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Definitions

“Dictionary”

Non-resistive: electric conductivity σE →∞ =⇒ “ideal” MHD

Resistive: electric conductivity 0 < σE <∞ =⇒ resistive MHD

Fluid-dynamical transport coefficients: ∼ λmfp mean free path
(as opposed to “thermodynamical” transport coefficients, see P. Kovtun’s talk)

Non-dissipative: all fluid-dynamical transport coefficients vanish
=⇒ “ideal” fluid dynamics

Dissipative: (some) fluid-dynamical transport coefficients non-zero
=⇒ dissipative/viscous fluid dynamics

Second-order dissipative: relaxation equations for dissipative currents

=⇒ successively reduce idealizing constraints:

Non-resistive, non-dissipative MHD

=⇒ Non-resistive, second-order dissipative MHD
G.S. Denicol, X.-G. Huang, E. Molnár, G.M. Monteiro, H. Niemi, J. Noronha, DHR,

Q. Wang, arXiv: 1804.05210

=⇒ Resistive, second-order dissipative MHD
G.S. Denicol, E. Molnár, H. Niemi, DHR, in preparation
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Particle current and energy-momentum tensor of the fluid

Single-component fluid of point-like particles with spin zero and mass m

Particle current and energy-momentum tensor of fluid

Nµf ≡
∫

dK kµ fk = nuµ + V µ

Tµν
f ≡

∫
dK kµkν fk = εuµuν − P∆µν + πµν

kµ = (k0, k) four-momentum of particles, k0 =
√
k2 + m2 on-shell energy

dK = d3 k/
[
(2π)3k0

]
fk single-particle distribution function in momentum space
uµ fluid four-velocity =⇒ taken to be energy flow (Landau frame), Tµν

f uν = εuµ

∆µν ≡ gµν − uµuν 3-space projector orthogonal to uµ

n ≡ Nµf uµ particle density in LRF, where Ek ≡ kµuµ particle energy in LRF
ε ≡ Tµν

f uµuν energy density in LRF
P ≡ − 1

3
Tµν

f ∆µν isotropic pressure

V µ ≡ N
〈µ〉
f particle diffusion current, where A〈µ〉 ≡ ∆µνAν

πµν ≡ ∆µν
αβT

αβ
f shear-stress tensor, where

∆µν
αβ ≡

1
2

(
∆µ
α∆ν

β + ∆µ
β∆ν

α

)
− 1

3
∆µν∆αβ rank-4 symmetric, traceless 3-space

projector orthogonal to uµ
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Conservation equations in MHD

Introduce electric charge of particles q

Charge current

Jµ ≡ qNµf = nuµ +Vµ

n ≡ qn charge density in LRF, Vµ ≡ qV µ charge diffusion current

Energy-momentum tensor of electromagnetic field

Tµν
em = −FµλF νλ +

1

4
gµνFαβFαβ

Conservation equations

∂µJ
µ = 0

∂νT
µν
f = FµνJν

∂νT
µν
em = −FµνJν

=⇒ ∂νT
µν = 0

Tµν = Tµν
f + Tµν

em total energy-momentum tensor
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Maxwell’s equations

Maxwell’s equations

∂µF
µν = Jν

∂µF̃
µν = 0

F̃µν = 1
2
εµναβFαβ dual field-strength tensor

Electric and magnetic field strengths

Fµν = Eµuν − Eνuµ + εµναβuαBβ

F̃µν = Bµuν − Bνuµ − εµναβuαEβ

Eµ ≡ Fµνuν electric field four-vector, Eµuµ = 0, EµLRF = (0,E)

Bµ ≡ F̃µνuν magnetic field four-vector, Bµuµ = 0, BµLRF = (0,B)

=⇒ for given charge current Jµ, Maxwell’s equations determine

the 2 × 3 = 6 independent components of Eµ, Bµ

=⇒ Since there are 5 conservation equations:

need 9 additional equations to determine all 14 components of Nµf , Tµν
f
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Non-resistive MHD

Assume electric conductivity σE →∞
=⇒ induced current Jµind ≡ σEE

µ needs to stay finite =⇒ Eµ → 0

=⇒ only magnetic field Bµ 6= 0

Introduce

bµ ≡ Bµ

B
, B ≡

√
−BµBµ =⇒ bµuµ = 0, bµbµ = −1

bµν ≡ −εµναβuαbβ ≡ −
Fµν

B
=⇒ bµνuµ = bµνuν = 0

Ξµν ≡ ∆µν + bµbν 2-space projector orthogonal to uµ and bµ =⇒ bµαbνα = Ξµν

Equation of motion for fluid energy

uµ∂νT
µν
f = −BbµνJνuµ = 0

=⇒ fluid energy is conserved!

Equation of motion for fluid momentum

∆α
µ∂νT

µν
f = −Bbαν(nuν +Vν) = −BbανVν

=⇒ fluid momentum changes only through coupling of B with Vµ!

=⇒ non-resistive, non-dissipative MHD: Vµ ≡ 0 =⇒ fluid & field evolution decouple!
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Relevant scales

Boltzmann equation

λmfp � `int

λmfp ∼ (σn)−1, σ cross section, n particle density

`int ∼
√
σ/π interaction length

Since n ∼ β−3
0 , where β0 ≡ 1/T thermal wavelength

=⇒ λmfp ∼ β3
0/`

2
int � `int =⇒ β0 � `int dilute limit

Magnetic field

RT ≡ (qBβ0)−1 � β0

RT Larmor radius for particle with electric charge q

and transverse momentum kT ≡ β−1
0 in magnetic

field B (“thermal Larmor radius”)

=⇒
√
qB � T weak-field limit =⇒ allows to neglect Landau quantization

=⇒ Ordering of scales

RT � β0 � `int

Define ξB ≡ λmfp/RT ≡ qBβ0λmfp =⇒ ξB ∼ (β0/`int)
2(β0/RT )

=⇒ study transport coefficients as function of ξB
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Relativistic Boltzmann equation in external magnetic field

In external electromagnetic field with field-strength tensor Fµν ,

single-particle distribution function fk satisfies:

Relativistic Boltzmann equation

kµ∂µfk + qFµνkν
∂

∂kµ
fk = C [fk]

Collision term

C [fk] =
1

2

∫
dK ′dPdP ′Wkk′→pp′

(
fpfp′ f̃k f̃k′ − fkfk′ f̃p f̃p′

)
f̃k ≡ 1− afk, with a = 0,±1 for Boltzmann, Fermi/Bose statistics

Transition rate satisfies Wkk′→pp′ = Wkk′→p′p = Wpp′→kk′
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Method of moments

DNMR: G.S. Denicol, H. Niemi, E. Molnár, DHR, PRD85 (2012) 114047

Expansion around local equilibrium

fk = f0k + δfk , f0k = [exp(β0Ek − α0) + a]−1

=⇒ write Boltzmann equation in the form

δḟk = −ḟ0k − E−1
k kν∇ν (f0k + δfk)− E−1

k qBb
µνkν

∂δfk
∂kµ

+ E−1
k C [f0k + δfk]

Ȧ ≡ uµ∂µA, ∇µ ≡ ∆ν
µ∂ν

Irreducible moments of δfk

ρµ1···µ`
r ≡

∫
dK E r

kk
〈µ1 · · · kµ`〉 δfk

A〈µ1···µ`〉 ≡ ∆µ1···µ`
ν1···ν` A

ν1···ν` , ∆µ1···µ`
ν1···ν` rank-2` generalization of ∆µν

αβ

Equations of motion for irreducible moments

ρ̇〈µ1···µ`〉
r ≡ ∆µ1···µ`

ν1···ν` u
µ∂µ

∫
dK E r

kk
〈ν1 · · · kν`〉 δfk
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14-moment approximation

Landau matching conditions

n ≡ n0 =
∫
dK Ek f0k =⇒ ρ1 = 0

ε = ε0 =
∫
dK E 2

k f0k =⇒ ρ2 = 0

Tµν
f uν = εuµ =⇒ ρµ1 = 0

Dissipative currents

V µ ≡ ρµ0 , πµν ≡ ρµν0 ,

and bulk viscous pressure

Π ≡ −m2

3
ρ0 ≡ P − P0

P0 = 1
3

∫
dK(E 2

k −m2)f0k thermodynamic pressure in local equilibrium

Thermodynamic integrals

Jnq ≡
1

(2q + 1)!!

∫
dK E n−2q

k (E 2
k −m2)q f0k f̃0k

Dnm = Jn+1,mJn−1,m − J2
nm

Gnm = Jn0Jm0 − Jn−1,0Jm+1,0

Truncation: 14-moment approximation

ρ
µ1···µ`
r ≡ 0 for ` ≥ 3

ρr −→ −
3

m2

Jr0D30 + Jr+1,0G23 + Jr+2,0D20

J00D20 + J30G23 + J40D10
Π

ρµr −→
Jr+2,1J41 − Jr+3,1J31

D31
V µ

ρµνr −→
Jr+2,2

J42
πµν
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Second-order equations of motion for dissipative currents

Bulk viscous pressure

τΠΠ̇ + Π = −ζθ − `ΠV ∇µVµ − τΠV Vµu̇
µ − δΠΠ Πθ − λΠV Vµ∇µα0 + λΠπ π

µνσµν

formally the same as in DNMR, note, however,

u̇µ =
1

ε0 + P0
[∇µP0 −∆µ

ν∂κπ
κν − Πu̇µ +∇µΠ− qB bµνVν ]

Particle diffusion current

τV V̇
〈µ〉 + V µ = κ∇µα0 − Vνω

νµ − δVV V µθ − `VΠ∇µΠ + `Vπ∆µν∇λπλν + τVΠ Πu̇µ

−τVπ πµν u̇ν − λVV Vνσ
µν + λVΠ Π∇µα0 − λVπ π

µν∇να0

−δVB qBbµνVν

Shear-stress tensor

τππ̇
〈µν〉 + πµν = 2ησµν + 2π

〈µ
λ ω ν〉λ − δππ πµνθ − τππ πλ〈µ σ ν〉λ + λπΠ Πσµν

−τπV V 〈µ u̇ ν〉 + `πV∇〈µV ν〉 + λπV V 〈µ∇ ν〉α0

−2δπB qBb
αβ∆µν

ακπ
κ
β
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Navier-Stokes approximation

keep only 1st order terms X.-G. Huang, A. Sedrakian, DHR, Annals Phys. 326 (2011) 3075

Π = −ζµν∂µuν
V µ = κµν∇να0

πµν = ηµναβσαβ

ζµν = ζ⊥Ξµν − ζ‖b
µbν − ζ×bµν

κµν = κ⊥Ξµν − κ‖b
µbν − κ×bµν

ηµναβ = 2η0 ∆µναβ + η1

(
∆µν − 3

2
Ξµν

) (
∆αβ − 3

2
Ξαβ

)
− 2η2

(
Ξµαbνbβ + Ξναbµbβ

)
−2η3

(
Ξµαbνβ + Ξναbµβ

)
+ 2η4

(
bµαbνbβ + bναbµbβ

)
for an alternative decomposition, see J. Hernandez, P. Kovtun, JHEP 1705 (2017) 001
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First-order transport coefficients (I)

Bulk viscosities

ζ× = 0

ζ⊥ = ζ‖ ≡ ζ

=⇒ Π = −ζθ as without magnetic field

=⇒ consequence of weak-field limit

For bulk viscosities in strong fields, see
K. Hattori, X. G. Huang, DHR, D. Satow, PRD 96 (2017) 094009

=⇒ in lowest-Landau-level approximation:

ζ⊥ � ζ‖ ∼ qBT
(mq

T

)2 1

g 2 ln(T/mq)
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First-order transport coefficients (II)

Particle-diffusion coefficients

κ‖ ≡ κ

κ⊥ = κ
[
1 + (qBδVB)2

]−1

κ× = κ⊥qBδVB

For massless Boltzmann gas
and constant cross section:

κ =
3λmfpn0

16

δVB =
15β0λmfp

16

=⇒

κ‖ =
3λmfpn0

16

κ⊥ =
48λmfpn0

256 + 225ξB 2

κ× =
45ξBλmfpn0

256 + 225ξB 2

ξB →∞: Hall diffusion coefficient

κ× →
λmfpn0

5ξB
≡ n0RT

5
becomes dissipationless!
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0.0

0.2

0.4
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1.0 κ⊥/κ‖

κ×/κ‖
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First-order transport coefficients (III)

Shear viscosities

η0 = η
[
1 + 4 (qBδπB)2

]−1

η1 =
16

3
η0 (qBδπB)2

η2 = 3η0 (qBδπB)2
[
1 + (qBδπB)2

]−1

η3 = η0 qBδπB

η4 = η qBδπB
[
1 + (qBδπB)2

]−1

For massless Boltzmann gas
and constant cross section:

η =
4λmfpP0

3

δπB =
β0λmfp

3

=⇒

η0 =
12λmfpP0

9 + 4ξB 2
, η1 =

64

9

ξB
2λmfpP0

9 + 4ξB 2

η2 =
36ξB

2λmfpP0

[9 + 4ξB 2][9 + ξB 2]

η3 =
4ξBλmfpP0

9 + 4ξB 2
, η4 =

4ξBλmfpP0

9 + ξB 2

ξB →∞ : η3 = η4/4→ λmfpP0/ξB ≡ P0RT

become dissipationless!
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Resistive MHD

Equation of motion for fluid energy

uµ∂νT
µν
f = −EµVµ

=⇒ fluid energy is gained due to acceleration of charges along electric field Eµ

=⇒ resistive, non-dissipative MHD: Vµ ≡ 0 =⇒ fluid energy is conserved!

Equation of motion for fluid momentum

∆α
µ∂νT

µν
f = nEα − BbανVν

=⇒ fluid momentum is gained due to acceleration of charges in direction of Eα

and due to cyclotron motion!

=⇒ resistive, non-dissipative MHD: Vµ ≡ 0 =⇒ fluid gains momentum!
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Second-order equations of motion for dissipative currents

Bulk viscous pressure

τΠΠ̇+Π = −ζθ−`ΠV ∇µVµ−τΠV Vµu̇
µ−δΠΠ Πθ−λΠV Vµ∇µα0+λΠπ π

µνσµν−δΠVE qE
µVµ

Particle diffusion current

τV V̇
〈µ〉 + V µ = κ∇µα0 − Vνω

νµ − δVV V µθ − `VΠ∇µΠ + `Vπ∆µν∇λπλν + τVΠ Πu̇µ

−τVπ πµν u̇ν − λVV Vνσ
µν + λVΠ Π∇µα0 − λVπ π

µν∇να0

−δVB qBbµνVν + δVE qE
µ + δVΠE qE

µΠ + δVπEqEνπ
µν

Note that κβ0 = δVE (=⇒ see J. Liao’s talk)

Induced current: Jµind ≡ qV
µ
ind ≡ δVEq

2Eµ ≡ σEE
µ

=⇒ Electrical conductivity: σE ≡ q2δVE ≡ q2κβ0 (Wiedemann-Franz law)

Shear-stress tensor

τππ̇
〈µν〉 + πµν = 2ησµν + 2π

〈µ
λ ω ν〉λ − δππ πµνθ − τππ πλ〈µ σ ν〉λ + λπΠ Πσµν

−τπV V 〈µ u̇ ν〉 + `πV∇〈µV ν〉 + λπV V 〈µ∇ ν〉α0

−2δπB qBb
αβ∆µν

ακπ
κ
β + δπVEqE

〈µV ν〉
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Conclusions and Outlook

considered single species of electrically charged, point-like particles with spin zero

derived equations of motion for relativistic, non-resistive and resistive, second-order
dissipative MHD from the Boltzmann equation, using method of moments in
14-moment approximation

identified new transport coefficients due to electromagnetic fields

computed first-order transport coefficients in constant magnetic field for massless
Boltzmann gas with constant cross section

confirmed (kinetic-theory version of) Wiedemann-Franz law for electric conductivity
and particle-diffusion coefficient

generalize beyond 14-moment approximation via resumming moments

consider particles and antiparticles (positively and negatively charged particles)

consider non-zero spin

=⇒ MHD with non-vanishing polarization, magnetization
=⇒ see P. Kovtun’s talk
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