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What is the problem?
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No-core shell model (NCSM)

1max += NN

▪ Ab initio approach to many-body Schrödinger equation for bound states and 
narrow resonances [1]

▪ Non-relativistic with point-like nucleons active degrees of freedom

[1] Barrett et al. (2013)

[2] Entem et al. (2017)

[3] Somà et al. (2020)

‒ NN+3N interactions are sole input

‒ NN-N4LO(500) [2] + 3Nlnl [3]

Anti-symmetrized products of 

many-body HO states
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Limitations of NCSM
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Limitations of NCSM

Non-convergent features in 

NCSM wave functions
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Limitations of NCSM

▪ HO expansion incompatible with reaction theory
i. imprecise asymptotics
ii. missing correlations in excited states
iii. description of scattering states not feasible

▪ Combine NCSM with resonating group method (RGM) [4]
– ability to deal with scattering states and reactions
– combine microscopic A-nucleon Hamiltonians and clustering description

[4] Navrátril et al. (2009)
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NCSM/RGM

▪ Combine NCSM with RGM [4]

– 𝐴 − 𝑎 -target and 𝑎-nucleon projectile in 2𝑠+1𝑙𝐽 relative motion waves

– Ƹ𝑟𝐴−𝑎,𝑎 connects c.m. of each cluster

[4] Navrátril et al. (2009)
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NCSM/RGM

▪ Combine NCSM with RGM [4]

– 𝐴 − 𝑎 -target and 𝑎-nucleon projectile in 2𝑠+1𝑙𝐽 relative motion waves

– Ƹ𝑟𝐴−𝑎,𝑎 connects c.m. of each cluster

▪ Require anti-symmetrization to preserve Pauli principle

Anti-symmetrize 

between clusters

[4] Navrátril et al. (2009)
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NCSM/RGM

▪ Combine NCSM with RGM [4]

– 𝐴 − 𝑎 -target and 𝑎-nucleon projectile in 2𝑠+1𝑙𝐽 relative motion waves

– Ƹ𝑟𝐴−𝑎,𝑎 connects c.m. of each cluster

▪ Require anti-symmetrization to preserve Pauli principle

▪ Use anti-symmetrized channel states as continuous basis ansatz

Linear variational 

amplitudes

[4] Navrátril et al. (2009)
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Solving RGM equations

▪ Solve orthogonalized RGM equations Linear variational 

amplitudes

Hamiltonian kernels Norm kernels
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Solving RGM equations

▪ Solve orthogonalized RGM equations

Hamiltonian kernels Norm kernels

▪ Norm and Hamiltonian kernels primary computational challenge

Well established solutions of multi-channel 
Schrödinger equations
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Solving RGM equations

▪ Solve coupled channel nonlocal integro-differential equations [5-7]

– split configuration space by large matching radius 𝑟0
– require continuity of wave function and derivative

[5] Lane et al. (1958)

[6] Hesse et al. (1998)

[7] Descouvemont et al. (2010)

Internal region External region

– Coulomb functions

– Expand over square integrable 
Lagrange functions

– Whittaker function asymptotics

– Normalization constant C𝜈
𝐽𝜋𝑇
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Solving RGM equations

▪ Solve coupled channel nonlocal integro-differential equations [5-7]

– split configuration space by large matching radius 𝑟0
– require continuity of wave function and derivative

▪ Eigenstates and eigenenergies for bound states

▪ Scattering matrix and eigenstates for unbound states

▪ Ab initio description of scattering off light-nuclei

Can we go 

further?

[5] Lane et al. (1958)

[6] Hesse et al. (1998)

[7] Descouvemont et al. (2010)
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No-core shell model with continuum (NCSMC)

▪ Generalize NCSM/RGM expansion with discrete NCSM eigenstates [8]

▪ Solve coupled equations

[8] Navrátil et al. (2016)
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No-core shell model with continuum (NCSMC)

▪ Generalize NCSM/RGM 
expansion with discrete 
NCSM eigenstates [8]

▪ Determine 𝑐𝛼
𝐽𝜋𝑇

and 

𝜒𝜈
𝐽𝜋𝑇

𝑟 simultaneously by 
solving coupled equations

Continuous basis

Discrete basis

[8] Navrátil et al. (2016)
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No-core shell model with continuum (NCSMC)

▪ Generalize NCSM/RGM 
expansion with discrete 
NCSM eigenstates [8]

▪ Determine 𝑐𝛼
𝐽𝜋𝑇

and 

𝜒𝜈
𝐽𝜋𝑇

𝑟 simultaneously by 
solving coupled equations

Discrete basis

Continuous basis
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10C and 10Be in the 
NCSMC



18

10C structure

▪ Treat as mass partition of proton plus 9B

▪ Use 3/2− and 5/2− states of 9B

▪ Known bound states captured by NCSMC

State ENCSM (MeV) E (MeV) Eexp (MeV)

0+ −3.09 −3.46 −4.006

2+ +0.40 −0.03 −0.652
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10C structure
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10C structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = +1

Eigenphase shifts
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10C structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = +1

Eigenphase shifts
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10C structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = +1

Eigenphase shifts



23

10C structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = +1

Phase shifts
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▪ 1+ resonance previously 
predicted [9]

▪ Sharp 1+ and 2+

resonances

▪ Additional 3+ resonance

10C structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = +1

[9] Warburton et al. (1992)

Eigenphase shifts
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▪ 1+ resonance previously 
predicted [9]

▪ Sharp 1+ and 2+

resonances

▪ Additional 3+ resonance

10C structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = +1

Eigenphase shifts
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10C structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = −1

▪ 1− and 2− resonances 
in 10C analogs of 10Be 
halo states

▪ 3− resonance expected 
in 10Be present

▪ Indication of consistency

Eigenphase shifts
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10C structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = −1

▪ 1− and 2− resonances 
in 10C analogs of 10Be 
halo states

▪ 3− resonance expected 
in 10Be present

▪ Indication of consistency

Eigenphase shifts
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10C eigenphase shifts at 𝑁𝑚𝑎𝑥 = 7

𝜋 = +1
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10C eigenphase shifts at 𝑁𝑚𝑎𝑥 = 7

𝜋 = +1
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10C eigenphase shifts at 𝑁𝑚𝑎𝑥 = 7

𝜋 = −1
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10C eigenphase shifts at 𝑁𝑚𝑎𝑥 = 7

𝜋 = −1
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10C eigenphase shifts 𝑁𝑚𝑎𝑥 = 7 − 9 comparison

𝜋 = +1
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10C eigenphase shifts 𝑁𝑚𝑎𝑥 = 7 − 9 comparison

𝜋 = −1
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10C phase shifts at 𝑁𝑚𝑎𝑥 = 7

𝜋 = +1
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10C phase shifts at 𝑁𝑚𝑎𝑥 = 7

𝜋 = +1
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𝜋 = −1

10C phase shifts at 𝑁𝑚𝑎𝑥 = 7
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𝜋 = −1

10C phase shifts at 𝑁𝑚𝑎𝑥 = 7



38

10C phase shifts 𝑁𝑚𝑎𝑥 = 7 − 9 comparison

𝜋 = +1
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10C phase shifts 𝑁𝑚𝑎𝑥 = 7 − 9 comparison

𝜋 = −1

Why is 𝑆 −wave 
substantially different?
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10Be structure

▪ Treat as mass partition of neutron plus 9Be

▪ Use 3/2− , 5/2−, and 1/2− states of 9Be

▪ Four bound states produced in NCSMC

State ENCSM (MeV) E (MeV) Eexp (MeV)

0+ −5.70 −5.97 −6.8122

2+ −2.25 −2.51 −3.4442

2+ −0.02 −0.67 −0.8538

1− +2.23 −0.03 −0.8523

0+ − − +0.56 −0.6329

2− +2.52 +0.02 −0.5489
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10Be structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = +1
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10Be structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = +1

▪ Missing 0+ due to 
missing 6He+α mass 
partition
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10Be structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = −1
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10Be structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = −1

▪ 2− halo state only 20 
KeV from being bound
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10Be structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = +1
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10Be structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = −1
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10Be structure at 𝑁𝑚𝑎𝑥 = 9

𝜋 = −1
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10Be ANC’s at 𝑁𝑚𝑎𝑥 = 9

State 𝑙 S ANC fm−1/2 ANC pheno fm−1/2

3/2− 0 1 0.363 0.951

3/2− 2 1 0.7 × 10−3 0.392 × 10−1

3/2− 2 2 −0.244 × 10−3 −0.137 × 10−1

5/2− 2 2 −0.102 −0.230

5/2− 2 3 0.104 × 10−1 0.399 × 10−1

5/2− 4 3 −0.603 × 10−4 −3.60 × 10−3

1/2− 0 1 0.257 0.425

1/2− 2 1 0.184 × 10−1 0.506 × 10−1

State 𝑙 S ANC pheno fm−1/2

3/2− 2 1 −0.288 × 10−1

3/2− 0 2 −0.756

3/2− 2 2 −0.103 × 10−1

3/2− 4 2 −0.274 × 10−4

5/2− 0 2 −0.451

5/2− 2 2 0.164

5/2− 4 2 0.849 × 10−4

5/2− 2 3 0.126

5/2− 4 3 −0.128 × 10−3

1/2− 2 0 −0.184 × 10−1

1/2− 2 1 −0.348 × 10−1

1− ANCs

2− ANCs



50

10Be ANC’s at 𝑁𝑚𝑎𝑥 = 9

State 𝑙 S ANC fm−1/2 ANC pheno fm−1/2

3/2− 0 1 0.363 0.951

3/2− 2 1 0.7 × 10−3 0.392 × 10−1

3/2− 2 2 −0.244 × 10−3 −0.137 × 10−1

5/2− 2 2 −0.102 −0.230

5/2− 2 3 0.104 × 10−1 0.399 × 10−1

5/2− 4 3 −0.603 × 10−4 −3.60 × 10−3

1/2− 0 1 0.257 0.425

1/2− 2 1 0.184 × 10−1 0.506 × 10−1

State 𝑙 S ANC pheno fm−1/2

3/2− 2 1 −0.288 × 10−1

3/2− 0 2 −0.756

3/2− 2 2 −0.103 × 10−1

3/2− 4 2 −0.274 × 10−4

5/2− 0 2 −0.451

5/2− 2 2 0.164

5/2− 4 2 0.849 × 10−4

5/2− 2 3 0.126

5/2− 4 3 −0.128 × 10−3

1/2− 2 0 −0.184 × 10−1

1/2− 2 1 −0.348 × 10−1

1− ANCs

2− ANCs



51

Conclusions

▪ Exploration of continuum effects on 𝐴 = 10 systems

▪ Consistency between 10C and 10Be calculations

– 1−, 2− and 3− resonances appear in 10C

▪ Predictions of 10Be halo states challenging

– NCSMC close to getting bound 2−

– additional mass partitions could help, i.e. 8Be+2n or 6He+α

Outlook

▪ Include additional mass partitions in 10Be
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Follow us @TRIUMFLab

www.triumf.ca

Thank you
Merci
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