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This workshop Is about hydrodynamics

To understand hydrodynamics, first understand
thermodynamics



Thermodynamics

System in external time-independent gy, A,
Compute W = —ilnZ|g,,,,, A,
Local correlations = W{g, A] = /dd“x v—9F(9,4)

Near-uniform fields = expand F(g, A) in derivatives of g,A

Leading order = F(g,4) = P+ 0(9) BBBJMS arXiv:1203.3544
JKKMRY arXiv:1203.3556



http://arxiv.org/abs/1203.3544
http://arxiv.org/abs/1203.3556

Thermodynamic variables

Timelike Killing vector VH, e.g. V¥ =(1,0) for matter “at rest”

T _ 1 H VH M_V”AM—FAV
60\/_7‘/2’ m’ \/_7‘/2

JLY arXiv:1310.7/024

Definition of electric and magnetic fields:

O


http://arxiv.org/abs/1310.7024

Equilibrium relations
wWOHT =0, u>‘(9>\,u =0 things don’t depend on time

_ gravitational potential induces
Ar = 8>‘T/T temperature gradient

electric field induces charge
gradient: this is electric
screening

E® — TA%P9, (%) =0

shear and expansion vanish
IN equilibrium

1 Q

at = urVyut

QF = e“”o‘ﬁuyvau5



Bound charges and bound currents
oarW = [d e /—g|J0A, + S MM GF,,

The separation of Jf and M is ambiguous.
But the total current is not:

JH = Jt — VM

“free current” “bound current”

Can fix the ambiguity by trading daqu for Ea.

Then J}!' = put where p=0F/0u



Bound charges and bound currents

Define charge density JH = Nub + T
and spatial current:

spatial current,

charge density orthogonal to uy

Polarization vectors:

__ o
M,Lw — p,uul/ o pl/u,u o E,ul/paupm

— — H H T H
N P v,u P T p ay mHQ a, = acceleration
(), = vorticity

T = e""P?u, Vyme + P u,a,m,




Bound charges and bound currents

Define charge density JH = Nub + T
and spatial current:

spatial current,

charge density orthogonal to uy

Polarization vectors:

__ o
M,Lw — p,uul/ o pl/u,u o E,ul/paupm

n=p—V-p—p-VT/T - 2m-w

J=Vxm+mxVT/T




These were equilibrium charges and currents.
Now need to find equilibrium T,

For that, need the derivative expansion.



Derivative expansion

Wlg, A :/pr(a)

How do we count derivatives”?
Clearly, gpv,TNO(1)
In equilibrium, E* —TA*d, (%) = ()

So if u~0O(1), then E~O(0). This is screening.

No similar constraint on B, can take B~O(0) or B~O(1)



Derivative expansion

Wlg, A :/pr(a)

Weak E, B: p=p(T, p)

Insulator in strong E, B fields: p=p(T, E2, B2, E-B)

Conductor in strong B-field: p=p(T, y, B2?)



Example: P-invariant conductor in strong B field
Free energy:  F(g,A) = p(T,u,B2) + Mqa(T,u,B2) B:Q + O(02)
Vary Wig, A] = /dd“x Vv—g F(g,A) tofind Thv, JH

In constant B-field: T = Q"*u” + Q%u" | QY = Mqe*Pu,B,n,

C U Angular momentum:
Q O L oim



Example: P-invariant conductor in strong B field

System at rest

in flat space, E = 2MnB
constant B-field: |4

System rotating
in flat space, m = 2Mq w
no B-field:



Fluid with a global U(1)

Wio A = [ato =g [p(T.p) + 37 SulT)sl? | 4.

n| 1|2 |3[4|5 67| 8109
sP| R | a2 |Q?| B2 BQ|E?|Ea|B-E|Ba
Pl + |+ |+|+] 4+ |+]|+]|-|-
Cl+ |+ |+|+] = |+ -1+ |-
T |+ |+ |+ +]| + |+ +] - | -
W [n/a|n/a| 2| 4| 3 | 4 |n/a| 4 |n/a

Nine thermodynamic susceptibilities fn(T,u), have to be
computed from the microscopics, just like p(T,u)




Fluid with a global U(1)

Wio A = [ato =g [p(T.p) + 37 SulT)sl? | 4.

f1: T- and py-dependent Newton’s constant

fo : pressure response to (VT)?2 [talk by FB earlier today]

f3 : pressure response to (vorticity)?

fs68 : Magnetic, electric, and magneto-electric suseptibilities
fs : magneto-vortical susceptibility, determines L~B, m~w

fzo : pressure response to E-VI, B-VT



Example: no external E,B fields

QCD with pe£0: vary W[g,A], get Tvv and J¥ in terms of five
susceptibilities tn(T,u), N=1,2,3,5,7 besides the pressure p(T1,u)

CFT with p2£0: vary W[g,A], get TV and J¥ in terms of three
susceptibilities tn(T,u), N=1,3,5 besides the pressure p(T,u)

Various combinations of fn(T,u) and their derivatives in Thv, JH
are often called “"thermodynamic transport coetticients”.

Can be computed perturbatively, on the lattice, or in AdS/CFT
BRSSS 0712.2451, Romatschke, Son 0903.3946, Moore, Sohrabi 1007.5333, 1210.3340, Arnold,
Vaman, Wu, Xiao 1105.4645, Philipsen, Schafer 1311.6618, Megias, Valle 1408.0165, Finazzo,
Rougemont, Marrochio, Noronha 1412.2968, Buzzegoli, Grossi, Becattini 1704.02808



https://arxiv.org/abs/0712.2451
https://arxiv.org/abs/0903.3946
https://arxiv.org/abs/1007.5333
https://arxiv.org/abs/1210.3340
https://arxiv.org/abs/1105.4645
https://arxiv.org/abs/1311.6618
https://arxiv.org/abs/1408.0165
https://arxiv.org/abs/1412.2968
https://arxiv.org/abs/1704.02808

If you really want to see the expressions

T = Eutu” + PA*Y + OFuY 4+ OYut + TH
Jt = Nut + T+
E=e+(fi— )R+ Afi +2f — fo— f3)a’
-+ (f{ o f2 — 3f3 + fé) Qz — 2(f1 + f{ — fz) UQRQBUB,
P=p+ %flR — %(Qf{ + f3) Q° — %(Qf{ +4f) — f2)a® + %(Qf{ — f1) u®Rypu”
Q. = (f1 +2f3) EuApaaAUPQJ +(2f1 + 4f3)AZRpUUU ;
7;W — (4f{ + Qf{/ R 2f2)a<,uaV> o %(f{ IR 4f3) Q(,LLQV> - Qf{ uaRod,uV)Buﬁ - 2f1R(,uu> :

N =n+ fi R+ (fou+ fr+ 1) + (fau — f5 + 5f1) @ — fru®Rogu”,

T" = —(fs + f5)e" " u,a,Q0 + 2fs A" Rpyu’

fr,{b = Tfn,T+an,ua fqlz/ = Tan,T,T"‘QMTfn,T,u+M2fn,u,u



Kubo formulas

Makes sense to write Kubo formulas for susceptibilities
fn(T,u) rather than for thermodynamic transport coefficients

he above T and J¥ in terms of fn(T,u) are automatically
conserved in equilibrium, no need to solve any hydro egs

Response to a time-independent source gives zero-
frequency correlation functions

Know TH[g,A] and JY[g,A], take the variations w.r.t. geg, Aq,
get Kubo formulas



Kubo formulas
All seven parity-even susceptibilities are given by 2-point
functions of TH and J.

Only need 3-point functions in parity-breaking theories.

Calculate all parity-even susceptibilities on the lattice or in
holography?



If you really want to see the expressions

@2

_ 1y
1= a0 g e
1 7 82
f2 — 12 11{1£>r(l) ﬁkg (GTttTtt — ZGTttTa::c — 4GTwyTl’y)
1713 82
f3 — Z ll{l{)l’(l) akg (GTta:Tta: _|_ GTCC?JTQT?J)
0? 0
17 17
Ja= oG Jo =4 5 G
s -
Js = = I ek, G fr=—3lm k2 (G yeree + G yrpae)
ia 0
/ p— 1 G t Txtt ]{ = — ] ttxtt
fs + Jou ey Op, Ok, Jtgarie (D, k) fo 11{12’(1) ap, k. G jirtaree (p, k)



Example: free fields

Evaluate the one-loop diagram: TH ToB

Free massless real scalar:

T2 T2
Free massless Dirac fermion at p=0:
T? T? T?
fl_ 1447 f2__ﬂ7 f3_ 288

WIP w/ Ashish Shukla



Application: Einstein equations in matter

Equilibrium generating functional W[guv| =
Equilibrium effective action S[guy]

Usual case:

1 T
Seff[g] — /dd+1CE vV —g |:p(T7 N) | 167TGR I'= ‘/_(;OO BT \/ﬁi)q()o

OgSeff = O = Einstein equations: Tw=0. Get e.g. Tolman-
Oppenheimer-Volkoff equations



Application: Einste

Equilibrium generating funcs

IN equations in matter

ional W[gw] =

EQL

ilibrium effective action S[guy]

Actually have:

Sest[g] = /dd“w V=9 P(T, 1) + f1(T, 1) R+ fo(T, p)a* + f3(T, 1) "]

B 1
167G

fl +O(T27:u2)

OgSeff = O = Einstein equations: TH=0. Get e.g. modified
Tolman-Oppenheimer-Volkoff equations due to the pressure
response to curvature, modified mass-radius relation




Application: hydro with O(1) external magnetic field

VUTUV — FVAJ}\ < diffeomorphism invariance
vp Ju =0 > gauge invariance
Tuv = TUVeq+ TUVﬂOﬂ—eq , JH = JUeq+ Jpnon—eq

get from equilibrium W[g,Al=Jp + O(9)
e.g. u“eq — pu“ = V}\MNJ




Application: hydro with O(1) external magnetic field

VUTUV — FVAJ}\ < diffeomorphism invariance
vp Ju =0 > gauge invariance
Tuv = TUVeq+ TUVﬂOﬂ—eq , JH = JUeq+ Jpnon—eq

vanish in equilibrium, depend on o, By, Ey, n, C, ...



Application: hydro with O(1) external magnetic field

For P-invariant conducting fluid in 3+1dim:

- one thermodynamic susceptibility Mq = fs
- two shear viscosities (L and || to B)

- three bulk viscosities
- two electrical conductivities (L and || to B)

- two Hall viscosities (L and || to B)
- one Hall conductivity

Eleven coefficients total:
1 thermodynamic, non-dissipative
3 non-equilibrium, non-dissipative
/ non-equilibrium, dissipative




Application: hydro with O(1) external magnetic field

T = Eulu” + PAFY

E=—p+Tpr+ppu+ (TMyp+ puM,, —
P=p-—
O = —

2M,) B-Q2,

€7 u,0, B, + (2Mg — TMq.r — pMg ,)e"*u, B,0,T/T

+ (—2p > + Mg, —
+ Mo Q) Eu,

TH = 2p o (BMBV _ %AMVBQ) + ngBzBWB”)B-Q + MQB<MQV>

— ot = (0'SY + BSR) — b (1 Veu + b0V qus)

—77J_O__L —UH(b’uZV—i—byzp’)

N=p,+M,,B-Q—mQ,

Bt BY
BQ

j:u — EMVpUuyvpmo_ _'_ E,U'Vpauya/pmo_ _|_ (O-J_B'uy _|_ O_H

)V,,+5\7“

* In thermodynamic frame, up to O(0)

%p,BzBQ — %(MQ + 4MQ,B2BQ)B'Q — G V-u— CQb“b’/VMu,, )

+ Q*uY 4+ QYut + T JF = Nut + T+

2M¢y g2 B-Q)e"* u, E, B,

AW = g + ubu” b = B"/B
o = AFUAYP(Vaug + Vaue — 20,5V 1)
~ UV 1 Aaf va

ot 2B(6“ uBa/B + € BUBO'B )

B = A — b YHE = By b
Vi = EF—TA"Q,(u)T)
ot = eMP7u, B,v, /B

mt = (2p g2 + 2Mq p2B-Q) B* + M,Q"



Application: hydro with O(1) external magnetic field

Inequality constraints on n’s, (s, o's from 2-nd law

Equality constraints on n’s, (s, o’'s from Onsager relations
Eigenmodes: collective cyclotron modes, sound, diffusion,...
Express n’s, (s, o’s in terms of (TwTae), (Tuwdo), (Jpday

Transport coetticients for P-violating fluids
Hernandez, PK 1703.08757

Huang, Sedrakian, Rischke 1108.0602

Finazzo, Rougemont, Marrochio, Noronha 1412.2968



http://arxiv.org/abs/1703.08757
https://arxiv.org/abs/1108.0602
https://arxiv.org/abs/1412.2968

Application: Maxwell equations in matter

Equilibrium generating functional W[gu,Au] =
Equilibrium effective action S[guv,Ay]

In the vacuum:

1

Set|g, A] = /ddHf V=g {_ZF‘%”}

OaSerf = 0 = Maxwell equations: J¥=0, or VyFHv = 0.



Application: Maxwell equations in matter

Equilibrium generating funcs

ional W[gu,Au] =

EQL

librium effective action S[guv,Ay]

In matter:

1

Set[g, A] = /dd“:p V=g {_Z

OaSerf = 0 = Maxwell equati

2 2 P2
,LLI/_I_'FIH[TMuaE 7B ,BQ,]

ons: J¥=0, or VyHH = nuw,

Hw = v — \wv
n = 0F,./0u



Application: Maxwell equations in matter

Equilibrium generating functional W[gu,Au] =
Equilibrium effective action S[guv,Ay]

Equations to solve:
VMTMV — F)\Vjext)\ 7

JH+ JE

ext

=0,

e,uuaﬁvaaﬁ =0.

This is relativistic MHD, with 11 transport coefficients



MHD vs hydro in external B-field

- MHD has the same 11 transport coef-s (7 are dissipative)
- MHD has the same entropy current
- MHD has the same Kubo formulas for viscosities

- MHD has different Kubo formulas for conductivities

1 re
—1m GE.p. (W, k=0) = p) )
Oab = 01 0gb + T€qp

1

—Im G%Y (w,k=0) = _ _

W B, B, { )=p1 (0™ )ab = pLab + PL€ab
1 ..

— Im GfiEy (w,k=0) = —p sign(By) p| =1/0

W

- MHD has different eigenmodes (e.g. Alfven waves)
Hernandez, PK arXiv:1703.08757



http://arxiv.org/abs/1703.08757

Questions

Can get all 2-nd order thermodynamic transport coef-s
in QCD from Euclidean 2-point functions. Lattice & AdS?

Well-posedness of MHD a la Israel-Stewart”? [See Dirk’s talk
on Friday.] DHMMNNRW 1804.05210

ransport coef-s in B-field at weak vs strong coupling?
Physical implications?

Statistical fluctuations, aggravated by the B-field?
There is a "dual” formulation of MHD in terms of the magne-

tic flux. Relation to “conventional®™ MHD underexplored.
Grozdanov, Hofman, lgbal 1610.07392



https://arxiv.org/abs/1804.05210
https://arxiv.org/abs/1610.07392

Thank you!



