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Stochastic Hydrodynamics

TH = TH + v 4 =0

=H(x) is a stochastic field in space-time

» Addition of =#(x) makes each hydro variable i.e, €, u* and
mHY stochastic, instead of being deterministic

» To determine correlation function : (=*(x1)=*?(x2))

» (=M) = 0 = averages of all quantities that depend linearly
on =" are 0
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Theory of hydrodynamic fluctuations [iandau, Lifshitz, Stat Phys Vol 2]

» Consider the set of equations

Xa - - Z’}/abxb + Ya
a

Xp are “driving” forces, y, are random fluctuations

P> Rate of change of entropy
$= -3 1,
a

> As the probability of fluctuating variables are e

(Ya(t1)yp(t2)) = (7ab + Vpa)o(t1 — t2)
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» For a fluid, entropy flux:
SH = sut
» This implies

ds

S 1
dt :/d3X 7T/’L |:2_I_(VMUV+VUUH)

> Identify

vis?

1
X.l — 7T'LW Xl — —ﬁ(vuuy + Vl/u/,L)AV

(ZM(x1)=*P(x2)) = 29T [(Mawﬁ + AR AT

— iA’“’AO"B} 5*(x1 — x2)
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Fluctuations in a static fluid

» For a fluid with one spatial dimension
T =vsAPO, =M = —wfAFM (v =)
» Auto-correlations of fluctuations :
(F(11,20) (12, 2)) = 226(t — ) (en — 2)

» Express hydro variables as:
e=co+de, u'=uf+out = T =T +6T"

» The two equations for de and du” are :

0de oou?

E-FWO 97 =0
W85“z+@—us@+wg:0
0"t 0z 07922 09z
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Solution for the fluctuations

» Define Fourier transformed variables:

dwdk _; Ny
Se(t, z) = ﬁge_’me_’kz de(w, k)
dwdk _; G
Su*(t,z) = ﬁge_’me_’kz Su?(w, k)

» The solution of Fourier transformed variables are

= wo k27?
w? — c2k? + iak’w
~ wkf
Sz =
! c2k? — w? — iak?w’

vsy

where o = o
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Equal time correlations

» Two-point correlators of energy fluctuations,

2T ; ;
(0e(t1, 21)0¢(t2, 22)) = (;i”)j) / dwdk  e(ti—t)g=ik(z—2)
T
k4
(w? — cs?k?)2 + a2k*w?

» Equal time correlations

/OO dw o
oo (W2 — cs2k2)2 + a2k%w? a2kt

(0e(t, z1)d€(t, 22)) = ngz_od(zl - 22)

S

P> At equal times, there are no long range correlations.
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Solution: Temporal Correlations

» for unequal times :

T dk . N
(0€(ty, z1)0€(tp, 22)) = oWo o ikAz g— AL

c2 27
At ((k k2 At ((k
[cos( tg( )) + ?(k)sin( tg( ))
where (k) = \/4c2k? — a?k*
2a
> At large k, the integrand — e *AZe™ 3 = 0 fn at

Az =0.
» In the limit that v — O,

Towo

(0e(t1, 21)0¢(t2, 22)) — —
2c?

0(Az—csAt)+6(Az+csAt)
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Correlations in static
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> viscosity 'broadens' and dampens the correlations over space and

time.
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Correlations in Bjorken expansion

[Kapusta, Muller, Stephanov, PRC 85,054906(2012)]

> After adding fluctuations,

€= 60(7-) + 5€(Ta n)a ut = (1> 0) + (Oa 6””)

>
dEo . 1 - ﬂ&
dr T(€0+P0 m0), 70 = 3,
» Linearised hydrodynamic evolution,
887_(756) + ;(TZ/{()(SU”) ==V,
0 o [0V
il mae 2 (Z22) = 9 n
aT(TZ/{o(SU )—I— o < - ) U u",

where Up(T) = wy — o, 6V(n,T) = dp + 7257
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Singular part of the correlators

» Work in Fourier coordinates,

/ I e m k) £ K)

X(0.7)Y (7)) = = / dT/LV/va(n—n/:m’)-

AJ_ /3 3SWO(T)

dk
GXY(H—T]/;T,T/)Z/ 5 e =) Gy (k; 7, 7'),
o 2T

éxy(k; ,7) = Gx(k; 7,7) éy(—k; 7,7)
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Singular part

» Denoting p = 3de/(4ep) and w = Tu"

>
é}jipng(k; 7,7') = (a1k® + b1) + (a2k® + by) cos(2¢svk)
+ a3k2k+b3 sin(2¢csvk).
>
Gsve(k; 7, 7') = dik + dak cos(2csvk) + (dsk® + da) sin(2¢s7vk),
>

G (ki 7, 7') = (Wak® + wa) + (wsk® + wa) cos(2¢s7k)

k2
+ <W5k+W6> sin(2¢csvk),
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Singular and regular part of correlators
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Using 79 = .15 fm, To = 600MeV, 7+ = 10 fm
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Hydrodynamic freeze-out [ cooper, G Frye, PRD 10,186(1974)]

» Hydrodynamics continued till T(7) falls below a certain value

» The number of particles formed from each fluid cell are:

dN,
S = a3, p" 0(6.p)dste
a2p, dy /Zf u P 0(6.p)dsts(x, p),

where f5(x, p) = Exp[— p)] and y = I/Og(Eﬂ) )-
» In Bjorken,

dNs  doAr ) - cosh(ym
d h d cosh(y—n—w)m, /T
&y~ 2n) / ncosh(y—n)x / pimie :
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Rapidity correlation

» The correlator may be separated as:
dNg _ <st> +6<st>
dy dy /o dy
» The rapidity correlator:

<5st5st>: > [ [dndzmFr(dytntaCot)

dy; dy» XY

where Cxy are the correlators (X(7¢,m)Y (7, m2))

Fo Fu
2
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0.5 =]
-2
.

-4 -2 2 4
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Correlator in Bjorken

AT T T T T T T T T
T,=600 MeV, 1, =0.15 fm, t=10 fm

— - K(An) [Regular] _]
n/s =0.08 — - K(An) [Singular]
I — K(An) [Total]

K(An)
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Chapman-Enskog hydrodynamics

» Boltzmann Eq. in relaxation-time approximation,

of
POuf = —(u-p)2,

TR is the relaxation time.

» Solve perturbatively assuming small relaxation time 7g.

» To first- and second-order in derivatives,

5FD) = — & pr9 Lo,
u-p

2 _ "R vy (TR
3 = T pp aﬂ(u_payfeq).
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Equations of shear stress tensor

P> Relaxation type equation:

T = Agg / dp p®p” &6

THY

i) 4 = —/dpp“pl’p7vfyf

TR

» Second-order equation for w#,

T
= 280"+ 27T’<Yp«wl’>7_ gt — vy,

()
T Tr 77 3

where w" = (V#u” — VYu")/2 and B, = 4P/5.
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Second-order entropy four-current

» Boltzmann’'s H-theorem,

St = /dpp“f(log f—1)

» Use perturbative solution of f(x, p)

» Second-order entropy,

St = syt — f—;u"waﬂﬂag

where 8, = 1/20;.
» Using 0, 5",

dS 3 T
@]
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Fluctuation-dissipation relation

» In analogy to
S = - ZXaXaa Xa = _’YabXb + Ya
a

> Identify

Xy —mH

1
Xa — — 7 [V“ul, — ,327]'“” — 52)\7r971'm,] AV = Xlﬂ’

o — 77#1/046 Xop + e

m , 5 10 v
w = 2y | = B g o 2l — By o
4
— 2B
3527T 9}
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Constraints on /8

> Symmetries of 7 : HeB — qruaB AHeB — o gnd
waB o —
~ Uy, :

» Identification of X, is not unique: X, — X, + H,,, keeps
dS/dt invariant, if H,, is orthogonal to 7.

» To obtain an autocorrelation which is insensitive to such
transformations, y#/@8 = ~y#vBa AEYY — o and 4By, = 0.
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Fluctuation-dissipation relation  [c.c ks Bhalerao, Subrata Pal (ariv:

1711.10759)(accepted in PRC)]

> fyl‘”aﬁ consistent with the constraints:

+ 27 AR WS AP )

» Correspondingly one obtains the noise autocorrelation:
v y 5
(6 (x)§°(x')) =dm, T (&40 = 2y Al S A1
5
2 pangin o

+w— terms) 5*(x — X))
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Noise in MIS theory: A simpler case

» Entropy four-current is same as before,

dt
» Evolution equation for shear tensor(9,S" > 0)

W= 2, [0 = Bt — BoAn]

7MV&6 _ 277‘/ TA“VQ'B
(€ ()€ () = A, TAR 53(x ).
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White noise vs Colored noise

» In the Navier-Stokes theory,
TH = Ti’;V + ot 4 = g = 2n, o
» Local auto-correlation function for =" (x1)

» In higher order theories,

TH = T + 7 + =W, gl = 7ot + 2n,0M 4 ...
» In the CE equation

) 1 10
=(w) T (mpy ey = {p )y oy =
= p (= &) - =y o A =0,
For MIS,
=) _ _i (SH — €M) — A\ =M
Tr
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Numerical Application: Back to Bjorken!

» Linearization of the problem independent fluctuating
component, d, reads

O6m  om _1 [ngm N 43n

or T Tx s
- )\7r ((90(57T + (5(97T0)

(5059 + 5500):|

» Autocorrelation function

<€7777(7777-)€TI17(77/’ 7_/)> :877‘/3(;11—%(7—) []_ — ./45277'0]

x 6(r—7")o(n—1n').
A =0 in MIS and 5/7 in CE theory.

Chandrodoy Chattopadhyay ECT* Workshop 26



Cooper-Frye freezeout

>

dN g
E— = d¥,.p'f
d3p (271—)3/2 ,up (X>p)7

» Include viscous corrections in f(x, p) = fuq(x, p) + fis(x, p),

P! p" T
fois = feq 2(67—}- ,D) T2

» Linearized fluctuations:
§F =0fuq + Ko [Meq T 4 (fig)o 5T

5T e+ 6p
— (Fa)o " (25— + >
(fea)o o ( To e +po }
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Rapidity Correlators

» The fluctuating parts can be expressed as

dN  greT3A 5T (n)
& G Jenlzer -0,
+ Fuly = o o) + Foly =) )]

> Two particle-rapidity correlators:

3
(35 15m) = [ES] fom [
dyir dy>

x> Fx(n —m)Fy(y2 — 1)
F8Y%

x (X(m)Y(m2))
Here (X,Y) = (6T, du", om)
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Results: Correlators at Freeze-out

N

MIS: n /s = 0.08 — STST

-—-&d' o
8T &'
-+ 8 dm (x10)
3T én (x10) |

- o' o (x10)

N
LA o s

(e}
—
;
W
{
[y

(8(dN/dy,) 8(dN/dy, ), x10°
[N}

6 4 2 0 2 4 6

Ay

> Ty =550MeV, 70 =0.2fm/c, Tr =150MeV.
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Results: Two particle rapidity correlations

(8(dN/dy,) 8(dN/dy,)/(dN/dy) x10’

N
4 L

T0=550 MeV, 1020.2 fm/c, Tf:150 MeV
F\
F EOS: P =¢/3
N\
3 \ Noise (Backg)

—— NS (Ideal)
— NS (/5=0.08)

[ — — MIS (Ideal)
3 — MIS (/s =0.08)
i CE (Ideal)
s CE (/s=0.08)
oF
Lo o b v v b v b v by by o
0 1 2 3 4 5 6

Ay
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Results: Using Lattice EOS

6 ]
'\ T,=378 MeV, 1,=0.2 fm/c, T,=150 MeV 3
L\ 4
M‘E 5-_ \\ Lattice EOS -
= ]
-~ E ]
!?* 4 - Noise (Backg) -
% L — — NS (Ideal) 4
< [ — NS (m/s=0.08) ]
/Q\. 3r — — MIS (Ideal) ]
I — MIS (/s=0.08) ]
-\%/ b CE  (Ideal) .
& “f CE (m/s=008) 1
= T ]
z I ]
E - 4
< I ]
oF S ]
S I S T T T

0 1 2 3 4 5

Ay
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Summary and Future Work

» Obtained analytical solutions for thermal correlations in static
fluid.

» Analyzed the effects of the thermal correlations in expanding
medium on particle spectra.

» Derived fluctuation-dissipation relation in higher-order
theories.

» Ongoing work:
» Developed (1+1)D linearised hydro code and studied thermal
fluctuations in this setup.

» Study the effects of bulk viscosity on fluctuations.
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