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A “simple” lattice QCD spectral reconstruction
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Higher energies => lower resolution.



Useful 'smeared’ spectral functions

G(r) = [ dx @) 010 = [ dww? ple) e

Adler function: D(Q2) _ QZ/O ds (S —I|0—(8Q)2)2

Hadronic contribution to (g — Q)M :

QHVP = / 1Q% D(Q?) 9(Q?,m,)

0



Spectral Reconstruction

Backus, Gilbert ‘68, ‘70
F. Pijpers, M. Thompson ‘92
M. R. Hansen, A. Lupo, N. Tantalo, PRD99 (2019)

Linear ansatz:

tmax tmax

pe(B) =Y (e, BYC(),  0c(Byw) =D aqile, E) e

Two criteria when choosing {q; (¢, F) }

® Accuracy: Alq| = /OO dw {56(E —w) — Se(EaW)}Q

Eq

® Precision:  B[q| = Var{p.(F)}

Optimal coeffs minimize:

Wilq] = (1 — M) Alq]/A[0] + ABq]



Controlled Test

JB, M. W. Hansen, M. T. Hansen, (M. R. Hansen), A. Patella, N. Tantalo, in prep.

2d O(3)-model: ..., m. Lischer, U. Wolff, Nucl. Phys. B339 (1990),...

Slo)=—-8) o(x)-a(x+p),  ofx) eR? o) =1

Conserved (global) current:

jj = Be*o’ ()00 ()

Massive single-particle states. Target process: inclusive rate for 7 — X

p(E) = 3(Py)d(E — Eq) lout{alj(0)]0)]?



Controlled Test

Spectral function from current-current correlator:

C(r) = [ da Gt (ra)it0) = [ doepe)

All (even) particle-number sectors contribute

Z 2n)(E pP(E) = 0for E < 2nm

Elastic region E<4m can be computed using finite-volume formalism

(e.g. timelike pion form factor in QCD)



Controlled Test

Integrable model => spectral function known exactly:

M. Karowski, P. Weisz, Nucl. Phys. B139 (1978)
A. B. Zamolodchikov, A. B. Zamolodchikov, Nucl. Phys. B133 (1978)
J. Balog, M. Niedermaier, Nucl. Phys. B500 (1997)
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Two-particle contribution dominant, four-particle ~2% near E = 10m



Controlled Test

ID (L/a)x (T/a) am mL mT

Al 640 x 320 0.0453605(96) 29 15 Simulations with Wolff two-
A2 1280 x 640  0.0259551(49) 33 17 cluster algorithm:

47

5!

A4 2880 x 1440  0.0112925(4 33 16

(96)
(49)
A3 1920 x 960  0.0176980(47) 34 17
(45)
(66)

B1 160 x 320  0.0623644(66) 10 20 ® Al-A4:continuum limit

B2 320 x 320 20

B3 480 x 320 30

B4 640 x 320 40) ® B1-Bé6: finite-L effects
B5 800 x 320 48

B6 960 x 320 58

C1 320x 160  0.0623644(66) 20 10 © C1-CA:finite-T effects
C2 320 x 240 15

C3 320 x 320 20

C4 320 x 480 30




Controlled Test

Five smearing kernels 0. (F — w):

1 x? 1 €
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1 (— L 2) . —l<y<1,
P(z) = ~=blz/e), by)=1{ T\ T ’

Ne 0, otherwise,

Width of ‘b and 'c2" adjusted to coincide with Gaussian second moment.



Controlled Test

Five smearing kernels d.(F — w):
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Spectral Reconstruction

Wilq] = (1 — X\)Alq]/A[0] + AB|q]

Tradeoff parameter ( )\ ) balances systematic (A) and statistical (B) error
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Spectral Reconstruction

Variation of timeslices used in the reconstruction:
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We take tnax ~ 160a and spacing 0; = a
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E =3.0m, e =2.0m, gauss




Finite L and T effects

Data-driven estimate of sys. errors for each (F, €) and kernel

® Typically at or below few-percent level

® Can be large for large (E, eps) => investigation ongoing.
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Theoretical investigations (cf. Max’s talk tomorrow), higher statistics ongoing...



Continuum Limit

Long History! For Spectral quantities: ..., J. Balog, F. Niedermayer, P. Weisz, Nucl. Phys. B824 (2010)
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Sys. error estimate from three (arbitrary) fit forms: 5¥ (a / m)z, p=20,3,06



Results: fixed smearing width

PRELIMINARY: systematic error estimates not finalized.
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Solid lines: exact smeared spectral function, using N=2 and 4 particle contributions.




Results: extrapolation to zero width

All kernels have the same 0(62) coefficient (up to a sign):

pi(E) = p(E) + Y w an(E)e",
k=1
x W w§ w§ W
g 0 —1 0 1
c0 1 1 1 1
cl 0 —1 —2 —3
c2 0 —1 0 9
b 0 —1 0 2.119

Expansion coefficients worked out to arbitrary orders. (Numerically for ‘bump)



Results: extrapolation to zero width

Fits to determine{ax (F)}
systematics estimated from 0(62), ()(63)7 0(64)
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‘CauchyO’ kernel not useful due to linear approach. ‘Bump’ noisy.



Results: extrapolation to zero width

Inelastic region only:
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Extrapolation systematics not yet controlled below E=4m.



Conclusions

® |nelastic region accessible in the 2d O(3) model, using the eps—0 extrapolation.

® Our approach to the inverse problem is controlled and flexible, works with
arbitrary smearing kernels and basis functions.

® Stay tuned for scattering amplitudes from spectral functions (cf. Max’s talk
tomorrow)

® Application to QCD:

> Signal-to-noise and precision similar to vector-vector correlator

> Masterfield paradigm ideal: see Marco Ce' and Patrick Fritzsch talks at Lattice21
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