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Very General Form of the Governing PDE

We want to construct numerical schemes for very general hyperbolic-parabolic
systems of nonlinear time-dependent partial differential equations in multiple
space dimensions of the following general form:

(3)? +V-F(Q.VQ)+B(Q)-VQ = 5(Q) (PDE)

The nonlinear flux tensor F can also depend on the gradient of Q, to take

into account parabolic terms, such as classical models for viscous effects.
The third term is a non-conservative term that is important in many
multi-phase flow models, and also for first order reductions of the

3+1 Einstein field equations!

The source term on the right hand side may also be stiff.

Many of the mathematical models relevant for science and engineering
can be cast in the form of eqn. (PDE).

Main difficulty: solutions of (PDE) can contain smooth features
and discontinuities at the same time.
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Unlimited Fully Discrete One-Step ADER-DG Scheme
Governing hyperbolic PDE system of the form

LV FQ =0 (PDE)

with the vector of conserved variables Q and the nonlinear flux tensor F(Q).
The discrete solution at time 1" is represented by piecewise polynomials of
degree N over spatial control volumes T;as

up (x,t") = Z o(x)u', xeT; (DG)
[

Multiplication with a test function ¢, from the space of piecewise polynomias of
degree N and integration over a space-time control volume T, x [t",t"+] yields:

tn+1 t”“ t”“

f f cpk%—(tldxdur f f ®F(Q) - ndSdt — f f Vo, - F(Q)dxdt =0

th T th odT; th T;
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Unlimited Fully Discrete One-Step ADER-DG Scheme

We then introduce the discrete solution (DG) and an element-local
space-time predictor q,(x,t), together with a classical (monotone)
numerical flux G, as it is used in Godunov-type finite volume schemes.

The fully discrete one-step ADER-DG scheme then simply reads:

tﬂ‘f—] t”—i‘]

( [ cbk@;dx) (@' —4)') + f f & G(q, ,q) -ndSde — f f V&, - F(qn)dxdt =0

Ti th 9T; th T;

But how to compute the space-time predictor q,(X,t), since at the beginning of a
time step, only the discrete spatial solution u,(x,t") at time " is known ?

Use a weak integral form of the PDE in space-time and solve an element-local
Cauchy problem in the small, with initial data u,(x,t"), similar to the MUSCL-
Hancock scheme or the ENO scheme of Harten et al.
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Element-local Space-time Predictor

Rewrite the governing PDE in a reference coordinate system &-t on a reference
element T.:

2_?+ Ve FF Q=0 F:=At(3&/0x)" -FQ.

We introduce the two space-time integral operators

1
(f-8>=ff(f(8.r)-g(é.r))déjdr. [fqg]r=f(f(!§.r)-g(E.r))dg.

0 Tk TE
The discrete space-time predictor solution and the discrete flux are defined as

g, =qp&.7) = Z 0(E.T)q :=0,q, nodal space-time basis 6,
[

Fi=F, 6. 1)=) 6¢ DF =aF, F' =F@).
M. Dumbser |
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Element-local Space-time Predictor

Multiplication with a space-time test function and integration over the space-time
reference element T-x [0,1] yields:

oq;
<9f< a—;) + (6k, Ve - Fr(qp)) =

The initial condition u,(x,t") is introduced in a weak sense after integration by
parts in time (upwinding in time, causality principle):

0
[0k an " — [0k, up]” = { =6k, an ) + {6k, Ve - Ff) = 0.
0T

The above element-local nonlinear system is easily solved via the following
fast-converging fixed-point iteration (discrete Picard iteration):

0 .
([9k~91]1 _<a_9k 91)) = [0, 211°0]' — (6, V:0) - F*(q]).
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A new a posteriori limiter of DG-FEM methods

« Conventional DG limiters use either artificial viscosity, which needs parameters to
be tuned, or nonlinear FV-type reconstruction/limiters (TVB, WENO, HWENO),
which usually destroy the subcell resolution properties.

« Our new approach extends the successful a posteriori MOOD method of
Loubere et al., developed in the FV context, also to the DG-FEM framework.

» As very simple a posteriori detection criteria, we only use

» Arelaxed discrete maximum principle (DMP) in the sense of polynomials
 Positivity of the solution and absence of floating point errors (NaN)

* If one of these criteria is violated after a time step, the scheme goes back to the
old time step and recomputes the solution in the troubled cells, using a more
robust ADER-WENO or TVD FV scheme on a fine subgrid composed of 2N+1
subcells per space dimension

M. Dumbser
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A new a posteriori limiter of DG-FEM methods

 Classical DG limiters, like WENO/HWENO/slope/moment limiters are based
on nonlinear data post-processing, while the new DG limiter recomputes
the discrete solution with a more robust scheme, starting again from a valid
solution available at the old time level (the limiter is based on the PDE!!)

« Alternative description: dynamic, element-local checkpointing and
restarting of the solver with a more robust scheme on a finer grid

» This enables the limiter even to cure floating point errors (NaN values
appearing after division by zero or after taking roots of negative numbers)

* The new method is by construction positivity preserving, iff the underlying
finite volume scheme on the subgrid preserves positivity

 Local limiter (in contrast to WENO limiters for DG), since it requires only
information from the cell and its direct neighborhood

« As accurate as a high order unlimited DG scheme in smooth flow regions,
but at the same time as robust as a second order TVD scheme at shocks or

w.oumbser Other discontinuities, but also at strong rarefactions
8/69
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. n
min (u, (v. "))

i-1 i i+1 X
If a classical nonlinear reconstruction-based DG limiter is activated erroneously,
there may be important physical information that is lost forever!
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DG polynomials of degree N=8 (left) and equivalent data representation
on 2N+1=17 subcells (right). Arrows indicate projection (red) and reconstruction (blue)

RoP=1
We use 2N+1 subcells to match the DG time step (CFL<1/2N+1)) on the
e coarse grid with the FV time step (CFL<1) on the fine subgrid.
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A new a posteriori limiter of DG-FEM methods

Projection from the DG polynomials to the subcell averages

1 1 .
Vi = S fuﬁ(x. t")dx = T f@;(x)dxu?. VSij €Si.
1] S, 1] Si

Reconstruction of DG polynomials from the subcell averages

fuh(x, rr’)d)(:[vh(x. t")dx, VSi €S

Sj_‘j Sj_‘j
f up (x, t")dx = [ Vi (x, t")dx. Linear constraint: conservation
T T

M. Dumbser Overdetermined system, solved by a constrained LSQ algorithm.
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Summary of the ADER-DG-MOOD scheme

Verification of the DMP and the positivity on the candidate solution u, *(x,#+7):

M. Dumbser
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mgl(vh (y.t") =8 <vj(x. (""" < me{/gi(vh (v.t")) +8. VxeT;.
i yeVi

Ty (up (X, r”“)) >0, VxeT;, Vk.

If a cell does not satisfy both criteria, flag it as troubled cell, /7' = 1, discard the

DG solution and recompute it with a more robust third order ADER-WENO or an
even more robust second order TVD finite volume scheme on the fine subgrid:

vy (x. ") = A(vp (x, 1))

N P (up(x, 1)) if ﬂ
VXD = A ﬁ”—l

X € Tj VTJ,' e V.

Finally, reconstruct the DG polynomial from the subcell averages:

w(x, T = R, x ") or | wp(X, ) = R(A(VL(X, 1))
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Numerical Convergence Results P2-P9 (2D Euler)

Ny L' error L2 error L™ error L' order 12 order L™ order Theor.

DG-P5 25 9.33E-03 2.07E-03 2.02E-03 - - - 3
50 6.70E—04 1.58E—04 1.66E—04 3.80 3.71 3.60
75 1.67E—04 4.07E-05 4. 45E—-05 3.43 3.35 3.25
100 6.74E—05 1.64E—05 1.82E—-05 3.15 3.15 3.10

DG-P4 25 5.77E-04 9.42E-05 7.84E—05 - - - 4
50 2.75E-05 4.52E-06 4.09E-06 439 438 426
75 4,36E-06 7.89E-07 7.55E-07 455 4,30 417
100 1.21E-06 2.37E-07 2.38E-07 4.46 417 4.01

DG-Py 20 1.54E—-04 2.18E-05 2.20E-05 - - - 5
30 1.79E-05 2.46E—06 2.13E-06 5.32 5.37 575
40 3.79E-06 5.35E-07 5.18E-07 5.39 5.31 492
50 1.11E-06 1.61E—07 1.46E—07 5.50 5.39 5.69

DG-Ps 10 9.72E—04 1.59E—04 2.00E—04 - - - 6
20 1.56E—05 2.13E—-06 2.14E—06 5.96 6.22 B6.55
30 1.14E—-06 1.64E—07 1.91E-07 6.45 6.33 5.96
40 2.17E-07 2.97E-08 3.59E-08 5.77 5.93 5.82

DG-Pg 5 2.24E-02 4. 15E-03 3.11E-03 - - - 7
10 1.76E—-04 2. 75E-05 2.86E—-05 6.99 7.24 6.76
20 1.67E—-06 2.28E-07 2.26E-07 6.72 6.91 6.98
25 3.60E—07 4.96E—08 6.27E—08 6.86 6.84 5.74

DG-Py 5 5.50E-03 1.22E-03 1.46E—-03 - - - 8
10 4,63E-05 6.26E—06 6.95E—06 6.89 7.61 7.71
15 1.62E—-06 2.20E-07 2.29E-07 8.28 8.26 B8.42
20 2.05E-07 2.80E—-08 2.28E—08 7.18 717 8.01

DG-Pg 4 9.11E-03 1.80E—03 3.44E—-03 - - - 9
8 4.97E—-05 7.51E—-06 6.93E—-06 7.52 7.90 8.96
10 7.50E—06 1.05E—06 1.18E—-06 8.47 8.81 7.95
15 2.40E-07 3.34E-08 3.09E-08 8.49 8.51 8.98

DG-Pq 4 3.95E-03 7.89E—-04 1.42E-03 - - - 10
M. Dumb 8 1.01E-05 1.44E—06 1.52E-06 8.61 9.09 9.87
13/69 10 1.44E—-06 2.00E-07 2.27E-07 8.74 8.85 8.51

12 2.67E-07 3.70E-08 3.77E-08 9.26 9.25 9.85
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ADER-DG-MOOD Results

1.1 2 Exact
DG (P9) + WENO3 SCL
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M. Dumbser

14/69



Universita degli Studi di Trento High order ADER schemes for Newtonian
Laboratory of Applied Mathematics and general relativistic continuum physics

ADER-DG-MOOD Results
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Shock-density interaction problem of Shu & Osher
40x5 cells (N=9). Unlimited cells (blue) and limited cells (red)
M. Dumbser
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AMR with Time-Accurate Local Time Stepping (LTS)

Within our ADER-DG one-step predictor-corrector approach, high order
time-accurate and fully conservative local time stepping (LTS) is straightforward:

W

16 17

14 15 18 19

M. Dumbser
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A posteriori subcell limiters with AMR (Euler equations)

z

EIY

X

M. Dumbser

1860 ADER-DG (N=9) with AMR & LTS. Unlimited cells (blue) and limited cells (red)
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A posteriori subcell limiters with AMR (Euler equations)

1.2 - Exact solution 1.6 = Exact solution
14 C ADER-DG P9 + AMR 15 f ADER-DG P9 + AMR
i : 1.4 :
- 1.3F
09 -
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08F 1.1F
07 E
206E 2o9F
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05E 0.8f
04F 0‘7;
- 0.6F
03 -
02k
0.1
0:I IIIIIIIIIIIIIIIIII | - OEEIIIIIIIIIIIIIIIIIIIIIIIIIII I II-I I I
03 04 05 ’ 0.1 02 03 04 05 06 07 08 09 1
X X

ADER-DG (N=9) with a posteriori ADER-WENO subcell limiter,
space-time adaptive mesh refinement (AMR) and LTS yields an
unprecedented resolution of shocks and contact waves.

M. Dumbser
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A posteriori subcell limiters with AMR (Euler equations)

0.8

—06

=04 >

2.8 T x

Double Mach reflection problem using ADER-DG (N=9) with a posteriori ADER-
WENO subcell limiter, space-time adaptive mesh refinement (AMR) & LTS

M. Dumbser
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First Order Hyperbolic Formulation of Continuum Mechanics

Ip + Opvi =) (1a)

ot 0xp

(9,0'"’:' N . (J(Hr_!-lrk + ‘D(S;'k — (Tfk) ~ 0 (1b)
ot Oxk ’

aiq.r'k N OAimVm +v, OAix B (-?Afj _ _'?b’fk 3 (1c)
Ot Oxy ax;  Ox 61(71)

opJ; . d(pJivi +Tow) _ .ﬁ'H:' ? (1d)
ot Xy 6>(1>)

dps  d(psvi + Hy) 0 0

+ = Wi+ = H;H; > 0, (1 e)

ot OXy O1(t1)T Ve O (12)T o

OpE .\ O VpE + vi(poy — oig) + qi) ~-0 (2)
Ot OXy

M. Dumbser

21169 [Godunov & Romenski 1972, Peshkov & Romenski 2016] — GPR model
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First Order Hyperbolic Formulation of Continuum Mechanics

Overdetermined PDE system, which is consistent if and only if the total
energy E is a potential that depends on the other state variables:

E=E(p,s,v,A,))

All the other fluxes (pressure, viscous stress tensor) and the dissipative source
term are then a direct consequence of the choice of E:

Pressure: P = F‘EEp

Temperature: I' = E;

Stress tensor: o] = 0 = —[pAniEa,,]

Heat flux vector: qr] = q = |EsEy]

Strain relaxation: ikl = ¥ = |Ea,] g = _F}AT'I’
Heat flux relaxation: [H;] = H = [E, ] q=TH

Furthermore, some positive functions of the relaxation times t, and 7:

M. Dumbser H] — 6)](1'-])' > 0 92 — QE(TE) > 0

22/69
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First Order Hyperbolic Formulation of Continuum Mechanics

Choice of the total energy potential:
E(p.s.v,A. J) = E|(p.s) + E~(A.])) + Ex(V).

Classical equation of state, e.g. ideal gas EOS (micro-scale):

E(p,s) = !ﬂ, Cf} = jxpy_lem"’ adiabatic sound speed

yiy—=1)
Classical kinetic energy (macro-scale):

I
E3(V) = S Vivi

Energy stored in the meso-scale, due to deformations and heat-flux:

N shear wave speed
Ex(A.)) =;5FG;~5F +1FJI' + P

+ heat wave speed

1
[Gjj1=dev(G) =G - 2t(G)L  and  G=AA,

23/69
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First Order Hyperbolic Formulation of Continuum Mechanics

Stress tensor:

o = —pAT(// = —,(;:ATEA = —pc?Gdev(G)

Strain relaxation source term:
Y E4
01(71) 61(71) T1

with , 5
O1(t1) = Ticg/31A[T3

Heat flux vector:

q=TH=E,Ey=a’T]

Thermal impulse relaxation source term:
pH — pEy T popl

3 5
= ——|A|7 Adev(G)

M. Dumbser B 92(]"2) - _92(1-2) - _T[} ﬁ TEI

24/69

Ex = ¢2Adev(G)

EJ — (}‘2.]

L = 2p Ty
92 = T o T
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First Order Hyperbolic Formulation of Continuum Mechanics
Compatibility condition:
(E-VEy—sEs—vE, —JiE;)-(1a)+(pE),,, -(1b) +
+(PE), - (1c)+(pE),y, - (1d) + (pE),s - (le) = (2)

The dissipative mechanisms on the right hand side of the GPR model are
chosen such that total energy is conserved (first law of thermodynamics)
and that entropy production is hon-negative (second law of thermodynamics).

Use of the thermodynamic dual variables (factors above)
r=F— VEU — SES — "'!."Evi- — J,'Ej!., Vi = ()GE)‘(_”,-!.,

Qi = (pE)A!-ka G)f — @E)pjp g = (pE)pS

and the Legendre transform of the potential E lead to the new potential

L(r.vi,ap,0;,0) =rp+ vipvi + aiglAi + OipJ; + ops — pE
M. Dumbser
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First Order Hyperbolic Formulation of Continuum Mechanics

and to the following PDE system (only LHS shown here), which is also
directly connected to a variational formulation (minimization of a Lagrangian):

(_9L;- (9( Vi L)r

+ =0,
ot OXy
(_9L1,-r. H(Vk L),.-!. r_‘i(wk m oo mk
+ . + Oim ™o Loy o = 0’
ot OXy, O0Xy, 0X;
VL, O(viL),. 0 0
( ‘ il + ( k ) il + o !ﬁ — L(r"‘rﬁ = 0’
ot Xy, " Ox; T Oxy,
JLe, OO L)e, 0Jodi
+ + =0,
ot OXy, OXp,

(_9[@ (_’9(vk L)tr d@k
+ +

=0,
ot OX, 00X},

The above system is symmetric. It is hyperbolic, iff the potential L is convex

P oP
MP) - + Hy(P) = =0 M =M>0 H =H
M. Dumbser k
26 /69
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Hyperbolic formulation of Newtonian continuum physics

M. Dumbser
27 /69

op . Ipvi _ 0.
ot (?X,(—
0 (ou; ) O (pu;vi + poy — i + Pir) _o. pu = pv + M’E’d <« b
ot ax,;.
aAik + aAfmvm +v, (aAfk _ aAU) - _ %’c ’ GOdunOV (1961)
ot X ox;  0x 61(r1)  Godunov & Romenski (1972)

Romenski (1998)
0(pJ; d (pJivi + Toix H; i
wli) | (pJivi + Tow) _ _ P : Peshkov & Romenski (2016)

o 0%k 02(12) Dumbser et al. (2016)
dD; N 0 (viD; = viDy — iby) N v-% _ —ld- Dumbser et al. (2017)
ot 0x;, L Ox; n
OB; O (i B; — viBy + giyd; + @oir.) 0By
+ + Vv = 0,
ot (?x,;- (9x,;.

(pE) 0 (VMOE +Vilpdix — ok + Bl + €ijdibj + CL{-)
ot Xy

dps) O (psv + Hy) 1
- " H.H + —dd; > 0,
o T om QI(TI)TW‘“ QQ(TQ)T T
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OL,  ol0uL)] _

0,
ot (')x,r(
JL,,
- + [(V:’(L)vi + a{!??kL(}’m; - 6.*'?{(]{””'114}'”1” - df'Lu'k - b.*'Lbk] =0,
Ot OXk
aLmk + a[("*’mL)a,-m] 4 6L-:r,-,, 1
Eklj€lmnVj—F — — —— Wik,
ot OXk Ky Slmn = OX,, 004 ¢
0Ly, Ol(viL)a; — viLy, — €inib] 0Ly, 1
+ +V; = ——d,‘,
ot OX;, X, n
Ly, Ol(viL)p, — vily, + €iid)] OLp,
+ + v; =0,
ot 0xy, X
01‘?}5 N 0[(1”kL)r;; + (Sng] P
= ——1i,
ot (')x;( 6 !
oL Il(vil)y + 1 1
! + [(Lk )T nk] = —aapap + —d;d; + ﬁ?},‘?};.

Ot 0X;, 00, n 0,

M. Dumbser
28/69 All dissipative terms have the same form as Ohm's law. PDE does not change type!
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First Order Hyperbolic Formulation of Continuum Mechanics

Asymptotic (stiff) relaxation limit of the stress tensor:

G=0G/0t+v-VG G=ATA
: 2
G=-(GVW+WG)+—oa
p o
Chapman-Enskog expansion of G...

. 2
G=G)+7G + 177G + ...

... and after some tedious calculations ...

... in the stiff limit, the classical Navier-Stokes stress tensor is recovered
as a result of the theory (it was never put a priori into the model)

1 ) 2 2
O = CT1P0Cy Vv + Vv! — itr(Vv)I) = U (VV + Vv — E(V - VI,
) : R

M. Dumbser
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First Order Hyperbolic Formulation of Continuum Mechanics

The relaxation time t, and the shear wave speed c, of the GPR model can be
obtained experimentally via ultra sound measurements of the phase velocity
of longitudinal pressure waves, which is different for low and high frequencies.
This effect is well known in the research field of ultra-sound. It is not predicted by
the classical Navier-Stokes equations of fluid mechanics, but by the GPR model!
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Fig. 1. Phase velocity of the longitudinal wave (left) and shear wave (right) versus log(w) propagating in a viscous gas with parameters p = 1.177 kg/m>,
y=14,c, =718 ]/(kgK), s =8100, co =344.3 m/s, ¢; =50 m/s, ;u =1.846- 1072 Pas, 11 =3.76-10"% s,
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Convergence rates for inviscid flow (GPR, stiff limit)

N, €(Ly) e(Ly) €(Loo) O(L;) O(L;) O(Ls)
ADER-DG PP, (i = k= 1079)

20  9.4367E-03  2.2020E-03  2.1633E-03

40  1.9524E-03 4.4971E-04 4.2688E-04 227 229 234

60  7.5180E-04 1.7366E-04 1.4796E-04 235 235 2.61

80 3.7171E-04 8.6643E-05 7.3988E-05 245 242 241
ADER-DG P4Ps2 (u =« = 1077)

10 1.5539E-03 4.5965E-04 5.1665E-04

20  4.3993E-05 1.0872E-05 1.0222E-05 5.14 540  5.66

25  1.8146E-05 4.4276E-06 4.1469E-06 397  4.03  4.04

30  8.6060E-06 2.1233E-06  1.9387E-06  4.09  4.03  4.17
ADER-DG PsPs (u=«k = 107")

5 1.1638E-02  1.1638E-02  1.8898E-03

10 3.9653E-04 9.3717E-05 6.5319E-05 488  6.96  4.85

15 4.4638E-05 1.2572E-05 1.9056E-05 539  4.95 3.04

wou 2()  9.6136E-06 3.0120E-06 3.9881E-06 534 497 544
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Blasius Boundary Layer + Poiseille Flow
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Double Shear-Layer
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Double Shear-Layer
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* distorsion field component A,,
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3D Taylor-Green Vortex

M. Dumbser
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3D Taylor-Green Vortex
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Viscous heat-conducting shock
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Inviscid Orszag-Tang vortex
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VISCOUS & reS|st|ve Orszag-Tang vortex
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Blast wave problem
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General relativistic GPR model (4D form)
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s8/69  The GRGPR model requires only a rather minor modification of existing RHD codes!
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Oy (’T%D) + 0; {’;%D (m' — 5’)} =0

) (asj) + 0, h% (aS' — _,{-ia'f-sj)} _ 43 (505*@1% + 50,8 - Eajaf) — 0

toh—t

Oy (’;f%’r) + 0; {}% ( (5” D-z..-*"i) — T_I,s"_%i)} —
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815 a =0
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The structure of the kinematic equation for the geometric object A is exactly the same
as in the Newtonian limit! This is a rather remarkable property.

The GRGPR model requires only very minor modifications of existing RHD codes!

M. Dumbser
49 /69



Universita degli Studi di Trento High order ADER schemes for Newtonian
Laboratory of Applied Mathematics and general relativistic continuum physics

General relativistic GPR model
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General relativistic GPR model

- The GRGPR model is covariant and causal, with finite signal speeds for all processes,
including dissipative ones!

- The mathematical structure of the evolution equations for the distortion field A is
identical with the Newtonian equations, which is very remarkable!

- The formula for the 4D stress tensor is formally identical to the Newtonian formulal

- The GRGPR model describes elastic solids as well as viscous and inviscid fluids!

- In the asymptotic limit, the stress tensor of the GRGPR model tends to the viscous
stress tensor conjectured by Landau. Here, it is a result of the GRGPR model, it has
never been explicitly put into the model!
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General relativistic GPR model
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General relativistic GPR model
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General relativistic GPR model
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(the computational grid is Cartesian and fixed, of course).
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General relativistic GPR model
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55/69



Universita degli Studi di Trento High order ADER schemes for Newtonian
Laboratory of Applied Mathematics and general relativistic continuum physics

General relativistic GPR model

coarse grid

fine grid

05 0 05 1 15

M. Dumbser Inviscid Kelvin-Helmholtz instability. Ideal RHD equations.
56/ 69 Results are not grid independent.



Universita degli Studi di Trento High order ADER schemes for Newtonian
Laboratory of Applied Mathematics and general relativistic continuum physics

General relativistic GPR model

coarse grid

fine grid
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Viscous Kelvin-Helmholtz instability. New GRGPR model.
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57/69 Results are grid independent! Will allow DNS of viscous relativsitic flows.
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General relativistic GPR model

coarse grid

fine grid

Tos 0 0.5 1 1.5

Viscous Kelvin-Helmholtz instability. New GRGPR model.

M. Dumbser Contour colors of the distortion field component A,
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General relativistic GPR model
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In the stiff relaxation limit, we recover the ideal RHD equations.
Comparison with the exact solution of the RHD equations for some Riemann problems.
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General relativistic GPR model
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In the stiff relaxation limit, we recover the ideal RHD equations.
Comparison with the exact solution of the RHD equations for some Riemann problems.
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General relativistic GPR model
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In the stiff relaxation limit, we recover the ideal RHD equations.
Comparison with the exact solution of the RHD equations for some Riemann problems.
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General relativistic GPR model
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General relativistic GPR model
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M. Dumbser Accretion of a gas onto a black hole. GRGPR model in curved spacetime
63769 in the stiff relaxation limit. Comparison with RHD solution. Not trivial at all!
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General relativistic GPR model

2D Michel accretion in KSS coordinates — ADER-DG-Py
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% = 10 9.97E-05 7.00E-05 1.70E-04 6.54E-05 4.05 3.49 473 3.94 4
A ﬂ 16 1.36E-05 1.21E-05 1.81E-05 9.60E-06 4.24 3.74 478 4.08

20 5.06E-06 5.01E-06 7.23E-06 3.82E-06 4.42 394 4.10 4.13
-5 6 1.42E-04 6.76E-05 3.79E-04 9.78E-05 — — — —
% S 8 3.81E-05 2.12E-05 9.57E-05 2.65E-05 4.58 4.03 479 4.54 5
I )
-

12 5.65E-06 3.65E-06 1.25E-05 4.02E-06 4.71 4.34 5.03 4.65
16 1.39E-06 1.00E-06 2.88E-06 1.05E-06 4.86 4.48 5.09 4.68
-7 6 L8IE-05 1.02E-05 447E-05 1.24E-05 — — — —
= = 8 3.69E-06 2.62E-06 8.25E-06 2.60E-06 5.

o 33 474 387 SM
A ﬂ 10 1.05E-06 8.55E-07 2.03E-06 7.56E-07 5.65 5.02 6.29 5.54
12 3.56E-07 3.31E-07 6.20E-07 2.73E-07 592 5.21 6.49 35.59
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General relativistic GPR model
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-AE-05 -4E-05
-SE-05 -5E-05
-GE-05 -GE-05
-TE-05 -TE-05
Reference solution (linear elasticity, GRGPR model in
unstructured grid in Cartesian cylindrical coordiantes

coordinates)

Seismic wave propagation in (moving) curved coordinates or on general
manifolds is just a special case of the GRGPR model!

M-azt;r:;ser Here we use the Newtonian limit of the PDE to obtain a reference solution.
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General relativistic GPR model
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Seismic wave propagation in (moving) curved coordinates or on general
manifolds is just a special case of the GRGPR model,

M-Glzun;;ser thanks to general relativity! Here we use the Newtonian limit of the PDE.
/
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Conclusions

« New high order ADER-DG schemes with a posteriori subcell FV limiter

« First order hyperbolic model of Newtonian continuum physics with electro-
magnetic fields that covers both, fluid mechanics and solid mechanics,
including viscous Newtonian fluids as well as elastic and visco-plastic solids in
a single, universal formulation with finite wave speeds!

» Model formulation is based on the main work of Godunov and Romenski on
symmetric hyperbolic & thermodynamically compatible (SHTC) systems

» Formulated for the first time by Peshkov & Romenski in 2014 and solved
here numerically for the very first time.

« PDE system does not change type whether dissipative terms are present or not
- All dissipative processes have the same structure as the Ohm law

* First extension of the GPR model to the general relativistic framework.

* Next natural steps: introduction of heat conduction, bulk viscosity and
electromagnetic fields in the GR-GPR model.

M. Dumbser
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