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Outline: 

Brief discussion on Density functional theory for nuclei

Common DFT for nuclei and cold atoms? 

Applications: energies, static response, … 

Self-energy: quasi-particle properties. 

Collaboration: A. Boulet, J. Bonnard, M. Grasso, C. Y Yang



Bare int.+Many-Body calculation versus Density Functional theory

Favorite N-body technique:
MBPT, CC, SCGF,… 4
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FIG. 5. (Color online) Computed (a) 2H(α, d)4He laboratory-frame and (b) 4He(d, d)4He center-of-mass frame angular
differential cross sections (lines) using the NN+3N Hamiltonian at the deuteron recoil and backscattered angles of, respectively,
ϕd = 30◦ and θd = 164◦ as a function of the laboratory helium (Eα) and deuteron (Ed) incident energies, compared with data
(symbols) from Refs. [7–9, 42–45]. In panel (c), calculated (lines) and measured (symbols) center-of-mass angular distributions
at Ed = 2.93, 6.96, 8.97 [46], and 12 MeV [47] are scaled by a factor of 20, 5, 2, and 1, respectively. All positive- and negative-
parity partial waves up to J = 3 were included in the calculations.

concerning the strength of the spin-orbit interaction.
The inclusion of the d+4He states of Eq. (2) results

also in additional binding for the 1+ ground state. This
stems from a more efficient description of the clusteriza-
tion of 6Li into d+α at long distances, which is harder to
describe within a finite HO model space, or – more sim-
ply – from the increased size of the many-body model
space. Indeed, as shown in Fig. 4 and in Table I for
the absolute value of the 6Li g.s. energy, extrapolating to
Nmax → ∞ [37] brings the NCSM results in good agree-
ment with the NCSMC, particularly for bound states
and narrow resonances. However, while the extrapolation
procedure yields comparable energies, only the NCSMC
wave functions present the correct asymptotic, which for
the g.s. is a Whittaker function. This is essential for
the extraction of the asymptotic normalization constants
and a future description of the 2H(α, γ)6Li radiative cap-
ture [5]. The obtained asymptotic D- to S-state ratio is
not compatible with the near zero value of Ref. [41], but
rather is in good agreement with the determination of
Ref. [39], stemming from an analysis of 6Li+4He elastic
scattering. Further, based on the extrapolated NCSM
energies, one could erroneously conclude that the mea-
sured splitting between 2+ and 3+ state is reproduced
with the NN+3N Hamiltonian. Conversely, the square-
integrable |6LiλJπT 〉 components of Eq. (1) are key to
achieving an efficient description of the short-range six-
body correlations, and compensate for computationally
arduous to include 4He excited states.
Next, in Figs. 5(a) and 5(b), respectively, we compare

the 2H(α, d)4He deuteron elastic recoil and 4He(d, d)4He
deuteron elastic scattering differential cross sections com-
puted using the NN+3N Hamiltonian to the measured
energy distributions of Refs. [7–9, 42–45]. Aside from
the position of the 3+ resonance, the calculations are in
fair agreement with experiment, particularly in the low-

energy region of interest for the Big-bang nucleosynthe-
sis of 6Li, where we reproduce the data of Besenbacher
et al. [42] and those of Quillet et al. [8]. The 500 keV
region below the resonance in Fig. 5(a) is also important
for material science, where the elastic recoil of deuterium
knocked by incident α particles is used to analyze the
presence of this element. At higher energies, near the
2+ and 1+ resonances, the computed cross section at the
center-of-mass deuteron scattering angle of θd = 164◦ re-
produces the data of Galonsky et al. [44] and Mani et
al. [45], while we find slight disagreement with the data
of Ref. [9] in the elastic recoil configuration at the labora-
tory angle of ϕd = 30◦. At even higher energies, the mea-
sured cross section of Fig. 5(b) lies below the calculated
one. This is due to the overestimated width of the 1+2
state, which is twice as large as in experiment. The over-
all good agreement with experiment is also corroborated
by Fig. 5(c), presenting 4He(d, d)4He angular distribu-
tions in the 2.93 ≤ Ed ≤ 12.0 MeV interval of incident
energies. In particular, the theoretical curves reproduce
the data at 2.93 and 6.96 MeV, while some deviations
are visible at the two higher energies, in line with our
previous discussion. Nevertheless, in general the present
results with 3N forces provide a much more realistic de-
scription of the scattering process than our earlier study
of Ref. [14]. Finally, we expect that an Nmax = 13 cal-
culation (currently out of reach) would not significantly
change the present picture, particularly concerning the
narrow 3+ resonance. Indeed, much as in the case of the
g.s. energy, here the NCSMC centroid is in good agree-
ment with the NCSM extrapolated value, 0.99(9) MeV.
Conclusions. We presented the first application of

the ab initio NCSMC formalism to the description of
deuteron-nucleus dynamics. We illustrated the role of
the chiral 3N force and continuous degrees of freedom in
determining the bound-state properties of 6Li and d-4He

Hebeler et al. 2015 Hupin et al, PRL 114 (2015)

(courtesy V. Soma, T. Duguet)

Rather simple smooth properties emerge 
in nuclei (Energies, density, shell effects …)
Such simplicity is “easily” grasp by DFT

The nuclear DFT is a simple 
highly accurate and versatile approach

Dynamics Time (fm/c) 

Thermodynamics
Static

How to reconcile the complexity of the interaction 
with the apparent simplicity of the density functional 
Theory to describe the system?  
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General strategy: infinite systems

with degeneracy

+…

Many-body Perturbation Theory

[MBPT]
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The “magic” technique: resummation and phase-space argument

Highlighting work Schaefer, Kao, Cotanch, NPA 762 (2005)

Resummation of particle-particle diagrams

Contains terms to all order in 

Results strongly depends on 
selected diagram

Kaiser, EPJA 48 (2012)

The pragmatic approach

Interpretations:
-Minimal Padé approximation
-Phase-space average
-asymptotic values
-…

EOS neutron matter

⇠ hfPPi

hfPPi ! 2
+1

Steele, nucl-th-0010066v2
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The “magic” technique: resummation and phase-space argument

Highlighting work Schaefer, Kao, Cotanch, NPA 762 (2005)

Resummation of particle-particle diagrams

Contains terms to all order in 

Results strongly depends on 
selected diagram

Kaiser, EPJA 48 (2012)

The pragmatic approach

Interpretations:
-Minimal Padé approximation
-Phase-space average
-asymptotic values
-…

EOS neutron matter

⇠ hfPPi

hfPPi ! 2
+1

Steele, nucl-th-0010066v2

Even more pragmatic approach: take the unitary gas 
as a reference  

Two imposed limits:
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Result of the DFT for at or close to unitarity
Lacroix, PRA 94 (2016) 

New DFT 

QMC: Gezerlis, Carlson, PRC77 (2008)

QMC: Chang et al, PRA70 (2004)

QMC: Astrakharchik et al, PRL (2004)

Taylor expansion in (as kF)-1: Bulgac and Bertsch, PRL 94 (2005)

New DFT 

BCS limit

Different
Measurements 
in cold atoms

Tan contact parameter
Energy



Example of applications: thermodynamical quantities around unitarity
A. Boulet, DL,  Phys. Rev. C 97 (2018) 

Pressure Chemical potential

Compressibility Sound velocity

Is it really useful for atomic nuclei ?
Is it predictive ? (it seems so) 

Not yet 
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It only give total energy 
(no information on quasi-particle properties:
effective mass, superfluidity, …) 



[QMC: Gezerlis, Carlson, PRC81 (2010)]

From cold atom to neutron matter: inclusion of effective range

Effective range part
(form obtained by resumming
effective range effects 
in HF theory)New constraints

Forbes, Gandolfi, Gezerlis, PRA86 (2012) 

Lacroix, PRA 94 (2016) 
Lacroix, Boulet, Grasso, Yang, PRC 95 (2017) 



Some successful application
Static response in cold atoms and neutron matter

A. Boulet, DL,  Phys. Rev. C 97 (2018) 
Static response In unitary gas

In neutron matter

Buraczynski, Gezerlis, PRL 116 (2016), PRC 95 (2017)
Buraczynski, Martinello, Gezerlis, PLB 818 (2021), PRC 105 (2022)

Response in neutron matter



What have we learn beyond having a unitary gas guided DFT? 

Restart from the functional

Rewrite it as

Define density dependent 
scattering length and range



What have we learn beyond having a unitary gas guided DFT? 

The simple DFT has guided us to design new functional theory 
valid at low density up to densities of interest.   

*ELYO : Extended Lee-Yang Orsay

The ELYO functional

Grasso, Lacroix, Yang, PRC 95 (2017) 

The YGLO functional

Yang, Grasso, Lacroix  PRC94 (2016)

*YGLO : Yang Grasso Lacroix Orsay

Neutron 
drops

Bonnard, Grasso, lacroix, PRC98 (2018), PRC101 (2020)

Atomic Nuclei

Burrello, Bonnard, Grasso, PRC103 (2021) 



Can we get quasi-particle properties using the same strategy?
Strategy used for the energy:

Select a class of 
diagrams

Perform 
resummation

Use a 
“Phase-space” 
Argument to 
simplify the 
expression

Check the 
result and 
eventually
Use it as a 

guidance for 
predictive 
functionalCan we do the same for the self-energy ?

(here restricted to non-superfluid systems, only s-wave)

A. Boulet, PhD Université Paris-Saclay (2019) 

Example of expressions (for the energies) Phase-space ansatz
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Can we get quasi-particle properties using the same strategy?

Exact formula of the self-energy after resummation:

Performing a “phase-space” like average does not seem so evident to us 



Can we get quasi-particle properties using the same strategy?
We used a different strategy

Quasi-particle energies Effective mass

Gives the proper Galiitski
formula at low density 



Conclusions and perspectives
We have developed rather simple Density functional theory that applies 
to both cold atoms and nuclei

These functionals seems useful to understand the apparent simplicity 
of other historical successful functionals.   
This has also initiated new types of functionals that respects low density limit 

The problem is much harder on self-energy (without superfluidity and selected 
diagrams)
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