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From energy |oss to jet
substructure

For energy loss calculation we
only need the soft limit z < 1

+ Soft divergence of the vacuum vertex

E

What about jets?

+ Emissions from multiple sources

+ Harder vertices
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Formalism

All particles have a large longitudinal momentum compared to their transverse momenta
and therefore there is a decoupling between transverse and longitudinal dynamics
Going beyond this limit, see talks on Wednesday by A. Sadofyev and J. Barata

We work in a mixed representation (p, t) with momentum coordinates in the transverse
direction and “time” (+ coordinate) in the longitudinal direction.

Multiple scatterings resumed through propagators in a background field

p17t1 W p27t2
—E E_ = Gr(py, t2; Py, t1; W)
A~ A~
Vacuum vertices
k) ZJ/B
D, «
=V(k — 2p,2)T*" (27)?6®) (p — k — q)
q,(1—=2),v

Background field averaged at the level of the cross section

(A" (qy,t1) A T gy, t2)) = 676 (t2 — 1)@ (¢, — g5)v(q,)



INn-medium propagator

e (Can be formally written in coordinate space in terms of a path integral

To . t2 t2
Grltz, w2ty @i3w) = | Drexp {5“’/ dé ﬂ&)} Pexp {g/ d Aé(&r(ﬁ))}
tl tl

L1

« Satisfies the following Schwinger-Dyson type equation

2
—i22 (ta—t1)

2w

gR(P2at2§P1at13W) — (277)25(2)(292 _P1)€

ta . p2
+ig/ ds 6_7’%“2_5)/ A7 (s,py — D)GR(D, 5: Dy, 113 w)
t1 p’

s RELLLEETTEEPE + ----@

e And convolution relations

gR(p37t3;p27tQ;M)QR(p%tZ;platl;w) — gR(p37t3;p17t1;w)
Do

Gl (D1, t1; Doy t2; W)GR(D, ta; pr, t1;w) = (2m)26P (p; — py)
 25)



Splitting process

~ q.1 -2

1 @)
Mot = o [ [ ROy~ k- @) (k. Lk, 5 2E)
PoP1k1g, Jio

X ggfl (q,L;qy,t1; (1 — 2)E)V (ki — zpy, 2)T*PAm G (Pt po. tos ) Mg (E, po)



Splitting process

1 o0
/ / dt1 (2m)%6) (py — k1 — @) G52 (k, Ly kq ., t1; 2E)
2E PopP1k1q, Jt

X G (@, Ly @y ta: (1= 2)E) V(ky — 2py, )T G (py s pg. Lo: B) MG (B, py)

MF =

(IMIP) oc (G (k. Li kv, s 2E)G " (a, L @y s (1 = 2) E)G R (o, tas b, L 2EE)

gT52 (q27t2; q, L7 (1 - Z) )nglfy(platl;pO?tO: )ngYfYQ (p07t07p27t27 E)>



Splitting process

1 o0
MeF = 2F / / dty (2m)°6) (py — k1 — q1)G3 (K, L ky, t1; 2E)
PopP1k1q, Jt
=RAR4 £ = . NI Tozlﬂlfyl Q%’y(pl,h;po, tOB E) Mg(E,pO)
Gr,(k,L; ko, 12; 2E)GR, (ka,to; k1,11; 2EF)
k2

<M\2>o<<gaa1<k,L;kl,:}l/;zE>g£fl<q,Lql,tl( 2 E)Gfi* (Ko, ta: K, L; 2E)

gT62 (q27t27q7L7(1_Z) )nglfy(platl;pO?tm )ngy,m(p07t07p27t27E)>
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Splitting process

1 o0
MeF = 2F / / dty (2m)°6) (py — k1 — q1)G3 (K, L ky, t1; 2E)
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Double difterential cross section

k,z
—y q,l _Z
q,l—z

* The locality of the medium averages (A~ (HA™ (")) «x 6(t — t')
implies that at any given time:

<+

4

Averages can be factored into regions with constant number of particles

The sum of all momenta in the amplitude is equal to the sum of all
momenta in the conjugate amplitude

When considering the ensemble of all particles in the amplitude and
conjugate amplitude, the overall color state is always a singlet


https://arxiv.org/abs/1209.4585
https://arxiv.org/abs/1407.0599

Double differentia\ Cross section

k,z

Average depends on total momentum transfer only
Po ) 4

Py p | — PRG, (P1 _po;tlatO)

Blaizot, lancu, FD, Mehtar-Tani 1209.4585
Apolinario, Armesto, Milhano, Salgado 1407.0599
.



https://arxiv.org/abs/1209.4585
https://arxiv.org/abs/1407.0599

Double differentia\ Cross section

k,z

k, k,
qi q9,
P D>

Blaizot, lancu, FD, Mehtar-Tani 1209.4585
Apolinario, Armesto, Milhano, Salgado 1407.0599



https://arxiv.org/abs/1209.4585
https://arxiv.org/abs/1407.0599

Double differentia\ Cross section

k,z

k, k,
qi q9,
P D>

Blaizot, lancu, FD, Mehtar-Tani 1209.4585
Apolinario, Armesto, Milhano, Salgado 1407.0599
8



https://arxiv.org/abs/1209.4585
https://arxiv.org/abs/1407.0599

k,z

Double differentia\ Cross section

— q,l_Z

q,1 —z
Same as vertex factors
ki+q,=p, k,+q,=p, L=(1-2k —2zq, L=0-2k,—2zq,
k, k,
q: 9>
p p;
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Double difterential cross section

~ q.1 -2

q,l—z

o ____ 9 __p (z)ZRe/ /oodt /oodt (1y - 1)
dQpdQ,  2(1—2)E? a—rbe o o palilals i 1 y 2(l1 - L2

X 8(4)((1 o Z)k - Z(],L, l27z27t2; k =+ q — pQ? Z)

do_haxrd
dQPo

x KB (1, t2;11,t13 P9 — D1, 2) Pr, (P1 — Poitisto)

Blaizot, lancu, FD, Mehtar-Tani 1209.4585
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Soft [imit

7z = 0 with @ = zE finite
k,z

l=(-2k—-2zq

— q,l_Z
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Soft [imit

7z = 0 with @ = zE finite
k,z

Angle of emission depends
only on transverse momentum
Zof the soft particle

I=(1-2k—-zqg ~k
qal_
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Integrate over final particles

k

q

q
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Integrate over final particles

k

k
Po
! ‘q
q

J
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Integrate over final particles
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Integrate over final particles

k k
/ . ﬁ k
p Po
q
/ G (@y.t2:0,L; (1 — 2)E)GR,(q,L; @y, t2; (1 — 2)E) = (21)%6® (q, — )
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Integrate over final particles

k k
k k
Do Po
/q e — q
q Not very useful, k does not
provide information about the
/ g}L-‘iC(C_IQat% q,L; (1 —2)E)GRr, (g, L;qa, t2; (1 — 2)E) = (277)25(2)((12 — Q) Sp||’[’[|ng

q
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Integrate over final particles

k k

k k
Po Po

=

I
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/ Q’};C(E]Q’t% q,L; (1 = 2)E)Gr.(q, L; gq, t2; (1 — 2)E) = (277)25(2)((12 — Q) Sp||’[’[|ng

q
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Integrate over final particles

k k

k k
Po Po

=

I
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q
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Integrate over final particles

k k
k k
Do Po
q Not very useful, k does not
provide information about the
/ gj—‘ic(flmt% q,L; (1 = 2)E)Gr.(q, L; gq, t2; (1 — 2)E) = (27T>25(2)(QQ — Q) Sp||’[’[|ng

q

dl
Gives the energy spectrum d_ where all
— <
transverse information has been lost
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Integrate over final particles

k k
k k
Do Po
q Not very useful, k does not
provide information about the
/ g}L—‘ic ((_127752; q,L; (1 - Z)E)QRC((L L; qq, to; (1 - Z)E) = (2#)25(2)(q2 - (_12) Sp||’[’[|ng
| dI
Gives the energy spectrum d_ where all
— <

transverse information has been lost

None of these simplifications allows us to keep track of the splitting
angle while reducing the complexity of the calculation
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Po

HOW can we Isolate the angular
dependence?
k,z

,_ 1=k —zq|
z2(1 —2)E

~ q.1 —7
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~ q.1 —7
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do-hard
dfd,,
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HOW can we Isolate the angular

dependence?
k.3 ,_ 1=k —zq|
z(1 —2)FE
P, , l=(1-2k—-2zq
P=k+gq

~ q,1 —7

A (Z)QRe/ /Oodt /Oodt (11 - Iz)
/P dQdQ,  z(1— z)E? a—rbe o pipulilals i 1 , 2(l1 - b2

48(4) (l7 L7 l27z27t2; P — ﬁZ? Z)
P

_ dohard
X K(B)(l27t2; llatl;pQ — D1, Z) PRa (pl o pO;tlvtO) —

deO
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HOW can we Isolate the angular

dependence?
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do g° > > _
= Pa be Z) QRe/ / dtl/ dtz(ll . l2)
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HOW can we Isolate the angular

dependence?
k.z o 11—k —zq]
 z(1=-2E
P , l=(—-2k—-2zq
P=k+gq
— q,l—z

dO’ 92 o0 o0 B
— Pa be Z) QRe/ / dtl/ dtz(ll . l2)
P dﬂkdﬂq Z(l — Z)EQ ~ ( p0p1l212 to 11
X 3(4)(le;l27227t2;Z)

) dghard
dfl,,

XI&(S)(l27t2;l17t1;2) PRa(pl _pO;tlatO

13
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dependence?
k.z o 10—k —zq|
 z(1=-2E
P , l=(—-2k—-2zq
P=k+gq
— q,l—z

dO’ 92 oo o0 B
— P, pc(2) 2R dt dto(ly -1
P dﬂkdﬂq Z(l N Z)EQ o (Z) e/p@ 111515 /to ' /tl 2( ! 2)

X 3(4) (l7 L7 l27227t2; Z)

) dghard
dfl,,
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HOW can we Isolate the angular

dependence?
k.2 ,_ 10—k —2q]
 z(1=2)E
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~ q,1 — 7

dO’ 92 oo o0 B
— P, pc(2) 2R dt dto(ly -1
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HOW can we Isolate the angular
dependence?
k,z

,_ 11 =2k —zq)

2(1 = 2)E
Py p l=(1-2k—-2zq
o qal —Z
ey (z)2Re/ "t /Oodt (I - 1)
dzdBEPL - 202m)3((1 - 2)B)? 7 wit o S
S 1 % d ar
X 5(4)(l,L;l2,l2,t2; z) K(S)(l2>t2;l1,t1; 2) b iZE :

One can go one step further and integrate the angle of [, since we
only care about its magnitude
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. und plane with tilted Wilson
INes

* Inthe hard splitting case, one can simplify the structure of the in-medium propagators
using the so-called “tilted Wilson lines™ where the particles are assumed to go on

straight lines

« Results in the harmonic approximation i :
r—qq g .
8 - _ 0.5 . ) ) ) ) (_] 0.5 .

1.0 1.5

. D 2.0
R In(1/6) In(1/6)
Fmed ]

pr=1000. GeV (a) Photon splitting. (b) Quark-gluon splitting.

G=1.5 GeV?/fm | 8 16
L=2. fm 7
Q i 6 14
v 12
i 5
E 4t 4 _ 10
I 2 6
2: 1 :
R s
In R/Q (¢) Gluon-gluon splitting.
FD, Milhano, Salgado, Tywoniuk, Vila 1907.03653 Isaksen, Tywoniuk 2107.02542
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Calculating medium averages

Use integral equation for the in-medium propagator

2
. P
—Zﬁ(tg—tl)

Gr(Py,t2; Py, t1sw) = (277)25(2) (py —p1)e

Pa

to 52
+ig/ ds 6_7’%“2_8)/ AR (5,00 — P )GR(D', 55P1, t1; W)
t1 p’

S ALLLLEETEEEE + ----@

Take averages by pairing explicit insertions of the background
field

<Aa_(‘ha tl)Ab_T(CIQatZ» — 5ab5(t2 — t1)5(2)(fh —q3)v(qy)

Take advantage os momentum conservation and color
conservation (always an overall color singlet state)
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Average of two propagators

2
—’ig—z (tz—tl)

gR(p27t2;p17t1;w) — (27T)25(2) (p2 o pl)e v

t2 p2
—I_Zg/ ds e_zﬁ(h_S)/ A;%(S,pQ—p’)gR(p/,s;pl,tl;w)
p/

/

1
O, Pr, (P1 — Po;t1,to) = —57"&(?51)/ o(p; — P )Pr, (@ — Dyiti,to0)
D

17



Average of three propagators

)

— E n { n }: Color is trivial!
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Average of three propagators

q: | 9 L
P S
I — E n { n }: Color is trivial!

k2 2 =2 1 = Nk, — 2 l2
Phases:  —int % ;P _ Uk L
2zE  2(1-2)E 2E 2z(1 — 2)E 2z(1 — 2)E
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Average of three propagators

k1 < k2 _______________ .
q 1 — 9,
< — e e mmmemmmma- 4+ -
2 2 i
k3 43 P> (1 — 2k, — 2¢,)*
on : Lk SNRY SN 2 )" _
AsSes 2%E 201—2FE @ 2E ' 2z21-2E
Interaction:  0(@)|-6% &k, -k, — )6 (g, — q, + )57 (p, — py)

+6@(k, — ky — q)8(q, — q))6P(p, — P — q))
+5@(k, — k)6 (g, — ¢, — 48P (P, — p1 — ¢

18

Color is trivial!
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I
27(1 — 2)E




Average of three propagators

k1 < k2 _______________
q 1 — q9,
£ — eessssmsmss=s==== -+
P p. [/
I .
— 4 { 4 }: Color is trivial!
k2 2 =2 1 = Nk, — 2 l2
Phases: e e p U dkow) b
2zE  2(1-2)E 2E 2z(1 — 2)E 2z(1 — 2)E
Interaction: 0@ |-6PW -1, —q¢)+ 69U -1, —(1 - 2¢) + 5P, - 1, + zq)]
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Average of three propagators

k1 < k2 _______________ L
q 1 — q9,
< — @ EEEsEEEssEEsEsE=E=== _|_ ---
P p./ o
— E n n }: Color is trivial!
k2 2 =2 1 = Nk, — 2 l2
Phases:  —im ;2 ;- b
2zE  2(1-2)E 2E 2z(1 — 2)E 2z(1 — 2)E

Interaction: 0@ |-6PW -1, —q¢)+ 69U -1, —(1 - 2¢) + 5P, - 1, + zq)]
KB (1, ta311, 115 2) = (2m)26P (1 — 11)e” iz tom (=)
1 12

t 3 3
2 / dsn(s)e '=aar27) [ o1y — 1 )KO W, 511,115 2)
t1 U




Average of three propagators

k1 < k2 _______________ L
q 1 — q9,
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P p./ o
— E n n }: Color is trivial!
k2 2 =2 1 = Nk, — 2 l2
Phases:  —im ;2 ;- b
2zE  2(1-2)E 2E 2z(1 — 2)E 2z(1 — 2)E

Interaction: 0@ |-6PW -1, —q¢)+ 69U -1, —(1 - 2¢) + 5P, - 1, + zq)]

L5
22(1 — 2)E

0, K (lg, ta; 11, b1 2) = —i K (1, ta;11,t1; 2)

~ n(ty) / e @ (ly — U AR (W by 1y, 11 2)
l/

o (q;2) = 2]1\[6 (Co + Cc — Ca)o(q) + (Ca + Cp — Co) § _12)20 ((1 g z)) ~(CatCe - Cb)zi?O (g)]
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Average of four propagators

k, Z k,

qi 1 -7 q9,

|
+

Z I_c2

q, 1 -z q,

% + E + % + £ 4 E +
Color is NOT trivial!
* There are several overall singlets for all cases
+ For gq there are 2 singlets. 303 R3R3=1P1P8P...
+ Forggthereare3singlets. 3 Q8Q3R8=101P1P8D ...
+ Forggthereare8singlets. 8 QX8R RS=...

* One most define an orthonormal basis for the singlet space, project all
averages into that basis, and then calculate all possible transitions
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Average of four propagators

k Z k

I 2
q 1 -7 q9,
k < k
q, 1 —2z q>
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Average of four propagators

k, k, Remember change of variables

/B 1 -7 9> li — (1 _ Z)kz — 24; li == (1 — Z)ki _ Zqi
_ _ _ 1 —
ql 1 — Z QZ
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Average of four propagators

k Remember change of variables
9 ;= (1 —2)k; — zq; [.=(1 -2k —zq,
ky

_ 1 _
q;

We always take Ap; = 0 and integrate over P;

20



Average of four propagators

k, k, Remember change of variables
Q9 1-z ©D I, = (1 -2k, —zq; l.=(1 - 2k; —zq,
k, < k)

_ 1 _
q 1 —z q>

We always take Ap; = 0 and integrate over P;

<gRb(k2§ ki;2E) ® Gr, (a2 a1 (1 — 2)E) @ Gf, (k11 k2 2E) @ G (1:@15 (1 — Z)E)>

'

S(lQ,ZQ,tQ; ll,zl,tl; Z)

(t2,t1)
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Average of four propagators

k, k, Remember change of variables
q, | q9, li — (1 - Z)ki — 24; ll’ — (1 - Z)ki - ZQi

. 1 _

We always take Ap; = 0 and integrate over P;

<gRb(k2§ ki;2E) ® Gr, (a2 a1 (1 — 2)E) @ Gf, (k11 k2 2E) @ G (1:@15 (1 — Z)E)>

'

S(lQ,ZQ,tQ; ll,zl,tl; Z)

(t2,t1)

Defining | s;) as an orthonormal basis for the singlet space, take ~ S;; = (s;|S[s;)
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Average of four propagators

k, k, Remember change of variables

¢  1-z D ;= (1 —2k; — zq, l;=(1-2k;—zq,

k| Z k, 7 1 I 4
e = Apl=ki+qi—ki—qi Piza(ki_l_qi_l_ki_l_qi)
ql 1 —Z QZ

<gRb(k2§ ki;2E) ® Gr, (a2 a1 (1 — 2)E) @ Gf, (k11 k2 2E) @ G (1:@15 (1 — Z)E)>

We always take Ap; = 0 and integrate over P;

(t2,t1)

'

S(lQ,ZQ,tQ; ll,zl,tl; Z)

Defining | s;) as an orthonormal basis for the singlet space, take ~ S;; = (s;|S[s;)

Iatlsij(l27127t2; llazlatl; Z) —

(6-1)
1 1 _ _
S"(l27l27t2;l17l17t1;z)

22(1 — 2)E "
_/ _ Sik(l27z27t2;lllvz/17tl;Z)Ej(lllaz/ﬁllazl;tl)
1,1
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Average of four propagators

3(4) (l7 L7 l27z27t2; Z) — stlj(l7 l7 La l27z27 t27 Z)
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summary

Double differential cross sections can be simplified to
calculable objects which still capture the dynamics of the
splitting

Calculating the Lund plane for in medium splitting reduced to
solving a set of coupled first order differential equations

Very demanding in terms of computational resources. We are
currently working on making the code more efficient

Full calculation will provide the building block for jet
substructure studies
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Thank you!



