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Outline

- We will examine bose enhancement in two-gluon correlations and its relation
to the “ridge”.

- Review of the ridge.

- Review two-gluon production in the dilute-dense limit.
- Various important contributions at the dilute-dilute limit.
- Examining these terms in the dilute-dense limit.

- Bose enhancement and its effect on the ridge.



The “ridge” — ALICE data, p+Pb
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- Observed in A-A, p-A, p-p collisions

- Correlation between two patrticles

- Long-range in rapidity, near- and away-side in azimuthal angle
- ALICE collaboration (2012) data for p+Pb collisions.



Separating the gluon emission from the interaction

- In the dilute-dense limit two different
sources from the projectile emit a
gluon. This is more likely than one
guark emitting two gluons.

- The gluons and sources proceed to
Interact with all of the gluon fields in
the target.

Projectile

- View the emission of the gluon and
the interaction in the nucleus as two
separate events since emission is on
a much larger time scale than the
Interaction.



Modeling the interaction through Wilson lines

- A quark or gluon propagating through a nucleus at high energy can be
thought of as a Wilson line. The following is for a gluon. The gluon is
high energy and recoilless in transverse spatial coordinate. Interacts
with many different color patches whose weight is described by the
saturation scale. This can be thought of as a rotation in color space
giving a net phase.




Analysis of the gluon dipole — Saturation effects

- Modeling the gluon dipole as a series of tree level scatterings off many

nucleons. The dotted lines represent gluons.
1

SG(fbf%y) =

= 371 (U= VL))

- Here we used the McLerran Venugopalan (MV) model.
- The forward scattering amplitude is given by.

Ng(Z1,Z2;y =0) = 1 = Sq(Z1,Z2;y = 0)



Analysis of the gluon dipole — Saturation effects

- Modeling the gluon dipole as a series of tree level scatterings off many
nucleons. The dotted lines represent gluons.

- The forward scattering amplitude is used to define the unintegrated
gluon distribution function.

— C —iq-T -
¢A(q;y) — - (21;_)3 /dedere q V%Ng(b+T,b,y)

doa(q:y) Cr / 2 g2 Ar (T =T
= d VL Na (b b;
< 2 T m@n) re V= Ng(b+7,b;y)



Analysis of the gluon dipole — Saturation effects

- Modeling the gluon dipole as a series of tree level scatterings off many
nucleons. The dotted lines represent gluons.

- If the saturation scale does not depend on the position of the dipole
(assuming translational invariance).

< d2b >A — Equ(qa y)



Calculating the cross-section

- Each gluon can be emitted from each
source either before or after the
interaction, which is represented as a
dashed line and modeled as a Wilson g

T

- Calculate the amplitude squared, which
iInvolves 3 classes of diagrams

L
-

Projectile

Impact parameter between
the target and the projectile




Full dilute-dense expression

- The two-gluon production cross section can be written as

do 2 g 2 o oy o y
= B
d%kydy, d?kadys (CF ) k% kg fd dby d bQ/d q1 d°qo
y <d¢A1(€15y4= 0)> <d<f5A1 (@oiy = 0)> {<d¢£2(cf‘1 — k1, — Ezj;y)>
d*(B—by) [, \ dB-b) [, P2by %Dy .

— — . - Q - — . —
iRy —iy K (K1, ko, @1, @) [ doa, (1 — k1, G — k23 y) - -
i (k1—k2)-(b1—b2) 1 2,41, Y42 Asg B

NZ_1 b, b, ’ + (ke = —k2)

+e

1
ta3 (k= 3%k = @)
ar g3 \F1—q1 2 — (2
AR A CR AR R AT
- B @@ |[(F-a) g+ Fe@) i - 6 g

+ ¢ @ [(EI -51)('1_52 “q2) + (El . ffz)(‘% : @1)]}

}C(Eh 527 q‘ln 6‘2) -

RO AL

Projectile

- Complicated expression with important features Impact parameter between
the target and the projectile

Y. Kovchegov and D. Wertepny,
(2013) arXiv:1310.6701



Full dilute-dense expression

- The two-gluon production cross section can be written as
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Projectile

- Different gluon distribution functions Impact parameter between
the target and the projectile

Y. Kovchegov and D. Wertepny,
(2013) arXiv:1310.6701



Full dilute-dense expression

- The two-gluon production cross section can be written as

do 2 g 2 o o o o o
_ B d?q, d
A2ky dyy 2k dys (cp ) k7 2 f @B d"by d7b / @
y <d¢A1(§1;y = 0>> <dml@;yd= 0)> {<d¢£2(q-1 — k1 — kz,;y)>
(B —b) [, \ &B-b) [, d?by d?by )

— — . - Q - — . —
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Projectile

- Different gluon distribution functions Impact parameter between
- Single-gluon distribution function the target and the projectile

Y. Kovchegov and D. Wertepny,
(2013) arXiv:1310.6701



Single-gluon distribution functions

- For the projectile nucleus

W0, @G\ Cr [ o aron. L 2y = _CF / 2% d2r ¢~ V2 nes (b + 7. b
< d?b >A1_ as(27r)3/dre " Vina(b+ 7 biy) ¢a,(2y) as(27)3 o e Vi na(b+ 7, biy)
hih L o 3 2 1
ngb+7,b;y=0) = ZQS’l(b)r In ”y
- For the target nucleus
d¢A2 ((fa y) CF — g7 T o . C e . i
< d2b >A2: O{S(Zﬂ')?’/dgre TTVEN(b+7,byy) b, (G y) = as(;;)S/dzbdzre TT V2 N(b+ 7, b;y)

- Translational invariance

< d2b >A®. — SJ_,i ¢Ai (qa y)




Full dilute-dense expression

- The two-gluon production cross section can be written as

do 2 g 2 o oy o y
= B
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Projectile

- Different gluon distribution functions Impact parameter between
- Two different two-gluon distribution functions the target and the projectile

Y. Kovchegov and D. Wertepny,
(2013) arXiv:1310.6701



Two-gluon distribution functions

- Double-dipole
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Full dilute-dense expression

- The two-gluon production cross section can be written as

do 2 g 2 o oy o y
— B
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Projectile

- Kernel associated with the crossed diagrams Impact parameter between
the target and the projectile

Y. Kovchegov and D. Wertepny,
(2013) arXiv:1310.6701



Full dilute-dense expression

- The two-gluon production cross section can be written as

do 2 g 2 o o o o o
— B d®by d%bs|[ d?q d
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doa, (q13y =0) dpa, (Gory =0) deZ () — k1, gp — ka1 y)
* 2(B—b 2(B — b d2by d2b
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— — . - Q - — . —
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well
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Projectile

- Integration over the impact parameter between Impact parameter between
: : the target and the projectile
the target and the projectile. J brol
- Integration over the positions of the source
: : : Y. Kovchegov and D. Wertepny,
guarks in the projectile nucleus. (2013) arXiv:1310.6701



Full dilute-dense expression

- The two-gluon production cross section can be written as

do 2 g 2 o oy o —
B
dzk‘ldyldszdyQ ( CF ) k% k‘g /d d=b, d bQ/ d q1 d qo

L deal@ly=0)\ [ doal@:p=0) doR Nd — k1, @ — Fa f )
d?(B — by) " d2(B — by) " d<by d#bs "

— — - = Q - — - —
T (B iy K(k1y kol @1, @) [ oA )@ — Ky Ga — Raify) - -
i(k1—k2) (b1 —b2) 1, 28 415 42 Az -
e NZ =T < 75, % [l

1
ta3 (k= 3%k = @)
ar g3 \F1—q1 2 — (2
AR A CR AR R AT
- B @@ |[(F-a) g+ Fe@) i - 6 g
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RO AL

- Integration over momenta of the gluons emitted Impact parameter between
: : the target and the projectile
from the projectile.

Y. Kovchegov and D. Wertepny,
(2013) arXiv:1310.6701



Full dilute-dense expression

- The two-gluon production cross section can be written as

dCT 2 o 2 1
= s dZB dzb dzb /dQ dg
dzkldyldzkgdyg (CF ) k% k,gf 1 2 q1 q2

L[ B0a @iy =0)\ [ doa,(@iy=0) doR, (@ — k. @ — Fas3y)
d*(B — by) Ay d2(B — by) 4, d?by d?by a,

T - o Q (= P 7 .
ot i) (i —B2) K(kv, koy G, @) <d¢A2(Q1 — k1, g2 — k2ay)> } 4 (EQ N —Eg)
Az

NZ -1 d?by d?by %
PO 1 272/ =2 B &)—J!
K(ki, ka2, @1, 2) = NPT Y {k B3(T - @) g
AR A CR AR R AT
- B @@ |[(F-a) g+ Fe@) i - 6 g
+ @ @ [ @) @) + (@) @)}
- Unwieldy to deal with Impact parameter between
: : : : : the target and the projectile
- It is helpful to isolate important contributions

Y. Kovchegov and D. Wertepny,
(2013) arXiv:1310.6701



VARIOUS CONTRIBUTIONS IN THE
DILUTE-DILUTE LIMIT



Dilute dilute limit, various terms

- Considered two sources in the projectile and the target. Known as “Glasma” graphs: Dumitru,
Gelis, McLerran, Venugopalan ‘08.

- Found terms where both of the final state gluons are emitted independently. Known as
classical (uncorrelated) terms (classical, since the gluons behave as if they are

distinguishable).
Projectile
Distributions .
k1
x 1
EQ Classical

Target
Distributions

- Contains no non-trivial correlations.
- Survives the multiple rescatterings in the target.



Dilute dilute limit, various terms

- Considered two sources in the projectile and the target. Known as “Glasma” graphs: Dumitru,
Gelis, McLerran, Venugopalan ‘08.

- Found terms where both of the final state gluons have the same momentum. Known as Hanbury,
Brown and Twiss (HBT) correlations. Y. Kovechgov and D. Wertepny, (2012) arXiv:1212.1195

Projectile
Distributions

v 11
5(ky — k
i XNz 15, k)
Target 2 HBT

Distributions

- Leads to a ridge structure.
- Survives the multiple rescatterings in the target.



Dilute dilute limit, various terms

- Considered two sources in the projectile and the target. Known as “Glasma” graphs: Dumitru,
Gelis, McLerran, Venugopalan ‘08.

- Found terms where both of the gluons emitted from the projectiles have the same momentum.
Known as bose enhanced terms. T. Altinoluk et al., (2015) arXiv:1503.07126

Projectile
Distributions

k1
1 1
(X 5 — L —
ko
Target Bose

Distributions

- Leads to a ridge structure.
- Does this survive the multiple rescatterings in the target?



VARIOUS CONTRIBUTIONS IN THE
DILUTE-DENSE LIMIT



Classlical Contllribution
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AQ AZ
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- The double-dipole has a component that factorizes into two independent gluon
dipoles.

Ao (4, @ y) Cr \' [ o o —idi—ids
< 2b, d2bs ) - (as(27r)3) /d r1 d°rqe

VeV (Nzl— )2 (oo v | o los UL ]), @




Classlical Contllribution

(3o o],
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AQ AZ
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- We can insert this component into the double-dipole distribution function.

doR (q1, 3 y) Cr \° [ o o —icir—idss
< 2by d2bs ) - (a3(27r)3) /d r1 d°rge

P, s (0]}, (3 osti]), 0




Classlical Contllribution
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AQ AZ
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- This then factorizes into two single-gluon distribution functions.

Ao (71, @y)\ [ déa, (G — ki) dpa, (G — ka3 y)
d2by d?b, ) N d2by ) d?bs )




Classlical Contllribution

(3 [ o],

| = (e [vzUL]) @ (T [UUL]) )

Az AZ

_t\z
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- Assuming the saturation scale is independent of the transverse position we
have

dqbglassical (q_‘lﬂ 52; y)
d?by d?by

]_ = 7 — 7
2 ’2

- The final result corresponds to the classical term.



Classlical contllribution

(3 [ o],

| = (e [vzUL]) @ (T [UUL]) )

AQ A2

_t\z
&
+

- The total cross section is just two single-gluon production cross sections
divided by the transverse area of the target.

daclassical L 1 dag dO-Q
BPkidyd?kedys S 2 d?kidyy d?kadys

- This Is called classical because this is equivalent to the two produced gluons
being distinguishable, no interference.



Quadrupole

- Split it up into different possible two Wilson lines pairs.

- Total quadrupole can be written as this plus other terms.
- Each of these factorizations correspond to either HBT or Bose enhancement.

Q (= =, 2
< d¢A2 (Q17 q2; y) > _ ( CF ) / dz’]"l d2’]“2 e_@'q'l.g?l_?;é’z.rf’z
2

d2b1 d2b2 a3(27r)3

1
2 w2 T I
X V& V& (N2 —1)2 <Tr {Uﬁ+5’1 Ugl UF1+5'2 UE’Q] >A2 (%)



HBT contribution

- Final state gluons have the same color
- HBT contribution to the quadrupole distribution function

6% (@ — ki, @ — k23 ) 1 — e
< del d2b2 A2 SJQ_’Q ¢A2 (Q1 1, y)qug (QZ 2 y)




HBT contribution

- Final state gluons have the same color
- We can see the HBT nature of this term in the delta functions.
doyBT - 1 2 g ’ 1 2 2
Plydyy Phadys  S11S. ( Cr ) k2 k2 / Par dge
X A, (G159 =0) da, (G;y = 0) pay (1 — k15y) da,(Bo — K23 )

27-‘_ g g — — — — - -
N2 1 (6(k1 - k2) + 6(k1 + k2)) ’C(klak27Q1aQ2)

X



Bose enhancement contribution

- Gluons emitted from the projectile sources have the same color
- The Bose enhancement part of the quadrupole distribution function

OB (@1 — k1,32 — ka3 y U AR (6T i F L L o
< ) (1d2b1<112bz £ =52 ¢ (BRI =0 4 (§1 — K13 y) Py (T — k23 y)
Ay 1,2



Bose enhancement cross section

- Bose enhancement when the momenta of the gluons are equal or opposite.
doBose 2 g ? 1 1 1 9 - = - .
= d ki, ko, §+ Ak, §— Ak
d2 k1 dyy d? ko dys (CF ) k2 k2 S1151 0 N2 — 1[ ‘”C( 1,2, 4 B8R )
X6, (T4 Ak;y = 0) da, (T — Aksy = 0o, (7 — k15 y) b, (7 — ka;v) |+ (k2 — —Fk2)

Projectile
Distributions

Target
Distributions



Toy model

- We use the single gluon emission result for the projectile distribution and the Golec-Biernat-

W lsthoff (GWB) model for the target distributions.
- Results in the analytic formula with gaussian functions.

N\ 2 o\ 2
- 7 A - 7. A
dUBose L CF 216 1 S, .S Q% 1 /d2 (q_k_T (q_k+7)
Phidy Phody;  \ oy ) o 272\ Q2) B2 YT (1 AR2(G— AR
2 — 2 (7—k)*— 25 (Ak)? - - - - - -
o 1e{ HER GO0 kb g ARG AF) + (=~

- Plotting this function we can see a near and away-side ridge structure.
Ql = 0.2 G@V, Qz =1 GeV

Normalized by
—— ki=k2=1 GeV

e == k1=1.2 GeV, k2=1 Gal 2
, Cr 1 1
16 S 18| 0 —
(as) (27)8 “ TR 22




Conclusions

- Explored the physical origin of the ridge.

- Many important contributions that existed in the dilute-dilute limit also exist In
the dilute-dense limit.
- Classical (uncorrelated)
- HBT
- Bose enhanced

- Isolated these various contributions in the dilute-dense limit.
- Showed that Bose enhanced contributions gives rise to a ridge structure.
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More Complicated Wilson Line Operators
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Two-gluon production cross section

- The “separated’ diagrams give
do— a 02 2 2 2 2 ’Lkl X1—¥Y1 lkz X2 — 2
Fhidnhdn = 1670 /d B d?by d?by T1 (B — by) Ty (B — by) d?xq d?yy d2ay dyy e K1 Ga—y1) =i ke (x2—y
—b;  yi—-bi xo—by yy—by
|X1 —b1]? |y1 —b1]* |x2 —b2[? |y2 —ba|?

A 1
g

1
N2 1
1

M1 Tr[Us,Uf,] + 1)>

W R (cf. Kovner & Lublinsky, ‘12)
T

@@@mfmm% “ N@% Symmetric under: ko — —ks

@FQ%O m

; TrlUx, U] — T

C

1
N2 1

Tr[Ux, U} ] —

7 Tr(Us,Uf ] + 1
1
N2 —

Tr[Ux,Uy,] —

X2¥y2

: Tr[Ux, UgQ] —




Two-gluon production cross section

- The “crossed” diagrams give
dacrossed 1 2 2 2 2 2 2 2
= d?>B d?by d*by T (B — b)) T1 (B — by) d%xy d*yy d*zo d

> [e—i ki (x1—y2)—i ko (x2—y1) + et ki-(x1—y2)+i k2'(X2—Y1)]

16?2 Cr x13—by y2—by X3 —Dbo y1 — b
w2 2N, |x1 —b1|? |y2 —b2|? |[x2 —b2|? |y1 —by|?

X

X [Q(X17Y17X27Y2) — Q(x1,y1,%X2,b2) — Q(x1,y1,b2,y2) + Sa(x1,y1) — Q(x1,b1,X2,y2)
+ Q(x1,b1,%x2,b2) + Q(x1,b1,ba,y2) — Sa(x1,b1) — Q(b1,y1,%X2,y2) + Q(b1,y1,X2,b2)

Q031 ba3a) = Selbr) S0, v2) ~ Sl br) ~Salav2) ¢ 1}
3 =
S
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Two-gluon production cross section

- The “crossed” diagrams give

dacrossed 1 9 o 9 ) ) ) ,
= d“Bd“b; d“by T (B —by)T7(B —by)d d d d
d?kidy1d?kadys  [2(27)3]2 / 1d7by T ( 1) T ( 2) d“zy dy1 d”xe A7y

> [e—i ki (x1—y2)—i ko (x2—y1) + et ki-(x1—y2)+i k2'(X2—Y1)]

16?2 Cr x13—by y2—by X3 —Dbo y1 — b
7 2N. [x1 —bi|* |y2 —ba]? |x2 —baf? [y1 —by|?

X

X [Q(Xlay1>x27y2) — Q(x1,¥1,%2,b2) — Q(x1,y1,b2,y2) + Sc(x1,y1) — Q(x1,b1, %2, y2)
+ Q(x1, b1, X2, b2) + Q(x1,b1, b2, y2) — Sc(x1,b1) — Q(b1,y1,%X2,y2) + Q(b1, y1, X2, b2)
+ Q(b1,y1,b2,y2) — Sa(b1,y1) + Sc(x2,y2) — Sc(x2,b2) — Sa(bz,y2) + 1]
- where

1
N1
Q(x1,X2,X3,X4) = N21— ; <TT[UXIU;£2UX3UJ;4]>

C

SG(X17X27 y) = <TT[UX1 Ui2]>

Symmetric under: ko — —ks



Classical Result

- The classical term contains only geometric contributions.

daclassical 2 g ’ 1 / 2 2 2 / 2 2
_ 2B d?by by | d2a, d
Py dy, d2kady ( Cr ) k2 k2 La@o [ ada g

y doa,(¢1;y =0) dpa, (G2;y =0) dd 4, (G — k13 9) dp 4, (3> — k23 )
dz(B' _ 5’1) N d2(1§ _ 5’2) N d2b; i d2bs N

- Assuming translational invariance makes the classical nature of the result

clearer. )
daclassical . 1 2 g 1 /d2 d2
Ekdy d®kadys  S10 \ Cp ) K2 K2 R C

X da, (G =0) da, (Go;y =0) dpa, (G — k1;9) da, (T — ka3 y)

dgclassical 1 dag do_g

Phydy, Phadys — S1» dkidy; Phadys




HBT Result

- The HBT contribution to the cross section.
dog Bt (2as 21 25 27 g2 2 2
Phydy, Chydys ( Cr ) k2 k2 /d B dby d 62/‘1 D d°q

" doa, (q1;y = 0) dpa, (G2;y = 0) dpa, (1 — k1) dpa, (G — ka;y)
dQ(B' _ 5’1) 0 d2(§ _ 52) " d2b, " d2bs "

i (k1 —ko)-(b1—b ]CE,E,_’,_’ - -
X le (k1—kz2)-(b1—b2) ( 1N§2—qi qQ)] + (ko — —k2)

- Assuming translational invariance the HBT nature becomes obvious.
dogBT 1 2 g ? 1 / 2 2
— d*q d
2k1dy, 2kadys  S1151 0 ( Cr ) ENEN
X ¢4, (@Y = 0) ¢, (@29 = 0) da, (G1 — k15 y) Pa, (@ — ks y)

2T — — — — - -
N2 1] (6(k1 B kz) + 5(k1 + k2)) }C(kla k?) q1, q2)

X




Bose Enhancement Result

- The bose enhancement contribution to the cross section.

dJBose 2 O 2 1 2 2 2 / 2 2 1 iAB-AG
= B d2b; &by | d?q d2A iABAG
A2k dyy 2k dys ( Cr ) K2 k2 / R A

<d¢A1(q+Aq/2—Aky—0> <d¢A1 Aq/2—Aky—0)>
Ay

d?%(B — b)) —bo)
<d¢A2( — AG/2 — kysy > dpa, (T + AG/2 — ka; y)>
Az

d?by d?by
A q_’ —
x K k],kQ,(]‘F?—FAk’ —7—Ak (kg—) k‘g)

- Becomes clear after assuming translational invariance.

dO-Bose 2&8 2 ]_ 1 ]_ 2 — — - — . —
= d*q K (ky, k Ak, §— Ak
d2 k1 dyy d? ko dys (Cp) k2 k2 51151 9 Ng—1/ 1 ( 1, R, g B8R, )

X da (T4 Ak;y = 0)da, (T— Ak y = 0)da, (T — k13 y) da, (T — kasy) + (ka = —ks) .

- The gluons originating from the source are Bose Enhanced when the emitted
gluons have equal or opposite transverse momentum.




Toy Model — Analytic Results

- Models for the distribution functions
- Single gluon emission for the projectile distributions

_CrS11Q3 1/ 2 —igrw2 | 2 1  CpS11Q7 27
L el R ol L P | oo s e

- Golec-Biernat-Wisthoff (GWB) model for the target distributions

Cl 2 127 —ig-T 2 _ Q3 o Cr q2 _q’
~ drdbe 9" V2 (1 — 2 T — | Q32
P 4,(q) NG )3/ rd<be = e 2n)? S 2 Te

- Final Result

L\ 2 2

- 7. A S 7 A
do Bose _ (Cr 216 L o o (@) 1 /d2 (q_k_T (q—k+7)
Phydy Phady, ar ) T @mE TG ) BE T

}K(El, ko, {+ Ak, §— AK) + (ks — —ko)

X



