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Definitions CRC’-TR}

“Dictionary”

o Non-resistive: electric conductivity cg -+ 00 = ‘“ideal” MHD
o Resistive: electric conductivity 0 < og < co = resistive MHD

o Fluid-dynamical transport coefficients: ~ A..¢, mean free path
(as opposed to “thermodynamical” transport coefficients, see P. Kovtun's talk)

o Non-dissipative: all fluid-dynamical transport coefficients vanish
—> ‘“ideal” fluid dynamics

o Dissipative: (some) fluid-dynamical transport coefficients non-zero
— dissipative/viscous fluid dynamics

o Second-order dissipative: relaxation equations for dissipative currents

—> successively reduce idealizing constraints:

Non-resistive, non-dissipative MHD

!

Non-resistive, second-order dissipative MHD

G.S. Denicol, X.-G. Huang, E. Molnar, G.M. Monteiro, H. Niemi, J. Noronha, DHR,
Q. Wang, arXiv: 1804.05210

— Resistive, second-order dissipative MHD

G.S. Denicol, E. Molnar, H. Niemi, DHR, in preparation
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Particle current and energy-momentum tensor of the fluid m:ﬁ

Single-component fluid of point-like particles with spin zero and mass m

Particle current and energy-momentum tensor of fluid

NE = /de“fk:nu“—l—V“

pv
Tf

/de“k"ﬂ(:su”u”—PA‘“'—i—ﬂ"“’

k" = (k° k) four-momentum of particles, k® = v/k2 + m? on-shell energy
dK = d*k/ [(27)*k°]
fx single-particle distribution function in momentum space
u* fluid four-velocity == taken to be energy flow (Landau frame), T/ u, = eu*
AP = gt” — u*u¥ 3-space projector orthogonal to u*
n = NFu, particle density in LRF, where Ex = k*u,, particle energy in LRF
e = T} upu, energy density in LRF
— 1

v ; ;
= —3T;"A,. isotropic pressure

VH = Nf<“> particle diffusion current, where Al = APV A
T = AL TP shear-stress tensor, where

AP =1 (AQAE + A’H‘Ag) — A" Ayp rank-4 symmetric, traceless 3-space

© 0 © © 06 06 06 06 0 o

afB = 2
projector orthogonal to u*
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Introduce electric charge of particles g

Charge current

I =q N =nut + D

o 11 = qn charge density in LRF, 0" = qV* charge diffusion current

Energy-momentum tensor of electromagnetic field

T8 = —FF + 26 F*Fap

Conservation equations

93" =0
aTH = FM3,
0. Tk = —F"3,
= 0, T"" = 0

o THY = TH + TLY total energy-momentum tensor
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Maxwell's equations

O F"” 3
O F*™ = 0

o F = 1em*PF, 5 dual field-strength tensor

Electric and magnetic field strengths

F* = EMu” — E"u* + P uaBs
FW = BMyY — B u* —e’“’aﬂuaEg

o EF = F""u, electric field four-vector, E*u, =0, E/,- = (0, E)

o B" = F""u, magnetic field four-vector, B"u, = 0, B/, = (0, B)

=

=

for given charge current 3", Maxwell's equations determine
the 2 X 3 = 6 independent components of E*, B
Since there are 5 conservation equations:

need 9 additional equations to determine all 14 components of N, T}
Dirk H. Rischke
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Assume electric conductivity o — co

= induced current 3/, , = og E" needs to stay finite =— E* — 0
= only magnetic field B #0

Introduce
n
o b= %, B=.,-B*B, =— b'u,=0, b'b, =-1
v
o b = —e"Py,bs = — 5 = b" uy = b"u, =0

o =M = AP 4 b"b” 2-space projector orthogonal to u* and b =— bI“b", = ="

Equation of motion for fluid energy

u, 0, TH = —Bb"3,u, =0

—> fluid energy is conserved!

Equation of motion for fluid momentum

ASH, TH = —Bb* (nu, +V,) = —Bb™D,

= fluid momentum changes only through coupling of B with V"1
= non-resistive, non-dissipative MHD: V¥ =0 = fluid & field evolution decouple!
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Boltzmann equation 0 Amip ~ (on)™!, o cross section, n particle density

Amtp > int o ling ~ /0 /7 interaction length

Since n ~ 50_3- where 8o =1/ T thermal wavelength
= Amip ~ B3/t > i = Po > liny dilute limit

o Ryt Larmor radius for particle with electric charge g

Magnetic field

and transverse momentum kr = ,80_1 in magnetic

— =1
Rr = (aBf) "> fo field B (“thermal Larmor radius”)

= /9B <« T weak-field limit == allows to neglect Landau quantization

Ordering of scales

Rt > Bo > ling

Define  ¢p = \to/Rr = aBBomep | = &~ (Bo/tm)*(Bo/Rr)

—> study transport coefficients as function of g
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cnc’-m}

In external electromagnetic field with field-strength tensor F*",
single-particle distribution function # satisfies:

Relativistic Boltzmann equation

n vy 9
k"8, f + aF kakﬂﬁ( CIA]

Collision term

Clhl = / dK' dPdP' Wigs—pps (fpf,,/ﬁ(ﬁa — fkfklﬁ,ﬁﬂ)

o fi =1 — afy, with a = 0, +1 for Boltzmann, Fermi/Bose statistics
o Transition rate satisfies Wi/ —ppr = Whir—pp = Wepr—kks
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DNMR: G.S. Denicol, H. Niemi, E. Molndr, DHR, PRD85 (2012) 114047
Expansion around local equilibrium

fo = fox + Ofc ,  fox = [exp(BoEi — o) + a]

= write Boltzmann equation in the form

061

Sf = —fo — B k' V¥ (fox + 0fc) — B aBb ky e

+ E¢ ' C [fox + 0fi]

o A= u"d,A YV, =A%,

Irreducible moments of df

phrre = /dK Ek'k(m .ol ko) Sfe

o Almme) = ABLISEAT Ve ALLTE rank-2( generalization of AR

Equations of motion for irreducible moments

pﬁ“ ) — = BELT Mz u"d, /dKE K ke s
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Landau matching conditions

OnEno:deEkfbk = p1:0
oe=¢c=[dKEfxx = p=0
o THu, =eut = pi'=0

Dissipative currents

o= B pY — AV
VE = py, ™ = py”,
and bulk viscous pressure

=—Zp=P-P

©

Py = %de(Ek2 — m*)fu thermodynamic pressure in local equilibrium

Thermodynamic integrals

n—2q q
an_m/dKE (Ek—m)ﬁ)kﬂ)k

Truncation: 14-moment approximation

vrke =0 for £ > 3
3 JroDso + Jr11,0G23 + Jri2,0D20

o pt

r—> —
°r m?  JooDa2o + J30Goz + JagD1o

Jri2,1da1 —
Ds;
Jr+2,2 ﬂ'l“l

Jry3 13
O pl: r+3, V,LL

° pfY — Iia
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Bulk viscous pressure

4N = —¢0 — lny V*V,, — v Vi — dnn N0 — Any V.V a0 4 Anx 770

formally the same as in DNMR, note, however,

1
M= PPy — AL — Na* M — gB bV,
u €0+P0[V 0) L ORT at+v q ]
Particle diffusion current
TV \'/(N) + V¥ = gV'ao— VL™ —dw VHO — ynVHIT + fv,rA‘w/VAﬂ',i\ + 7y MNa*
—Tve ™0, — Aw Vo™ + Avn NV g — Ave 77 Vo
—dvs 9Bb""V,

Shear-stress tensor

T T = 2ot 4 27r§”w">)‘ — O T — T 0‘;\/) + Arn Mo™”
—Trv V(M HV> + fﬂ—vvm VV> + Arv V<”V”)a0
26,5 9Bb*" AR 7
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keep only 1st order terms  X.-G. Huang, A. Sedrakian, DHR, Annals Phys. 326 (2011) 3075

n = —¢"ouu
vV = kMV,a0
T nuvaﬂ Oop

0 (MY = CLEM = bHbY = (x b

0 KM =Kk ZM — K bHbY — Ky bHY

o el = 2mo ARYaB gy (ARY — 3=1v) (ASB — 3Z08) — 2, (ZH b bP 4 =0 bl b
—2n3 (2 bVF + =V biB) 2y (b b” bY + b7 bH bY)

for an alternative decomposition, see J. Hernandez, P. Kovtun, JHEP 1705 (2017) 001
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Bulk viscosities

= [1 = —(0 as without magnetic field

—> consequence of weak-field limit

For bulk viscosities in strong fields, see
K. Hattori, X. G. Huang, DHR, D. Satow, PRD 96 (2017) 094009

—> in lowest-Landau-level approximation:

Mo\ 2 1
(L < ¢ ~aBT () g2In(T/mq) J
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Particle-diffusion coefficients

For massless Boltzmann gas
and constant cross section:

Gy = & 3o
-1 = e—
= 1+ (9Bdvs)? 16
K1 K [ (aBdve) ] o LA
Kx = K19Bdvs Ve = 16
_ 3)\mfpno T T T
S T .
— KL = _48>‘mfpn0 e B
256 + 225¢52
458 Amipno )
Kx = =z o E o
256 + 225¢52 |
&g — oo: Hall diffusion coefficient "7 F N\ el )
)\mfpno _ noRT ------- T
Kx — 5¢s = 5 15 20

becomes dissipationless!
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First-order transport coefficients (I11) m:ﬁ

Shear viscosities

—1
n = N [1 4 4(qB5wB)2] For massless Boltzmann gas
and constant cross section:
mo= 3 (9BoxB) AP
L R 6.5 = BoAmep
n = 10 9Bérs 4 3
1
m = 19Bése 1+ (9B0rs)’]
14l ]
_ 12 Po _ 6j 532)\mpr0 12+ T — /1
T 9rag? 0 M T 9 942 i
= _ 36£6° Amtp Po
BT ot 4o + &7
S 4 Amip Po e = 4 Amip Po
94 462 7 9+ €52

58 — 00 M3 = 774/4 — AmprO/fB = PORT
become dissipationless!
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Equation of motion for fluid energy

u,0, TH = —E"D,

— fluid energy is gained due to acceleration of charges along electric field E/

= resistive, non-dissipative MHD: V" =0 = fluid energy is conserved!

Equation of motion for fluid momentum

ASH, TH =nE® — Bb™D,

—> fluid momentum is gained due to acceleration of charges in direction of E
and due to cyclotron motion!

—> resistive, non-dissipative MHD: V" =0 =— fluid gains momentum!
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Bulk viscous pressure

Tnﬁ-i—ﬂ = —(CO0—Lnv v VH—Tnv VNL'IH—(Snn MNo—Anv VMV“ao—l—)\nﬂ TFMVJMV—(SHVE QEP‘ VM

Particle diffusion current
TV \./<“> + V¢ = I‘évuao = V,,wy‘u — v Ve — évnvun + fv,rAw/V)\Tr,i\ + Tvn Ma*
—Tve ™0, — Ay Voo + Avn NV a0 — Ave Vo

—0ve 9Bb" 'V, + dve QE" + Svne 9E" N + v reqE, 7"

Note that k8o = dve (= see J. Liao’s talk)
Induced current: 3/ | = qVi¥, = 0ve’EN = ogEV

== Electrical conductivity: ¢ = 9°0ve = 9°s80  (Wiedemann-Franz law)

Shear-stress tensor

Tt L = 2not’ + 27r§‘”w">>‘  Sr O — T N 0’;\’> + Aen Mo™”

— 7y VO 4 0 VE VY 0 VEY
—26,:84Bb™ ALY + SrveqE VY
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Conclusions and Outlook cnm

o considered single species of electrically charged, point-like particles with spin zero

o derived equations of motion for relativistic, non-resistive and resistive, second-order
dissipative MHD from the Boltzmann equation, using method of moments in
14-moment approximation

o identified new transport coefficients due to electromagnetic fields

o computed first-order transport coefficients in constant magnetic field for massless
Boltzmann gas with constant cross section

o confirmed (kinetic-theory version of) Wiedemann-Franz law for electric conductivity
and particle-diffusion coefficient

o generalize beyond 14-moment approximation via resumming moments
o consider particles and antiparticles (positively and negatively charged particles)
o consider non-zero spin

=—> MHD with non-vanishing polarization, magnetization
=> see P. Kovtun's talk

Dirk H. Rischke 2nd order dissipative MHD



