hamilton.
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is now a conditional weight function, accounting for

evolution from YA to Y described by the Langevin equation.
aIancu & Triantafyllopoulos [JHEP 1311 (2013) 067]

3. Definitions
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4. JIMWLK Evolution

• Fokker-Planck dynamics ¡ Langevin dynamics (better suited to numerics)

• Discretise rapidity di�erence: Y ≠ YA = ‘N with Z – N æ Œ, ‘ æ 0

• JIMWLK Langevin equation for a Wilson line
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The second rapidity interval is discretised as Y ≠ YA = ‘N with Z – N æ
Œ, ‘ æ 0; each evolution step is labelled by n œ {0, 1, ..., N}.
The expectation value of an observable is then calculated as an average over ‹
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5. The Dilute Limit

We expand the Wilson lines as
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6. BFKL

• Expand known BK equation in ⁄:
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Context

single parton  
interacts 

Ultra-relativistic heavy ion collision:
• Small x, large Qs ⇒ saturation 

• Target nucleus: Colour Glass Condensate 

• Eikonal approximation: parton is colour-rotated, 

no transverse momentum kick

2

• Interaction described by Wilson line 

• Enters cross sections through correlators 

e.g. dipole 
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1 JIMWLK Evolution

1.1 The JIMWLK equation in the Focker-Planck formalism
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Evolution of Wilson Line

3

Stochastic, diffusive process  
in space of Wilson lines:

rapidity, Y
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JIMWLK evolution:
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JIMWLK Equation
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Langevin form:

• Lesser known 

• Better suited to numerical studies 

• Useful for unequal rapidity correlators

Blaizot, Iancu & Weigert [Nucl.Phys. A713 (2003) 441-469], Kovner & Lublinsky [JHEP 0611 (2006) 083], 
Iancu & Triantafyllopoulos [JHEP 1311 (2013) 067], Hatta & Iancu [JHEP 1608 (2016) 083] 

Fokker-Planck form:
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Langevin JIMWLK
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1.3 The JIMWLK equation in the Langevin formalism
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Weizsäcker-Williams emission kernel:
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Take average:

Fourier transform:

• Same result from linearising Fokker-Planck JIMWLK and acting on single 
• Regge pole behaviour: amplitude has power law behaviour on energy, i.e. amp              
•          is Regge trajectory
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1. Introduction

2. Inclusive Two-gluon Production

• Inclusive two-gluon production at unequal rapiditiesa:
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[U, Ū ]O

ÈÔÍY ≠YA
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[DUDŪ ]WY ≠YA

#
U, Ū

--UA, ŪA

$Ô

• Gluon 1 has rapidity Y and transverse momentum p

• Gluon 2 has rapidity YA < Y and transverse momentum kA

• Subscripts “A” label quantities at rapidity YA

• Bars denote quantities in the complex conjugate amplitude (CCA), as
opposed to the direct amplitude (DA).

• Ki
xy

:= (x≠y)i

(x≠y)2 is the Weizsäcker-Williams emission kernel
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u

U†
x

:= ig”
ux

U†
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.

• The outer expectation value is ÈÔÍYA
:=

s
[DU ][DŪ ]WYA

[U, Ū ]Ô

• Ô is some observable local in rapidity YA

• [DU ] is the functional de Haar measure on SU(Nc)

• WYA
[U ] is the weight function describing the density distribution of the

Wilson lines in the target at rapidity YA; it evolves according to the JIMWLK
Hamilton.

• WY ≠YA

#
U, Ū

--UA, ŪA

$
is now a conditional weight function, accounting for

evolution from YA to Y described by the Langevin equation.
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3. Definitions
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4. JIMWLK Evolution

5. The Dilute Limit

We expand the Wilson lines as
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6. BFKL

• Expand known BK equation in ⁄:
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3 Going to the Dilute Limit
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Start with BK equation:

Write in terms of “BFKL pomeron”:

• Calculate left side from Langevin equation ⇒ BFKL recovered from Langevin formalism 

Hatta & Iancu [JHEP 1608 (2016) 083] 
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2 Gluon Production at Unequal Rapidities
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� Ū †ac
¯

y

R̄c
v

⌘
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hÔiY�YA :=

Z
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⇤

= �
⇥

U � Ū
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hÔiYA :=

Z
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[DUDŪ ]WY�YA

⇥

U, Ū
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⇤

The initial condition at YA for the conditional weight function satisfies

WYA

⇥

U, Ū
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Ū
0
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⇤

The initial condition at YA for the conditional weight function satisfies

WYA

⇥

U, Ū
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Work in progress:
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• Square of this, plus 3 other similar terms, appear in cross section 
• Go to dilute limit to recover BFKL ladder diagrams from Langevin formalism

Iancu & Triantafyllopoulos [JHEP 1311 (2013) 067]



Summary

• JIMWLK equation governs rapidity evolution of classical target field  

• Two formulations for dynamics - Langevin is lesser known 

• Langevin JIMWLK is better for numerics and for unequal rapidity correlators 

• Gluon reggeizes in the dilute limit under single gluon exchange between target and projectile 

• Dilute limit gives familiar BFKL evolution 

• Inclusive cross sections need Langevin equations for RU etc. 

• Useful insight: how do BFKL ladder diagrams emerge from this formalism? 
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