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Simulation SetupPART 1

Bulk profile calibrated on several 

soft observables at two collision 

energys and different centralities.

[Nature Physics 15.11 (2019): 

1113-1117]
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𝑑𝑑�⃗�𝑝
𝑑𝑑𝑑𝑑

= −𝜂𝜂𝐷𝐷 𝑝𝑝 �⃗�𝑝 + 𝜉𝜉 + 𝑓𝑓𝑔𝑔

𝜉𝜉𝑖𝑖 𝑑𝑑 𝜉𝜉𝑗𝑗(𝑑𝑑′) = 𝜅𝜅𝛿𝛿𝑖𝑖𝑗𝑗𝛿𝛿(𝑑𝑑 − 𝑑𝑑′)

𝑓𝑓𝑔𝑔 = −d�⃗�𝑝𝑔𝑔/𝑑𝑑𝑑𝑑

𝑑𝑑𝑁𝑁𝑔𝑔
𝑑𝑑𝑑𝑑𝑑𝑑𝑘𝑘⊥2𝑑𝑑𝑑𝑑

=
2𝛼𝛼𝑠𝑠𝑃𝑃 𝑑𝑑 𝐶𝐶𝐴𝐴/𝐶𝐶𝐹𝐹

𝜋𝜋𝑘𝑘⊥4
�𝑞𝑞 sin2

𝑑𝑑 − 𝑑𝑑𝑖𝑖
2𝜏𝜏𝑓𝑓

𝑘𝑘⊥2

𝑘𝑘⊥2 + 𝑑𝑑2𝑀𝑀2

4

Simulation Setup - Improved Langevin EquationPART 1

• Thermal random force:

• Recoil force from gluon emission:

where 𝜂𝜂𝐷𝐷 𝑝𝑝 ≈ 𝜅𝜅
2𝑇𝑇𝑇𝑇

, 𝜅𝜅 = 𝜅𝜅⊥ = 𝜅𝜅∥, �𝑞𝑞 = 2𝜅𝜅

• Drag force:

𝜂𝜂𝐷𝐷 𝑝𝑝 = 𝜅𝜅/(2𝑇𝑇𝑇𝑇)

[S.Cao, G.Qin, and S.A.Bass, Phys.Rev.C 92, 024907(2015)]
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𝐷𝐷𝑠𝑠2𝜋𝜋𝑇𝑇

=
1

1 + 𝛾𝛾2𝑝𝑝 2 𝐷𝐷𝑠𝑠2𝜋𝜋𝑇𝑇 𝑠𝑠𝑠𝑠𝑓𝑓𝑠𝑠

+
𝛾𝛾2𝑝𝑝 2

1 + 𝛾𝛾2𝑝𝑝 2 𝐷𝐷𝑠𝑠2𝜋𝜋𝑇𝑇 𝑝𝑝𝑝𝑝𝑝𝑝𝐷𝐷

𝐷𝐷𝑠𝑠2𝜋𝜋𝑇𝑇 𝑠𝑠𝑠𝑠𝑓𝑓𝑠𝑠 = 𝛼𝛼(1 + 𝛽𝛽(
𝑇𝑇
𝑇𝑇𝑐𝑐
− 1))

𝐷𝐷𝑠𝑠2𝜋𝜋𝑇𝑇 = 8𝜋𝜋/(�𝑞𝑞/𝑇𝑇3)

Improved Langevin EquationPART 1

𝛾𝛾 ranges from 0 to 1 and controls the relative 

magnitude between 𝐷𝐷𝑠𝑠2𝜋𝜋𝑇𝑇 𝑠𝑠𝑠𝑠𝑓𝑓𝑠𝑠 and 

𝐷𝐷𝑠𝑠2𝜋𝜋𝑇𝑇 𝑝𝑝𝑝𝑝𝑝𝑝𝐷𝐷.
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Simulation Setup - Heavy quark hadronization and hadronic re-scatteringPART 1

Heavy quark hadronization: fragmentation (high 𝑝𝑝𝑇𝑇) + recombination (low 𝑝𝑝𝑇𝑇) 

𝑑𝑑𝑁𝑁𝑀𝑀
𝑑𝑑3𝑝𝑝𝑀𝑀

= ∫ 𝑑𝑑3𝑝𝑝1𝑑𝑑3𝑝𝑝2
𝑑𝑑𝑁𝑁1
𝑑𝑑3𝑝𝑝1

𝑑𝑑𝑁𝑁2
𝑑𝑑3𝑝𝑝2

𝑓𝑓𝑀𝑀𝑊𝑊 �⃗�𝑝1, �⃗�𝑝2 𝛿𝛿(�⃗�𝑝𝑀𝑀 − �⃗�𝑝1 − �⃗�𝑝2)

𝑑𝑑𝑁𝑁𝐵𝐵
𝑑𝑑3𝑝𝑝𝐵𝐵
= ∫ 𝑑𝑑3𝑝𝑝1𝑑𝑑3𝑝𝑝2𝑑𝑑3𝑝𝑝3

𝑑𝑑𝑁𝑁1
𝑑𝑑3𝑝𝑝1

𝑑𝑑𝑁𝑁2
𝑑𝑑3𝑝𝑝2

𝑑𝑑𝑁𝑁3
𝑑𝑑33 𝑓𝑓𝐵𝐵

𝑊𝑊 �⃗�𝑝1, �⃗�𝑝2, �⃗�𝑝3 𝛿𝛿(�⃗�𝑝𝑀𝑀 − �⃗�𝑝1 − �⃗�𝑝2 − �⃗�𝑝3)

𝑓𝑓𝐵𝐵𝑊𝑊 𝑞𝑞12, 𝑞𝑞22 =
𝑔𝑔𝐵𝐵 2 𝜋𝜋𝜎𝜎1

3 2 𝜋𝜋𝜎𝜎2
3

𝑉𝑉2 𝑒𝑒−𝑞𝑞12𝜎𝜎12−𝑞𝑞22𝜎𝜎22

where the Wigner functions reads:

Momentum spectra of recombined mesons and baryons:

Probability of a heavy quark 
recombine into a hadron

𝑓𝑓𝑀𝑀𝑊𝑊 𝑞𝑞2 =
𝑔𝑔𝑀𝑀 2 𝜋𝜋𝜎𝜎 3

𝑉𝑉 𝑒𝑒−𝑞𝑞2𝜎𝜎2

𝜎𝜎 = 1/ 𝜇𝜇𝜇𝜇, 𝜇𝜇 is the reduced mass and 𝜇𝜇 is the oscillator frequency.  9



Simulation Setup - Heavy quark hadronization and hadronic re-scatteringPART 1

We get 𝜇𝜇 = 0.33 GeV for charm and beauty mesons, 𝜇𝜇 = 0.43 GeV 
for charm baryons and 𝜇𝜇 = 0.41 GeV for beauty baryons. 

Probability of a heavy quark 
recombine into a hadron

𝑟𝑟𝑀𝑀2 𝑐𝑐𝑐 =
3
2𝜇𝜇

1
𝑚𝑚1 + 𝑚𝑚2 𝑄𝑄1 + 𝑄𝑄2

(
𝑚𝑚2
𝑚𝑚1

𝑄𝑄1 +
𝑚𝑚1
𝑚𝑚2

𝑄𝑄2)

𝑟𝑟𝐵𝐵2 𝑐𝑐𝑐 =
3
2𝜇𝜇

1
𝑚𝑚1 + 𝑚𝑚2 + 𝑚𝑚3 𝑄𝑄1 + 𝑄𝑄2 + 𝑄𝑄3

(
𝑚𝑚2 + 𝑚𝑚3

𝑚𝑚1
𝑄𝑄1 +

𝑚𝑚3 + 𝑚𝑚1
𝑚𝑚2

𝑄𝑄2 +
𝑚𝑚1 + 𝑚𝑚2
𝑚𝑚3

𝑄𝑄3)

The oscillator frequency 𝜇𝜇 is fitted to charge radii of the 
corresponding charged hadrons:
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Simulation Setup – Bayesian AnalysisPART 1

Answer the following question:

Given the model and the 
experimental data, find the 
posterior distribution of the 
model parameters.
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Simulation Setup – Bayesian AnalysisPART 1

12



Results - Bayesian AnalysisPART 2
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Results - Bayesian AnalysisPART 2

Latin hyper cube design in the 
parameter space

Uniform prior distributions
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Emulator validation with model calculation

Results - Bayesian AnalysisPART 2



16

Results - Bayesian AnalysisPART 2

Posterior distribution with different combination of training data sets 
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Results - Bayesian AnalysisPART 2

Emulator predictions for 200 random 
input parameters sampled from the 
posterior distributions.



Results - Bayesian AnalysisPART 2
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Comparison with experimental 
data using several sets of 
parameters sampled from the 
posterior distribution.

Results - Bayesian AnalysisPART 2
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Posterior distribution of model parameters. 

Results - Bayesian AnalysisPART 2
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Results - Bayesian AnalysisPART 2

Posterior prediction of 𝐷𝐷𝑠𝑠2𝜋𝜋𝑇𝑇 21



Results - Bayesian AnalysisPART 2

22Posterior prediction of 𝐷𝐷𝑠𝑠2𝜋𝜋𝑇𝑇 compared with other models 



𝛼𝛼𝑠𝑠 = 0.32,𝛼𝛼 = 1.74,𝛽𝛽 = 2.43, 𝛾𝛾 = 0.18

Results – Best estimationPART 2
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Results – Best estimationPART 2

Best estimate of 𝑣𝑣3

We can also use the extracted parameters to predict other observables:

24



Comparison with data using a set of optimal parameters

Homework ResultsPART 3
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𝐻𝐻𝐴𝐴𝐴𝐴 = 𝑅𝑅𝐴𝐴𝐴𝐴𝐷𝐷 /𝑅𝑅𝐴𝐴𝐴𝐴𝑐𝑐 𝐻𝐻𝑣𝑣2 = 𝑣𝑣2𝐷𝐷/𝑣𝑣2𝑐𝑐

Homework ResultsPART 3

𝐻𝐻𝐴𝐴𝐴𝐴 𝑎𝑎𝑎𝑎𝑑𝑑 𝐻𝐻𝑣𝑣2 using a set of optimal parameters 26



Comparison with data using a fixed 𝐷𝐷𝑠𝑠2𝜋𝜋𝑇𝑇 = 4

Homework ResultsPART 3
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𝐻𝐻𝐴𝐴𝐴𝐴 = 𝑅𝑅𝐴𝐴𝐴𝐴𝐷𝐷 /𝑅𝑅𝐴𝐴𝐴𝐴𝑐𝑐 𝐻𝐻𝑣𝑣2 = 𝑣𝑣2𝐷𝐷/𝑣𝑣2𝑐𝑐

𝐻𝐻𝐴𝐴𝐴𝐴 𝑎𝑎𝑎𝑎𝑑𝑑 𝐻𝐻𝑣𝑣2 using a fixed 𝐷𝐷𝑠𝑠2𝜋𝜋𝑇𝑇 = 4

Homework ResultsPART 3
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Conclusion

31

• We performed a data driven analysis on the diffusion coefficient of charm quark.

• This study mainly focuses on heavy quark diffusion. Initial condition, hydrodynamics,
hadronization and hadronic transport all uses calibrated results.

• Our current estimation is compared to lattice and other model calculations, and we
see some tension near 𝑇𝑇𝑐𝑐. To further reduce the uncertainties, both experiment and
systematic/emulator uncertainties should be improved.

• A further systematic comparison between different transport models, initial condition
and hydro can be found in Physical Review C 99.1 (2019): 014902.



Thank you!
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