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Outline
  QCD in strong magnetic fields at zero temperature 

2

 Gell-Mann-Oakes-Renner relation
 Masses of neutral and charged pseudoscalar mesons

  QCD in strong magnetic fields at nonzero temperature

HTD,  S.-T. Li, A. Tomiya, X.-D. Wang, Y. Zhang, PRD 104 (2021) 014505

Intrinsic connection between (inverse) magnetic catalysis and screening 
masses of neutral  pseudo scalar mesons via Ward-Takahashi identity 

HTD, S.-T. Li, J.-H. Liu, X.-D. Wang, PRD 105 (2022)034514 
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Inverse magnetic catalysis and reduction of  Tpc

3

Bali et al., JHEP02(2012)044Inverse magnetic catalysis eB↑ Tpc↓
Continuum extrapolated lattice QCD results with physical pion mass

Chiral condensate always increases as eB at T<<Tpc 
Reduction of Tpc associated with inverse magnetic catalysis?

See recent reviews e.g.
G. Cao, arXiv:2103.00456
Andersen et al., Rev. Mod. 

Phys. 88(2016)02001
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IMC and reduction of  Tpc: Not necessarily connected

4

M. D’Elia et al., Phys.Rev. D 98 (2018) 054509
Similar results from G. Endrodi et al., JHEP07(2019)007 
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At physical 
pion mass
δπ~6%

5

Gell-Mann-Oakes-Renner relation

• At T=0, in the weak magnetic field the 2-flavor GMOR relation holds true for chiral 
(& point-like) pions from LO ChPT Shushpanov and Smilga, PLB402(1997)351 

M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 175, 2195 (1968), J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985) 

• At eB=/=0, additional pion decay constants appear due to a nonzero pion-to-
vacuum transition via the vector electroweak current Fayazbakhsh & Sadooghi, PRD 88(2013)065030 

Bali  et al., PRL121(2018)072001 

Coppola et al., PRD.99 (2019)0540312

Explicit chiral 
symmetry breaking

Spontaneous chiral symmetry breaking
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Lattice setup
 Symanzik-improved gauge action with HISQ fermions  

 T=0: mostly 323x96 lattices, with a=0.117 fm (a-1=0.17 GeV), ml/ms =1/10 
(Mπ =220 MeV) 

 In our setup fπ= 96.93(2) MeV, fK=112.50(2) MeV, fK/fπ=1.1606(3)

✦ Magnetic flux: Nb=0,1,2,3,4,6,8,10,12,16,20,24,32,48 & 64

✦ 0 ≤ eB ≤ 3.35 GeV2 (~70        ) M2
⇡

<latexit sha1_base64="w4sbAad/EhZ/g6a8KyDGfhzW9A0=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvXgRKtgPaNeSTbNtaDYbkqxQlv4ILx4U8erv8ea/MdvuQVsfDDzem2FmXiA508Z1v53C2vrG5lZxu7Szu7d/UD48aus4UYS2SMxj1Q2wppwJ2jLMcNqViuIo4LQTTG4yv/NElWaxeDBTSf0IjwQLGcHGSp27QV+yx9qgXHGr7hxolXg5qUCO5qD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n83Nn6MwqQxTGypYwaK7+nkhxpPU0CmxnhM1YL3uZ+J/XS0x45adMyMRQQRaLwoQjE6PsdzRkihLDp5Zgopi9FZExVpgYm1DJhuAtv7xK2rWqV69e3Ncrjes8jiKcwCmcgweX0IBbaEILCEzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AMuAjzk=</latexit>

✦ Magnetic field along z direction is quantized as

 FLAG 2019: At physical mass point fπ= 92.1(6) MeV, fK=110.1(5) MeV, fK/fπ=1.1917(37)

HTD et al., arXiv:2008.00493,2104.06843

✦ T=/=0: Fixed scale approach to nonzero T up to 281 MeV
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Masses of charged pseudo scalar mesons

Lowest  Landau-Level (LLL):

In contrast to Quenched QCD results where M increases monotonously with eB
Bali et al., PRD 97, 034505 (2018) Luschevskaya et al, PLB 761 (2016) 393

Not point particles anymore at eB>0.3 GeV2！ Effects from dynamic quarks?
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qB scaling of up and down quark components 
of ,  and chiral condensates Mπ0 fπ0

 and  agree at the same value of |qB|=| |=| |"u "d quBu qdBd

qu = 2
3 e qd = − 1

3 e
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qB scaling of up and down quark components 
of ,  and chiral condensates Mπ0 fπ0

 and  agree at the same value of |qB|=| |=| |"u "d quBu qdBd

qu = 2
3 e qd = − 1

3 e

The qB scaling of these quantities originates from pi0 correlation function
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UV divergence of  chiral condensate

10

UV-divergence term dominates by the linear-in-quark-mass term

Subtracted chiral condensate:
<latexit sha1_base64="x280pCFtJ1AbcDcuoVdEP0jbYFQ="></latexit>

h ̄ isub = h ̄ il �
ml

ms
h ̄ is

Commonly used methods to get rid of the UV-divergence part  

Zero T/eB subtraction:
<latexit sha1_base64="kARCgtZtldYCxuP5BtknQrZADtw="></latexit>

h ̄ iUV free = h ̄ il(eB 6= 0)� h ̄ il(eB = 0)
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A complete Eigenvalue spectrum

11
HTD, S.-T. Li, S. Mukherjee, A. Tomiya, X.-D. Wang, Y. Zhang, Phys. Rev. Lett. 126 (2021) 082001
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<latexit sha1_base64="Bk9q3Lo+CqQ7CfHZH8gmftZ8Pg4="></latexit>
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Z 1
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UV-free chiral condensate

12

<latexit sha1_base64="tnZvWDb/KGvCo2mtPbYKFiz8bdI="></latexit>

�UV
cut 2 [0.12, 0.36]
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Corrections to Gell-Mann-Oakes-Renner relation

| | is less than 6% δi-0.06
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Summary for T=0 results

14
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(Inverse) magnetic catalysis at T 0≠

15
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Both IMC and MC are observed in ΔΣud Only MC is observed in  ΔΣs

HTD, S.-T. Li, J.-H. Liu, X.-D. Wang, Phys.Rev.D 105 (2022) 3, 034514 

See similar results of  in e.g.  Bali et al., PRD86(2012)071502ΔΣud



/25

 determined from inflection points of   and Tpc ΔΣud ΔΣs

16
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Chiral condensates v.s. screening masses of  neutral PS mesons

Ward Identity: 

At nonzero magnetic field:

Consider  as a pseudoscalar operator, 
and integrate the WI over space-time:

"

<latexit sha1_base64="DxP7wdxhvYJNkeREearOOrnJga0="></latexit>

h ̄ iu + h ̄ id = (mu +md)�⇡0

<latexit sha1_base64="FqvfGd53nTVVsRXvoG6UXCR6HZs="></latexit>

h ̄ is = ms�⌘0
ss̄

<latexit sha1_base64="jv4IQx97iOB+BKQtPdnF8+iqZyg="></latexit>

h ̄ id + h ̄ is = (md +ms)�K0

Hadron susceptibility:
Integral of spatial correlation function

<latexit sha1_base64="Kzw+L1Z1wa/ykSlhGZtOBgzCJgQ="></latexit>

lim
z!1

GH(z) = AHe�MHz

<latexit sha1_base64="9BGI9TzVlUWDAQK+38U6ghP051w="></latexit>

�H =

Z
dz GH(z)

Screening mass :MH

HTD et al., 
PRD 2022,2021

See also cases at eB=0,
Kilcup and Sharpe, 

NPB 1987



/2518

0.97

0.98

0.99

1

1.01

1.02

1.03

1.04

0 0.5 1 1.5 2 2.5

0 10 20 30 40 50

140 MeV

281 MeV

h  iu+h  id
(mu+md)�⇡0

h  id+h  is
(md+ms)�K0

h  is
ms�⌘0

ss̄

eB/M2
⇡

eB [GeV2]

Numerical demonstration of  the integrated Ward Identities

HTD, S.-T. Li, A. Tomiya, X.-D. Wang, Y. Zhang, Phys.Rev.D 104 (2021) 1, 014505
HTD, S.-T. Li, J.-H. Liu, X.-D. Wang, Phys.Rev.D 105 (2022) 3, 034514 

T=17 MeV
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Connection between screening masses and chiral condensates

19
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<latexit sha1_base64="k7YhPsb/28XLNSXBgvRU7KQ5wSU="></latexit>

lim
z!1

G⇡0(z) = A⇡0e�M⇡0z
<latexit sha1_base64="DxP7wdxhvYJNkeREearOOrnJga0="></latexit>

h ̄ iu + h ̄ id = (mu +md)�⇡0

<latexit sha1_base64="G9Ov5YHCHMDXdjyNID3mC2QgrTg="></latexit>

�⇡0 =

Z
dz G⇡0(z),,
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 Heavier mesons less 
affected by eB

20
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Sea and valence contributions to correlation functions

22

<latexit sha1_base64="nZaS/jabBRXXL+a/WNL++2sSpVo="></latexit>

Gval
H

(B, T, z) =

R 1/T
0 d⌧

R
dy

R
dx

Z(B = 0, T )

Z
DU e�Sg ⇥

Y

f=u,d,s

detM(U, qfB = 0,mf ) Gf1f2(B,x)

<latexit sha1_base64="ArjRDBS691JxsWimxbsdpdZeDNU="></latexit>

GH(B, T, z) =

R 1/T
0 d⌧

R
dy

R
dx

Z(B, T )

Z
DU e�Sg ⇥

Y

f=u,d,s

detM(U, qfB,mf ) Gf1f2(B,x),

<latexit sha1_base64="hP/qGU30Rm6xARzViIowjysBFGI="></latexit>

Gsea
H

(B, T, z) =

R 1/T
0 d⌧

R
dy

R
dx

Z(B, T )

Z
DU e�Sg ⇥

Y

f=u,d,s

detM(U, qfB,mf ) Gf1f2(B = 0,x)

Inspired by the techniques applied to chiral condensates:
D’Elia PRD83(2011)114028, Bruckmann et al., JHEP 04(2013)112

 Valence effects to the correlation function:

 Sea effects to the correlation function:
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Valence and sea contributions to screening masses
Valence effects: Msrc   MC;     Sea effects: Msrc   IMC  ↓ ↑

IMC or MC: competition between sea and valence effects
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Valence and sea contributions to screening masses
Only sea effects affect Tpc

As long as sea effects exits, Tpc deceases as eB grows
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Summary for T 0 results≠

25
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Thanks for your attention!

26
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Volume dependence at T=0

HTD,  S.-T. Li, A. Tomiya, X.-D. Wang, Y. Zhang, Phys.Rev.D 104 (2021) 1, 014505
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Contributions to pressure and energy density
 from individual hadrons in Hadron resonance gas model

HTD, S.-T. Li, Q. Shi, A. Tomiya, X.-D. Wang, Y. Zhang, arXiv: 2011.04870
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