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| teach students that it is better to regard real functions as restrictions
to the real axis of (analytic) complex functions rather than regarding
complex functions as extensions of real functions to complex plane ...

As annoyed as we can be of complex actions (and the sign problem), we
always have to surrender to the complex plane as the real arena for the
study of phase diagrams...

We will look at a couple of examples of interesting physics going on in the complex
plane.

We will be concerned with Lefschetz Thimbles (doing better that what we had been

able to do previously) and Lattice QCD at imaginary values of the baryonic chemical
potential.

A unifying tool will be ( multi-point ) Pade analysis.
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Thimble regularisation in a nutshell (via a toy model)
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STABLE (SA) and UNSTABLE (SD) thimbles

Only thimbles associated to
critical points whose unstable
thimble intersects the original
domain of integration enter the
THIMBLE DECOMPOSITION!
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union of solutions of the SA equations
j o attached to STATIONARY POINTS

where 0§ = 0
d ) lex DOF!
—Z; = =—  complex !
dt l aZi "
e~ 151(Ps) constant!




[ am cheating you ...



| am cheating you ...

THIMBLE DECOMPOSITION does not hold the same once and forever!
It is different in different region of the parameters space!




| am cheating you ...

THIMBLE DECOMPOSITION does not hold the same once and forever!
It is different in different region of the parameters space!

One single thimble contributing



| am cheating you ...

THIMBLE DECOMPOSITION does not hold the same once and forever!
It is different in different region of the parameters space!

One single thimble contributing More thimbles contributing



| am cheating you ...

THIMBLE DECOMPOSITION does not hold the same once and forever!
It is different in different region of the parameters space!

One single thimble contributing Stokes phenomenon More thimbles contributing
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THIMBLE DECOMPOSITION does not hold the same once and forever!
It is different in different region of the parameters space!

One single thimble contributing Stokes phenomenon More thimbles contributing

SINGLE THIMBLE DOMINANCE has been a dream for a while ...

Sometimes it holds true, in general it fails

Thirring model first clear counterexample
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Two can be enough ...
F. Di Renzo, K. Zambello (2022)
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Taylor expansions on Lefschetz thimbles
Di Renzo, Zambello (2022)
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at fixed Lm=16 pm=>2

We could take the continuum limit
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What can we compute in dense lattice QCD, given the sign problem?

Taylor expansions at ZERO Upg
Observables at IMAGINARY values of g

Let’s merge the two and then go for a (multi-point) PADE !
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A bit more on multi-point PADE
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which we want to hold at many points for a function f(x) and its derivatives

Ry (x) =

P, (x1) = f1(x1)Qn(x1) = f(x1)Qn(x1) = f'(x1),

Solve a linear system ... P;n(xz) _f,(XZ)Qn(XZ) —f(xz)Q:fl(Xz) — f’(XZ),
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2+1 HISQ, first around Roberge Weiss transition temperature, Ni=4
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FIG. 2. Cumulants of the net baryon number fluctuations as a
function of a purely imaginary chemical potential, for three
different temperatures, obtained on 24> x 4 lattices. Shown are
Im[y#] (top), Re[y;] (middle), and Im[y7]. Data points are
connected by dashed lines to guide the eye.
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Rational approx. for Im[,\le]

2+1 HISQ, first around Roberge Weiss transition temperature, Ni=4
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We have already seen SPIKES ...

Let’s now look for the SINGULARITY STRUCTURE
( we hunt for LEE YANG ZEROS, i.e. zeros of the partition function)



The big picture of Lee Yang edge singularities in QCD

Slide produced by Christian Schmidt
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2+1 HISQ, first around Roberge Weiss transition temperature, Ni=4.,6
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2+1 HISQ, atalower (145 MeV) temperature, Ni=6

w
o

N
ol
1

N
o
1

=
(9
1

=
o
1

0.5 -

HH iy

0.0

PHYSICAL REVIEW D 105, 034513 (2022)

* :
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Care needed! ... but intriguing ... what we found is compared with 68%
and 95% confidence regions of a theoretical prediction (no fit!)
Our first, preliminary indication of a chiral singularity...



CONCLUSIONS

1. We saw two different examples of studies in the complex plane, ending up
with predictions for phase diagrams obtained from (multi-point) Pade analysis.

2. Thimbles + Taylor + Pade can still enable some new progress (avoiding multi-
thimble simulations)

3. The program of (multi-point) Pade could provide interesting informations on
Lee Yang edge singularities in QCD. RW seems solid, we are trying to better
understand chiral transition. The Holy Grail (heedless to say) is the critical
point...

4. Work is going on: stay tuned!
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FIG. 1. Critical points for L = 4, # = 1 and ma = 1: solutions for i = 0O (top left), solutions for ji € [0.0, 2.0] (top right), real part of
the action as a function of j (bottom left) and imaginary part of the action as a function of /i (bottom right).
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mation of a [15/15] order single-point Padé about O and
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of the poles as seen by the single-point and multipoint Padé,
respectively.



FIG. 14.
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1D Thirring model: functional form of the rational approximation (left) and sensitivity to different sets of poles (right) whe
sampled in different intervals: [0, 4] (top), [-4, 4] (middle), [-2, 2] (bottom).



