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Stochastic Hydrodynamics

I
Tµν = Tµν

id + πµν + Ξµν

Ξµν(x) is a stochastic field in space-time

I Addition of Ξµν(x) makes each hydro variable i.e, ε, uµ and
πµν stochastic, instead of being deterministic

I To determine correlation function : 〈Ξµν(x1)Ξαβ(x2)〉

I 〈Ξµν〉 = 0 =⇒ averages of all quantities that depend linearly
on Ξµν are 0
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Theory of hydrodynamic fluctuations [Landau, Lifshitz, Stat Phys Vol 2]

I Consider the set of equations

ẋa = −
∑
a

γabXb + ya

Xb are “driving” forces, ya are random fluctuations

I Rate of change of entropy

Ṡ = −
∑
a

ẋaXa

I As the probability of fluctuating variables are eS

〈ya(t1)yb(t2)〉 = (γab + γba)δ(t1 − t2)
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I For a fluid, entropy flux:

Sµ = suµ

I This implies

dS

dt
=

∫
d3x πµν

[
1

2T
(∇µuν +∇νuµ)

]
I Identify

ẋ1 −→ πµνvis , X1 −→ −
1

2T
(∇µuν +∇νuµ)∆V

I

〈Ξµν(x1)Ξαβ(x2)〉 = 2ηT

[
(∆µα∆νβ + ∆µβ∆να)

− 2

3
∆µν∆αβ

]
δ4(x1− x2)
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Fluctuations in a static fluid

I For a fluid with one spatial dimension

πµν = νs∆µνθ, Ξµν = −wf ∆µν , (ν ≡ 4η

3s
)

I Auto-correlations of fluctuations :

〈f (t1, z1) f (t2, z2)〉 =
2ν

w
δ(t1 − t2)δ(z1 − z2)

I Express hydro variables as:

ε = ε0 + δε, uµ = uµ0 + δuµ =⇒ Tµν = Tµν
0 + δTµν

I The two equations for δε and δuz are :

∂δε

∂t
+ w0

∂δuz

∂z
= 0

w0
∂δuz

∂t
+
∂δp

∂z
− νs0

∂2δuz

∂z2
+ w0

∂f

∂z
= 0
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Solution for the fluctuations

I Define Fourier transformed variables:

δε(t, z) =

∫
dω

2π

dk

2π
e−iωte−ikz δ̃ε(ω, k)

δuz(t, z) =

∫
dω

2π

dk

2π
e−iωte−ikz ˜δuz(ω, k)

I The solution of Fourier transformed variables are

δ̃ε =
w0 k

2 f̃

ω2 − c2
s k

2 + iαk2ω

˜δuz =
ωkf̃

c2
s k

2 − ω2 − iαk2ω
,

where α = νs0
w0
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Equal time correlations

I Two-point correlators of energy fluctuations,

〈δε(t1, z1)δε(t2, z2)〉 =
2T0νs0

(2π)2

∫
dωdk e iω(t1−t2)e−ik(z1−z2)

k4

(ω2 − cs2k2)2 + α2k4ω2

I Equal time correlations ,∫ ∞
−∞

dω

(ω2 − cs2k2)2 + α2k4ω2
=

π

α c2
s k

4

I

〈δε(t, z1)δε(t, z2)〉 =
w0T0

c2
s

δ(z1 − z2)

I At equal times, there are no long range correlations.
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Solution: Temporal Correlations

I for unequal times :

〈δε(t1, z1)δε(t2, z2)〉 =
T0w0

c2
s

∫
dk

2π
e−ik∆ze−

αk2∆t
2[

cos(
∆t ζ(k)

2
) +

αk2

ζ(k)
sin(

∆t ζ(k)

2
)

]
where ζ(k) =

√
4c2

s k
2 − α2k4

I At large k , the integrand −→ e−ik∆ze−
c2
s ∆t

α =⇒ δ fn at
∆z = 0.

I In the limit that ν −→ 0,

〈δε(t1, z1)δε(t2, z2)〉 −→ T0w0

2c2
s

[
δ(∆z−cs∆t)+δ(∆z+cs∆t)

]
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Correlations in static fluid

-4 -2 0 2 4

 ∆z (fm)

0

1

2

3

4

5

〈
δ
e
(t

1
,z

1
) 

 δ
e
(t

2
,z

2
) 

〉

 ∆t = 0.4 fm
 ∆t = 0.8 fm
 ∆t = 1.6 fm
 ∆t = 2.4 fm
 ∆t = 4.0 fm

I viscosity ’broadens’ and dampens the correlations over space and
time.
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Correlations in Bjorken expansion
[Kapusta, Muller, Stephanov, PRC 85,054906(2012)]

I After adding fluctuations,

ε = ε0(τ) + δε(τ, η), uµ = (1, 0) + (0, δuη)

I

dε0

dτ
= −1

τ
(ε0 + p0 − π0) , π0 =

4

3

ηv
τ

I Linearised hydrodynamic evolution,

∂

∂τ
(τδε) +

∂

∂η
(τU0δu

η) = −δV,

∂

∂τ
(τU0δu

η) +
∂

∂η

(
δV
τ

)
= −2U0δu

η,

where U0(τ) ≡ w0 − π0, δV(η, τ) ≡ δp + τ2δπ′ηη
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Singular part of the correlators

I Work in Fourier coordinates,

X̃ (τ, k) = −
∫ τ

τ0

dτ ′

τ ′
G̃X (τ ′, τ, k) f (τ ′, k)

I

〈X (η, τ)Y (η′, τ)〉 =
2

A⊥

∫ τ

τ0

dτ ′

τ ′3
4ηv

3sw0(τ ′)
GXY (η − η′; τ, τ ′).

I

GXY (η − η′; τ, τ ′) =

∫ ∞
−∞

d k

2π
e ik(η−η′) G̃XY (k ; τ, τ ′),

G̃XY (k ; τ, τ ′) ≡ G̃X (k ; τ, τ ′) G̃Y (−k; τ, τ ′)
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Singular part

I Denoting ρ ≡ 3δe/(4e0) and ω ≡ τδuη

I

G̃ sing
ρρ (k ; τ, τ ′) = (a1k

2 + b1) + (a2k
2 + b2) cos(2csγk)

+
a3k

2 + b3

k
sin(2csγk).

I

G̃ sing
ρω (k ; τ, τ ′) = d1k + d2k cos(2csγk) + (d3k

2 + d4) sin(2csγk),

I

G̃ sing
ωω (k; τ, τ ′) = (w1k

2 + w2) + (w3k
2 + w4) cos(2csγk)

+

(
w5k

2 + w6

k

)
sin(2csγk),
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Singular and regular part of correlators
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Hydrodynamic freeze-out [F.Cooper, G.Frye, PRD 10,186(1974)]

I Hydrodynamics continued till T (τ) falls below a certain value.

I The number of particles formed from each fluid cell are:

dNs

d2p⊥dy
=

∫
∑

f

d3Σµ p
µ θ(σ̂.p)ds fs(x , p),

where fs(x , p) = Exp[− (u.p)
T ] and y = 1

2 log(E+pz

E−pz ).

I In Bjorken,

dNs

dy
=

dsAτf
(2π)3

∫
dηcosh(y−η)×

∫
d2p⊥m⊥e

−cosh(y−η−ω)m⊥/T ,
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Rapidity correlation

I The correlator may be separated as:

dNs

dy
=

〈
dNs

dy

〉
0

+ δ

(
dNs

dy

)
I The rapidity correlator:〈

δ
dNs

dy1
δ
dNs

dy2

〉
=

∑
X ,Y=ρ,ω

∫ ∫
dη dz FX (y)FY (∆y+η+z)CXY (z)

where CXY are the correlators 〈X (τf , η1)Y (τf , η2)〉
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Correlator in Bjorken
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Chapman-Enskog hydrodynamics

I Boltzmann Eq. in relaxation-time approximation,

pµ∂µf = −(u · p)
δf

τR
,

τR is the relaxation time.

I Solve perturbatively assuming small relaxation time τR .

I To first- and second-order in derivatives,

δf (1) = − τR
u ·p

pµ∂µfeq,

δf (2) =
τR
u ·p

pµpν∂µ
( τR
u ·p

∂ν feq
)
.
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Equations of shear stress tensor

I Relaxation type equation:

πµν = ∆µν
αβ

∫
dp pαpβ δf

π̇〈µν〉+
πµν

τR
= −

∫
dppµpνpγ∇γf

I Second-order equation for πµν ,

π̇〈µν〉+
πµν

τπ
= 2βπσ

µν+ 2π〈µγ ω
ν〉γ− 10

7
π〈µγ σ

ν〉γ− 4

3
πµνθ,

where ωµν ≡ (∇µuν −∇νuµ)/2 and βπ = 4P/5.
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Second-order entropy four-current

I Boltzmann’s H-theorem,

Sµ =

∫
dppµf (log f − 1)

I Use perturbative solution of f (x , p)

I Second-order entropy,

Sµ = suµ − β2

2T
uµπαβπαβ

where β2 = 1/2βπ.

I Using ∂µS
µ,

dS

dt
=

∫
d3x

πµν

T
[∇µuν − β2π̇µν − β2λπθπµν ] .
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Fluctuation-dissipation relation

I In analogy to

Ṡ = −
∑
a

ẋaXa, ẋa = −γabXb + ya

I Identify

ẋa →πµν

Xa →−
1

T
[∇µuν − β2π̇µν − β2λπθπµν ] ∆V ≡ Xµν

I

πµν = −γµναβXαβ + ξµν

πµν = 2ηv
[
− β2π̇

〈µν〉 + σµν+ 2β2π
〈µ
γ ω

ν〉γ− β2
10

7
π〈µγ σ

ν〉γ

− 4

3
β2π

µνθ
]
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Constraints on γµναβ

I Symmetries of πµν : γµναβ = γνµαβ , γµαβµ = 0, and
γµναβuµ = 0.

I Identification of Xµν is not unique: Xµν → Xµν + Hµν , keeps
dS/dt invariant, if Hµν is orthogonal to πµν .

I To obtain an autocorrelation which is insensitive to such
transformations, γµναβ = γµνβα, γµναα = 0, and γµναβuα = 0.
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Fluctuation-dissipation relation [C.C., R.S. Bhalerao, Subrata Pal (arXiv:

1711.10759)(accepted in PRC)]

I γµναβ consistent with the constraints:

γµναβ =2ηvT
(

∆µναβ − 10

7
β2∆µν

ζκπ
ζ
γ∆κγαβ

+ 2τπ∆µν
ζκω

ζ
γ∆κγαβ

)
I Correspondingly one obtains the noise autocorrelation:

〈ξµν(x)ξαβ(x ′)〉 =4ηvT
(

∆µναβ − 5

7
β2∆µν

ζκπ
ζ
γ∆κγαβ

− 5

7
β2∆αβ

ζκ π
ζ
γ∆κγµν

+ ω − terms
)
δ4(x − x ′)
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Noise in MIS theory: A simpler case

I Entropy four-current is same as before,

dS

dt
=

∫
d3x

πµν

T
[∇µuν − β2π̇µν − β2λπθπµν ] .

I Evolution equation for shear tensor(∂µS
µ ≥ 0)

πµν = 2ηv [σµν − β2π̇
µν − β2λπθπ

µν ]

I

γµναβ = 2ηvT∆µναβ

〈ξµν(x)ξαβ(x ′)〉 = 4ηvT∆µναβ δ4(x − x ′).
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White noise vs Colored noise

I In the Navier-Stokes theory,

Tµν = Tµν
id + πµν + Ξµν , πµν = 2ηvσ

µν

I Local auto-correlation function for Ξµν(x1)

I In higher order theories,

Tµν = Tµν
id + πµν + Ξµν , πµν = τππ̇

µν + 2ηvσ
µν + ...

I In the CE equation

Ξ̇〈µν〉 = − 1

τπ
(Ξµν − ξµν)− 10

7
Ξ〈µγ σ

ν〉γ − λπΞµνθ.

For MIS,

Ξ̇〈µν〉 = − 1

τπ
(Ξµν − ξµν)− λπΞµνθ
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Numerical Application: Back to Bjorken!

I Linearization of the problem independent fluctuating
component, δπ, reads

∂δπ

∂τ
+
δπ

τπ
=

1

τπ

[
τ2ξηη +

4ηv
3s

(s0δθ + δsθ0)

]
− λπ (θ0δπ + δθπ0)

− δτπ
τπ

(
λπθ0π0 +

dπ0

dτ

)

I Autocorrelation function

〈ξηη(η, τ)ξηη(η′, τ ′)〉 =
8ηv (τ)T0(τ)

3A⊥τ5
[1−Aβ2π0]

× δ(τ − τ ′)δ(η − η′).

A = 0 in MIS and 5/7 in CE theory.
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Cooper-Frye freezeout

I

E
dN

d3p
=

g

(2π)3

∫
Σ
dΣµp

µf (x , p),

I Include viscous corrections in f (x , p) = feq(x , p) + fvis(x , p),

fvis = feq
pµpνπµν

2(ε+ p)T 2
.

I Linearized fluctuations:

δf =δfeq + K0µν

[
δfeq π

µν
0 + (feq)0 δπ

µν

− (feq)0 π
µν
0

(
2
δT

T0
+
δε+ δp

ε0 + p0

)]
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Rapidity Correlators

I The fluctuating parts can be expressed as

δ
dN

dy
=

gτf T
3
0 A⊥

(2π)2

∫
dη
[
FT (y − η)

δT (η)

T0

+ Fu(y − η)τf δu
η(η) + Fπ(y − η)

δπ(η)

w0

]
I Two particle-rapidity correlators:〈

δ
dN

dy1
δ
dN

dy2

〉
=

[
gτf T

3
0 A⊥

(2π)2

]2 ∫
dη1

∫
dη2

×
∑
X ,Y

FX (y1 − η1)FY (y2 − η2)

× 〈X (η1)Y (η2)〉

Here (X ,Y ) ≡ (δT , δuη, δπ)
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Results: Correlators at Freeze-out
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I T0 = 550MeV , τ0 = 0.2fm/c , Tf = 150MeV .
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Results: Two particle rapidity correlations
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Results: Using Lattice EOS
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Summary and Future Work

I Obtained analytical solutions for thermal correlations in static
fluid.

I Analyzed the effects of the thermal correlations in expanding
medium on particle spectra.

I Derived fluctuation-dissipation relation in higher-order
theories.

I Ongoing work:
I Developed (1+1)D linearised hydro code and studied thermal

fluctuations in this setup.

I Study the effects of bulk viscosity on fluctuations.
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