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1) Statistical aspects of empirical calibration of nuclear density
functionals
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Nuclear density functional theory (DFT)

nuclear energy-density functional: E = E( p )[ p(r), 7(r),d(r),&(r) ]
~~

params.  densities:local,kinetic,spin-orbit,pairing
egs. of motion by variation of s.p. wavefunction & occupation amplitudes
typically a dozen free model parameters p «— x? fit to empirical data

= optimal p, uncertainties of predictions, stat. correlations between observables
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Nuclear density functional theory (DFT)

nuclear energy-density functional: E = E( p )[ p(r), 7(r),d(r),&(r) ]
~~

params.  densities:local,kinetic,spin-orbit,pairing
egs. of motion by variation of s.p. wavefunction & occupation amplitudes
typically a dozen free model parameters p «— x? fit to empirical data

= optimal p, uncertainties of predictions, stat. correlations between observables

Today: impact of radii on DFT development, statistical (x?) analysis as tool

2 functionals:  Skyrme: density dependence, kinetic, surface, I*s, pairing
Fayans: ” 4+ gradient term in pairing & surface energy

Fayans pairing energy density & = pf,air(l‘)( Visir + Viaiep” (1) +VP(,X,)(Vp(r))2)

volume&surface pairing gradient term
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Strategy for adjusting the model parameters to phenomenological data

| model « parameters p |

A

4

NMOERDY

Oe{obs.}

O(p) = computed ob

(o) - 00’

quality measure — to be minimized

O = experimental value for ©
AQO = adopted uncertainty for O

AO?

servable
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bulk properties of finite nuclei:
energy Eg,

radii R, r., surface th. o,

I-s splitting Aes,

odd-even staggering of Eg — gap
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Strategy for adjusting the model parameters to phenomenological data
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quality measure — to be minimized
O(p) = computed observable

O = experimental value for ©
AQO = adopted uncertainty for O

chosen pool of data
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bulk properties of finite nuclei:
energy Eg,

radii R, r., surface th. o,

I-s splitting Aes,

odd-even staggering of Eg — gap

more detailed: differences of r.
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Probabilistic interpretation of the space of model parameters

probability distribution for model parameters p:

O(p) - 0“7)°
P(p) o exp (‘Xz(p)) X = Z %
Oe{obs.}
—> optimal parameter set py: Xz(po) = minimal

range of “reasonable” parameters:  p such that x3(p) < x2(po) + 1
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Probabilistic interpretation of the space of model parameters

probability distribution for model parameters p:

3 (O(p) — O“7)*

P(p) x exp (—x*(P)) , % = AO?

oe{obs.}

—> optimal parameter set py: x2(po) = minimal
range of “reasonable” parameters:  p such that x3(p) < x2(po) + 1

statistical properties of the space of reasonable parameters:

average of an observable A(p): A= / dp P(p)A(p)

variance (uncertainty of prediction): ~ A2A = / dp P(p)(A(p) — A).
covariance: AAAB = /dp P(p) (A(p) — A)(B(p) — B) .

ANAA R|I2
coefficient of determination (CoD):  rag = ﬂ
A2ANZB

rag = 1 < correlated, rag = 0 < uncorrel.

(statistical correlation)
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2) Application examples
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Example 1: Impact of radii in bulk ground state properties
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Distribution of errors on Epg, fims,c, Roox,cs surt,c — fit to Eg only
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r.m.s. radius rms,c well predicted by Eg fit
box radius Ryox,c and surface thickness o c systematically off the goal
large extrapolation uncertainty for Ryox.c and owur,c = can be adjusted within model
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Distribution of errors on Epg, fims,c, Rbox,cs osurt,c — fit to all
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include also rfims,c, Rvox,c, osurt,c iN the fit data
= accomodate box radius Ryox,c and surf. thickn. oq.,c at only small sacrifices in Eg
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Extrapolation r-process nuclei — neutron rich Sn chain

322 [ Eonly —e— ‘ ] Eonly —o—
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fit to Eg only fixed model parameters too weakly = lousy extrapolation errors
large fit pool Eg, fims,c, Rvox,c, osur,c = more reliale extrapolations
still demand for improvement «— can more detailed radius data help?
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Example 2: Kink of r.m.s. radii at 2°Pb and spin-orbit term
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Isotopic shifts 72, (*Pb)—r2 ; -(2°®Pb) — problem with kink at 2°2Pb

& ‘ T

£ Pb isotopes

= 06

z

S 04
NH

g 0.2
NH

+ 0r

E exp. —H—

o 02 Skyrme SLy6 —e—
& | | relativistic NL3 —e—
g 202 204 206 208 210 212 214

total nucleon number A

all Skyrme models up to year 1995 failed at the kink — RMF reproduced it at once
statistical analysis indicated sensitivity to pairing and spin-orbit term
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Isotopic shifts 72, -(*Pb)—r2  -(2°®Pb) — problem-with kink at 2°2Pb

& ‘ .
£ Pb isotopes
= 06
z
S 04

NH
g 0.2

N%—i

= 0r exp. —H—
= Skyrme SLy6 —e—
o 0.2 relativistic NL3 —e—
‘g ‘ Is extended Skyrme SKI3 —#&—
g 202 204 206 208 210 212 214

total nucleon number A

non-relativistic limit of RMF revealed different isospin structure of spin-orbit term
extend Skyrme functional by isovector spin-orbit term = kink also reproduced
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Example 3: Isotopic shifts and odd-even staggering in Ca isotopes
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The problem: trend of charge r.m.s. radii in Ca chain
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mass number A

SVmin = fit of Skyrme functional with “traditional pairing” (contact force & density dep.)
—> theory averages nicely, but fails to reproduce the trend
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Statistical uncertainty <+ explore leeway of the Skyrme functional

look at error bands to check chances for fitting the trend

a7 0.6 —

& Ca
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=
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mass number A

extrapolation error too small = enforcing isotopic shifts will destroy overall quality
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Impact of collective ground-state corrrelations

g.s. vibrations from low-lying 2% states contribute to radii

isotopic shifts SrZ(A'40Ca) [frr

0.6

0.4

0.2

SVmin

mean field —e—

correlated —o—
exp +

Ca |

36 38 40 42 44 46 48 50 52

mass number A

the effect is visible, but too small = the problem is the functional
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Find most promising feature of functional

look at statistical correlations to find strongest lever

2,44-40

correlation with iso.-shift 6r°( Ca) for SV-min

5
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symmetry energy: fixed by polarizability = no!
spin-orbit splittings:  conceivable but limited changeability = unlikely!
pairing: least well known, least well fixed = try that!
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Fit isotopic trend with Fayans functional: Fy(Ar,HFB) the solution

N \

£ 6! Ca

T 04}
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o027
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e O = 1
= -02¢ SVmin —e—
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mass number A

= Fy(Ar,HFB) reproduces trend for Ca isotopes almost perfectly

other isotopic chains? — to be checked
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Example 4: Isotopic shifts and odd-even staggering in Sn & Pb isotopes
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The problem trends in Sn & Pb |sotopes odd-even staggerlngs

06 1 Ca cham [ Sn cham [ Pb cham .y
0.4 r

0 ﬂ
N
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P [
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f AY AV il M\/x MV VW
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mass number A

Fy(Ar,HFB) fails in: staggering AP, kinks at '%2Sn & 2%8Pb, isot. trends Ca & Pb
statistical analysis: all these observables <— pairing
yet missing in Fayans functional: isovector pairing (IVP) = try!

[10'3fm] isotopic shifts o [fmz]

odd-even stagg. A?)
A
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The problem trends in Sn & Pb |sotopes odd-even staggermgs
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fit functional with IVP adding data on Afs)(Ca) and isot.trends Ca&Pb = Fy(IVP)
Fy(IVP): solves nearly all problems, still slightly to large A®)(Sn)
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Extrapolation r-process nuclei — neutron rich Sn chain

322 [ Eonly —e— ‘ ] Eonly ——
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data on isotopic shifts & odd-even staggerings + extended model (Fayans)
— somewhat more reduction of errors

r-process = neutron rich nuclei = better information from neutron radius r,?
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Example 5: Neutron radii and Pb Radius EXperiment (PREX)
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Measuring the neutron radius

PREX = Pb Radius EXperiment:

scattering of high-energy polarized electrons (beam energy E;, = 953 MeV)
= Parity-Violating Asymmetry Apy(q) (04 — o)/l
at transfered momentum g = 0.39/fm

isovector dipole polarizability ap:

00 (Emax)
from photo-absorption strength o, as ap = / dEE 25, (E)
0

correlations ap, Apy, neutron radius rey:
‘ Arv  ap Feut
Apv 1 0.99 0.99
ap | 0.99 1 0.98
hew | 0.99 0.98 1

Coefficient of Determination (CoD):

= Apv & ap equivalent, model assisted measurement of reu
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Fy(IVP) and extrapolation uncertainty to neutron matter

590 ¢ 'RMF —e—
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<E 565 R

560 |

555 /\

550 | SXP: ‘ goal -

s L/
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polarizability o, (fm”)

collection of Skrme and RMF parametrizations line up to a linear trend

the trend avoids the matching point in plane of ap and Apy
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Fy(IVP) and extrapolation uncertainty to neutron matter

590 ¢ = 'RMF —

585 | o Skyrme

580 | 3 :
2 575 208ppy -
o g
& 570 1
Z 565
< :

560

555 oxp | goal

s L L]

545 1

19 20 21 22 23 24
polarizability o, (fm”)
the (10) uncertainty ellipsoids also follow the linear trends

incompatible data: either Apy or ap can be tuned in the given models
— put the data point on hold, work on resolving the dilemma
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Conclusions

radii from exotic nuclei are crucial for nuclear DFT development:

1. deliver valuable data for better confining models
2. challenge models by revealing missing features
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Conclusions

radii from exotic nuclei are crucial for nuclear DFT development:
1. deliver valuable data for better confining models
2. challenge models by revealing missing features

3. more info from exotic nuclei needed to improve extrapolations
4. info on neutron radius highly desirable, still an enigma
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