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Chiral EFT Hamiltonian depends on external sources
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Electroweak probes on nucleons and nuclei can be described by current formalism
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Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism
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 From QCD to nuclei

QCD

effective chiral Lagrangian 

nuclear forces and currents

nuclear structure and dynamics

symmetries (especially the chiral symmetry);
lost of information (LECs)

integrate out                          (but retain               ):
Chiral Perturbation Theory

ab initio few-body methods:
lattice, FY, NCSM,…
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Method of Unitary Transformation



 Method of Unitary Transformation
Taketani, Mashida, Ohnuma’52;  Okubo ’54;  EE, Glöckle, Meißner, Krebs, ... 

Canonical transformation & quantization:

projectors states with mesons

nucleonic states

can not solve
(infinite-dimensional eq.)

EOM:

E.g., for the 2-pion exchange          one finds:
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,(Minimal) ansatz:           
Okubo ’54

Require:

The decoupling equation is solved perturbatively (chiral expansion)

Decouple pions via a suitable UT:



 Method of Unitary Transformation
Taketani, Mashida, Ohnuma’52;  Okubo ’54;  EE, Glöckle, Meißner, Krebs, ... 

cannot renormalize the potential !

Contrary to S-matrix, renormalizability of nuclear potentials is not guaranteed:

UV finite not necessarily 
UV finite

time-ordered-like graphs from the method of UT

Indeed, explicit calculations of e.g. the 3NF           yield:/ g
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Nuclear potentials are not uniquely defined. Starting from N3LO, can construct 
additional UTs in Fock space beyond the (minimal) Okubo UT.

Solution [EE ’06]   

They induce additional contributions in the Hamiltonian starting from N3LO

The UTs relevant for the N3LO contributions           are                            , 
with the generators given by:
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So far, it was always possible to get finite nuclear potentials & currents. 



 Chiral expansion of the nuclear forces [W-counting]Nuclear χEFT in the Precision Era Evgeny Epelbaum
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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Weinberg ’90
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Ordonez, van Kolck ’92

Kaiser ’00 - ‘02

van Kolck ’94;  EE et al. ’02
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(short-range loop contrib. still missing)

still have to be worked out
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 Electroweak currents using the method of UT

Switch on external sources                   and consider local chiral rotations:

~k ' 0
A

b
µ

s, p, rµ, lµ

s, p, rµ, lµ

rµ ! r
0
µ = RrµR

† + iR @µR
†
,

lµ ! l
0
µ = L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0 � i p

0 = L(s� i p)R†
.

~A
a
Baroni et al. =

g
3
A

32⇡F 4
⇡

⌧
a
2

"

W1(q1)~�1 +W2(q1)~q1 ~�1 · ~q1 + Z1(q1)
✓
2
~q1 ~�2 · ~q1
q
2
1 +M2

⇡

� ~�2

◆#

+
g
5
A

32⇡F 4
⇡

⌧
a
1W3(q1)(~�2 ⇥ ~q1)⇥ ~q1 � g

3
A

32⇡F 4
⇡

[⌧ 1 ⇥ ⌧ 2]
a
Z3(q1)

~�1 ⇥ ~q1~�2 · ~q1
q
2
1 +M2

⇡

+ 1 $ 2 ,

~A
a
Baroni et al. � ~A

a
KEM = �g

5
AA(q1) (~�2⌧

a
1 q

4
1 + 2~q1(6M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1 )

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

~A
a
Baroni et al. � ~A

a
KEM = �g

5
AA(q1) (~�2⌧

a
1 q

4
1 + 2~q1(6M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1 )

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

W3(q1) = �4A(q1)

3
� 1

6M⇡
,

W1(q1) =
1

2
A(q1)

h
4(1� 2g2A)M

2
⇡ + (1� 5g2A)q

2
1

i
+

1

2
M⇡

"

g
2
A

✓
4M2

⇡

4M2
⇡ + q

2
1

� 9
◆
+ 1

#

,

W2(q1) =
M⇡ (4(2g2A + 1)M2

⇡ + (3g2A + 1)q21)

2q21(4M2
⇡ + q

2
1)

� A(q1) (4(2g2A + 1)M2
⇡ + (g2A � 1)q21)

2q21
,

W3(q1) = �4A(q1)

3
� 1

6M⇡
,

Z1(q1) = 2A(q1)(2M
2
⇡ + q

2
1) + 2M⇡,

Z3(q1) =
1

2
A(q1)(4M

2
⇡ + q

2
1) +

M⇡

2
,

A(q1) =
1

2q1
arctan

✓
q1

2M⇡

◆
.

1

~k ' 0
A

b
µ

s, p, rµ, lµ

s, p, rµ, lµ

rµ ! r
0
µ = RrµR

† + iR @µR
†
,

lµ ! l
0
µ = L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0 � i p

0 = L(s� i p)R†

~A
a
Baroni et al. =

g
3
A

32⇡F 4
⇡

⌧
a
2

"

W1(q1)~�1 +W2(q1)~q1 ~�1 · ~q1 + Z1(q1)
✓
2
~q1 ~�2 · ~q1
q
2
1 +M2

⇡

� ~�2

◆#

+
g
5
A

32⇡F 4
⇡

⌧
a
1W3(q1)(~�2 ⇥ ~q1)⇥ ~q1 � g

3
A

32⇡F 4
⇡

[⌧ 1 ⇥ ⌧ 2]
a
Z3(q1)

~�1 ⇥ ~q1~�2 · ~q1
q
2
1 +M2

⇡

+ 1 $ 2 ,

~A
a
Baroni et al. � ~A

a
KEM = �g

5
AA(q1) (~�2⌧

a
1 q

4
1 + 2~q1(6M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1 )

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

~A
a
Baroni et al. � ~A

a
KEM = �g

5
AA(q1) (~�2⌧

a
1 q

4
1 + 2~q1(6M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1 )

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

W3(q1) = �4A(q1)

3
� 1

6M⇡
,

W1(q1) =
1

2
A(q1)

h
4(1� 2g2A)M

2
⇡ + (1� 5g2A)q

2
1

i
+

1

2
M⇡

"

g
2
A

✓
4M2

⇡

4M2
⇡ + q

2
1

� 9
◆
+ 1

#

,

W2(q1) =
M⇡ (4(2g2A + 1)M2

⇡ + (3g2A + 1)q21)

2q21(4M2
⇡ + q

2
1)

� A(q1) (4(2g2A + 1)M2
⇡ + (g2A � 1)q21)

2q21
,

W3(q1) = �4A(q1)

3
� 1

6M⇡
,

Z1(q1) = 2A(q1)(2M
2
⇡ + q

2
1) + 2M⇡,

Z3(q1) =
1

2
A(q1)(4M

2
⇡ + q

2
1) +

M⇡

2
,

A(q1) =
1

2q1
arctan

✓
q1

2M⇡

◆
.

1

~k ' 0
A

b
µ

s, p, rµ, lµ

s, p, rµ, lµ

rµ ! r
0
µ = RrµR

† + iR @µR
†
,

lµ ! l
0
µ = L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0 � i p

0 = L(s� i p)R†

~A
a
Baroni et al. =

g
3
A

32⇡F 4
⇡

⌧
a
2

"

W1(q1)~�1 +W2(q1)~q1 ~�1 · ~q1 + Z1(q1)
✓
2
~q1 ~�2 · ~q1
q
2
1 +M2

⇡

� ~�2

◆#

+
g
5
A

32⇡F 4
⇡

⌧
a
1W3(q1)(~�2 ⇥ ~q1)⇥ ~q1 � g

3
A

32⇡F 4
⇡

[⌧ 1 ⇥ ⌧ 2]
a
Z3(q1)

~�1 ⇥ ~q1~�2 · ~q1
q
2
1 +M2

⇡

+ 1 $ 2 ,

~A
a
Baroni et al. � ~A

a
KEM = �g

5
AA(q1) (~�2⌧

a
1 q

4
1 + 2~q1(6M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1 )

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

~A
a
Baroni et al. � ~A

a
KEM = �g

5
AA(q1) (~�2⌧

a
1 q

4
1 + 2~q1(6M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1 )

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

W3(q1) = �4A(q1)

3
� 1

6M⇡
,

W1(q1) =
1

2
A(q1)

h
4(1� 2g2A)M

2
⇡ + (1� 5g2A)q

2
1

i
+

1

2
M⇡

"

g
2
A

✓
4M2

⇡

4M2
⇡ + q

2
1

� 9
◆
+ 1

#

,

W2(q1) =
M⇡ (4(2g2A + 1)M2

⇡ + (3g2A + 1)q21)

2q21(4M2
⇡ + q

2
1)

� A(q1) (4(2g2A + 1)M2
⇡ + (g2A � 1)q21)

2q21
,

W3(q1) = �4A(q1)

3
� 1

6M⇡
,

Z1(q1) = 2A(q1)(2M
2
⇡ + q

2
1) + 2M⇡,

Z3(q1) =
1

2
A(q1)(4M

2
⇡ + q

2
1) +

M⇡

2
,

A(q1) =
1

2q1
arctan

✓
q1

2M⇡

◆
.

1

~k ' 0
A

b
µ

s, p, rµ, lµ

s, p, rµ, lµ

rµ ! r
0
µ = RrµR

† + iR @µR
†
,

lµ ! l
0
µ = L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0 � i p

0 = L(s� i p)R†

~A
a
Baroni et al. =

g
3
A

32⇡F 4
⇡

⌧
a
2

"

W1(q1)~�1 +W2(q1)~q1 ~�1 · ~q1 + Z1(q1)
✓
2
~q1 ~�2 · ~q1
q
2
1 +M2

⇡

� ~�2

◆#

+
g
5
A

32⇡F 4
⇡

⌧
a
1W3(q1)(~�2 ⇥ ~q1)⇥ ~q1 � g

3
A

32⇡F 4
⇡

[⌧ 1 ⇥ ⌧ 2]
a
Z3(q1)

~�1 ⇥ ~q1~�2 · ~q1
q
2
1 +M2

⇡

+ 1 $ 2 ,

~A
a
Baroni et al. � ~A

a
KEM = �g

5
AA(q1) (~�2⌧

a
1 q

4
1 + 2~q1(6M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1 )

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

~A
a
Baroni et al. � ~A

a
KEM = �g

5
AA(q1) (~�2⌧

a
1 q

4
1 + 2~q1(6M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1 )

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

W3(q1) = �4A(q1)

3
� 1

6M⇡
,

W1(q1) =
1

2
A(q1)

h
4(1� 2g2A)M

2
⇡ + (1� 5g2A)q

2
1

i
+

1

2
M⇡

"

g
2
A

✓
4M2

⇡

4M2
⇡ + q

2
1

� 9
◆
+ 1

#

,

W2(q1) =
M⇡ (4(2g2A + 1)M2

⇡ + (3g2A + 1)q21)

2q21(4M2
⇡ + q

2
1)

� A(q1) (4(2g2A + 1)M2
⇡ + (g2A � 1)q21)

2q21
,

W3(q1) = �4A(q1)

3
� 1

6M⇡
,

Z1(q1) = 2A(q1)(2M
2
⇡ + q

2
1) + 2M⇡,

Z3(q1) =
1

2
A(q1)(4M

2
⇡ + q

2
1) +

M⇡

2
,

A(q1) =
1

2q1
arctan

✓
q1

2M⇡

◆
.

1

~k ' 0
A

b
µ

s, p, rµ, lµ

s, p, rµ, lµ

rµ ! r
0
µ = RrµR

† + iR @µR
†
,

lµ ! l
0
µ = L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0 � i p

0 = L(s� i p)R†

~A
a
Baroni et al. =

g
3
A

32⇡F 4
⇡

⌧
a
2

"

W1(q1)~�1 +W2(q1)~q1 ~�1 · ~q1 + Z1(q1)
✓
2
~q1 ~�2 · ~q1
q
2
1 +M2

⇡

� ~�2

◆#

+
g
5
A

32⇡F 4
⇡

⌧
a
1W3(q1)(~�2 ⇥ ~q1)⇥ ~q1 � g

3
A

32⇡F 4
⇡

[⌧ 1 ⇥ ⌧ 2]
a
Z3(q1)

~�1 ⇥ ~q1~�2 · ~q1
q
2
1 +M2

⇡

+ 1 $ 2 ,

~A
a
Baroni et al. � ~A

a
KEM = �g

5
AA(q1) (~�2⌧

a
1 q

4
1 + 2~q1(6M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1 )

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

~A
a
Baroni et al. � ~A

a
KEM = �g

5
AA(q1) (~�2⌧

a
1 q

4
1 + 2~q1(6M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1 )

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

W3(q1) = �4A(q1)

3
� 1

6M⇡
,

W1(q1) =
1

2
A(q1)

h
4(1� 2g2A)M

2
⇡ + (1� 5g2A)q

2
1

i
+

1

2
M⇡

"

g
2
A

✓
4M2

⇡

4M2
⇡ + q

2
1

� 9
◆
+ 1

#

,

W2(q1) =
M⇡ (4(2g2A + 1)M2

⇡ + (3g2A + 1)q21)

2q21(4M2
⇡ + q

2
1)

� A(q1) (4(2g2A + 1)M2
⇡ + (g2A � 1)q21)

2q21
,

W3(q1) = �4A(q1)

3
� 1

6M⇡
,

Z1(q1) = 2A(q1)(2M
2
⇡ + q

2
1) + 2M⇡,

Z3(q1) =
1

2
A(q1)(4M

2
⇡ + q

2
1) +

M⇡

2
,

A(q1) =
1

2q1
arctan

✓
q1

2M⇡

◆
.

1

The sources can be conveniently rewritten via                                                         with:

~k ' 0
A

b
µ

s, p, rµ, lµ

s, p, rµ, lµ

rµ ! r
0
µ = RrµR

† + iR @µR
†
,

lµ ! l
0
µ = L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0 � i p

0 = L(s� i p)R†

vµ =
1

2
(rµ + lµ) , aµ =

1

2
(rµ � lµ) .

~A
a
Baroni et al. =

g
3
A

32⇡F 4
⇡

⌧
a
2

"

W1(q1)~�1 +W2(q1)~q1 ~�1 · ~q1 + Z1(q1)
✓
2
~q1 ~�2 · ~q1
q
2
1 +M2

⇡

� ~�2

◆#

+
g
5
A

32⇡F 4
⇡

⌧
a
1W3(q1)(~�2 ⇥ ~q1)⇥ ~q1 � g

3
A

32⇡F 4
⇡

[⌧ 1 ⇥ ⌧ 2]
a
Z3(q1)

~�1 ⇥ ~q1~�2 · ~q1
q
2
1 +M2

⇡

+ 1 $ 2 ,

~A
a
Baroni et al. � ~A

a
KEM = �g

5
AA(q1) (~�2⌧

a
1 q

4
1 + 2~q1(6M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1 )

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

~A
a
Baroni et al. � ~A

a
KEM = �g

5
AA(q1) (~�2⌧

a
1 q

4
1 + 2~q1(6M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1 )

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

W3(q1) = �4A(q1)

3
� 1

6M⇡
,

W1(q1) =
1

2
A(q1)

h
4(1� 2g2A)M

2
⇡ + (1� 5g2A)q

2
1

i
+

1

2
M⇡

"

g
2
A

✓
4M2

⇡

4M2
⇡ + q

2
1

� 9
◆
+ 1

#

,

W2(q1) =
M⇡ (4(2g2A + 1)M2

⇡ + (3g2A + 1)q21)

2q21(4M2
⇡ + q

2
1)

� A(q1) (4(2g2A + 1)M2
⇡ + (g2A � 1)q21)

2q21
,

W3(q1) = �4A(q1)

3
� 1

6M⇡
,

1

~k ' 0
A

b
µ

s, p, rµ, lµ

s, p, rµ, lµ

rµ ! r
0
µ = RrµR

† + iR @µR
†
,

lµ ! l
0
µ = L lµL

† + iL @µL
†
,

s+ i p ! s
0 + i p

0 = R(s+ i p)L†
,

s� i p ! s
0 � i p

0 = L(s� i p)R†

vµ = v
(s)
µ +

1

2
⌧ · vµ, aµ =

1

2
⌧ · aµ, s = s0 + ⌧ · s, p = p0 + ⌧ · p ,

U [a, v, s, p] U [0, 0,mq, 0] = 1 H
0 6= U

†
HU

i
@

@t
 = H �! i

@

@t

⇣
U

†(t) 
⌘
=

"

U
†(t)HU(t)� U

†(t)

 

i
@

@t
U(t)

!# ⇣
U

†(t) 
⌘

V
j
µ (~k, k0) :=

�He↵

�v
µ
j (~k, k0)

, A
j
µ(~k, k0) :=

�He↵

�a
µ
j (~k, k0)

, P
j(~k, k0) :=

�He↵

�pj(~k, k0)
,

v
j
µ(x) =:

Z
d
4
qe

�iq·x
v
j
µ(q), a

j
µ(x) =:

Z
d
4
qe

�iq·x
a
j
µ(q), p

j(x) =:
Z
d
4
qe

�iq·x
p
j(q).

f(x) =:
Z
d
4
q e

�iq·x
f(q)

�

�ajµ(k0,~k)
h↵|S|�i = �i 2⇡�(E↵ � E� � k0)h↵|Aj

µ(k0,~k)|�i
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Okubo transf. or further strong unitary transf. are not enough to renormalize the currents

Step 1:
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Explicit time-dependence through source terms

Effective Hamiltonian depends on sources and their time-derivatives
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In momentum space the currents depend on energy transfer

Modified continuity equation
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currents via                                                              at                                               .
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already known from the strong sector…

However, the resulting currents turn out to be non-renormalizable… 
Need to consider a more general class of UTs
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Notice: the resulting UTs are time-dependent, thus                    .  Indeed:
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Thus, we have:

Nuclear potentials are given by

(to the order we are working [leading 1-loop for 2-body operators], can write 33 such UTs…) 
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where the FT of the sources are given by                                      with                          ,         is 
taken at          & the functional derivatives are taken at                                                  &            .
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It is straightforward to verify the proper relation to the S-matrix, e.g.:
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f = {vjµ, ajµ, pj}

vµ =
1

2
(rµ + lµ) , aµ =

1

2
(rµ � lµ) .

~A
a
Baroni et al. =

g
3
A

32⇡F 4
⇡

⌧
a
2

"

W1(q1)~�1 +W2(q1)~q1 ~�1 · ~q1 + Z1(q1)
✓
2
~q1 ~�2 · ~q1
q
2
1 +M2

⇡

� ~�2

◆#

+
g
5
A

32⇡F 4
⇡

⌧
a
1W3(q1)(~�2 ⇥ ~q1)⇥ ~q1 � g

3
A

32⇡F 4
⇡

[⌧ 1 ⇥ ⌧ 2]
a
Z3(q1)

~�1 ⇥ ~q1~�2 · ~q1
q
2
1 +M2

⇡

+ 1 $ 2 ,

~A
a
Baroni et al. � ~A

a
KEM = �g

5
AA(q1) (~�2⌧

a
1 q

4
1 + 2~q1(6M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1 )

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

~A
a
Baroni et al. � ~A

a
KEM = �g

5
AA(q1) (~�2⌧

a
1 q

4
1 + 2~q1(6M2

⇡ + q
2
1)~q1 · ~�2⌧

a
1 )

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

W3(q1) = �4A(q1)

3
� 1

6M⇡
,

W1(q1) =
1

2
A(q1)

h
4(1� 2g2A)M

2
⇡ + (1� 5g2A)q

2
1

i
+

1

2
M⇡

"

g
2
A

✓
4M2

⇡

4M2
⇡ + q

2
1

� 9
◆
+ 1

#

,

W2(q1) =
M⇡ (4(2g2A + 1)M2

⇡ + (3g2A + 1)q21)

2q21(4M2
⇡ + q

2
1)

� A(q1) (4(2g2A + 1)M2
⇡ + (g2A � 1)q21)

2q21
,

W3(q1) = �4A(q1)

3
� 1

6M⇡
,

Z1(q1) = 2A(q1)(2M
2
⇡ + q

2
1) + 2M⇡,

Z3(q1) =
1

2
A(q1)(4M

2
⇡ + q

2
1) +

M⇡

2
,

A(q1) =
1

2q1
arctan

✓
q1

2M⇡

◆
.

2

i
@

@t
U

† = He↵ [a
0
, ȧ
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0
, p

0
, ṗ
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Manifestations of the symmetry (= continuity equation)
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where the chiral rotation angles are given by                                 and
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and perform a chiral rotation                                                                       .  After the rotation, 
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i
@

@t
 0 = He↵ [a

0
, ȧ

0
, v

0
, v̇

0
, s

0
, ṡ
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For observables to remain unaffected, the two Hamiltonians must be unitary equivalent, i.e.
there must exist a UT on the Fock space such that: 
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Make an ansatz for the unitary operator in the form:
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0
, v

0
, v̇

0
, s

0
, ṡ
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where we have introduced                        . For the left-hand side, we get:

vµ = v
(s)
µ +

1

2
⌧ · v, aµ =

1

2
⌧ · a, s = s0 + ⌧ · s, p = p0 + ⌧ · p

vµ ! v0
µ = vµ + vµ ⇥ ✏V + aµ ⇥ ✏A + @µ✏V ,

aµ ! a0
µ = aµ + aµ ⇥ ✏V + vµ ⇥ ✏A + @µ✏A,

s0 ! s
0
0 = s0 � p · ✏A,

s ! s0 = s+ s⇥ ✏V � p0✏A,

i p0 ! i p
0
0 = i(p0 + s · ✏A),

ip ! ip0 = i(p+ p⇥ ✏V + s0 ✏A)

✏V =
1

2
(✏R + ✏L) and ✏A =

1

2
(✏R � ✏L) .

i
@

@t
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(all functional derivatives are taken at                                                  )
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Matching the terms proportional to               and               one obtains:
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Matching the remaining terms one obtains:
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Combining these equations together, the final result is:
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In momentum space, the continuity equations take the form:
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i
@

@t
U

†
!

U.

t = 0

V := He↵

���
v=v̇=a=ȧ=p=ṗ=ṡ=0,s=mq
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single-nucleon two-nucleon three-nucleon

Q-3

Q-1

Q0

Q1

depend on d8, d9, d18, d21, d22,
no 1/m corrections… 

parameter-free

depend on C2, C4, C5, C7 + L1, L2; 
no loop corrections depend on CT

parameter-free static two-pion exchange

parameter-free

 Electromagnetic currents
Chiral expansion of the electromagnetic current and charge operators 

ci

1/m

di

ei

Our results differ from the ones 
of  the  JLab-Pisa  group
(Pastore et al., 08-11)

Exchange currents do not depend
on k0.

Kölling, EE, Krebs, Meißner, PRC 80 (09) 045502; 
                                                 PRC 86 (12) 047001

Krebs, EE, Meißner, to appear



 Low-energy constants
4. Fitting Procedure

(a) T⇡ = 9.88 MeV (b) T⇡ = 14.61 MeV

(c) T⇡ = 19.85 MeV (d) T⇡ = 27.40 MeV

(e) T⇡ = 39.30 MeV (f) T� = 152.89 MeV

Figure 4.1.: The solid line shows the global fit of the di�erential cross section calculated
in HBChPT up to O(q3). The dotted (dashed) line refers to the parameter
free leading order (next-to leading order) calculation.
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4. Fitting Procedure

process LAB energy [MeV] no. of data reference

(a) ⇤�p ⇥ �n T⇥ = 9.88 (T� = 159.83) 3 K. Liu [21]

(b) ⇤�p ⇥ �n T⇥ = 14.61 (T� = 164.56) 4 K. Liu [21]

(c) ⇤�p ⇥ �n T⇥ = 19.85 (T� = 169.80) 4 K. Liu [21]

(d) ⇤�p ⇥ �n T⇥ = 27.40 (T� = 177.35) 9 M. Salomon et al. [22]

(e) ⇤�p ⇥ �n T⇥ = 39.40 (T� = 189.25) 9 M. Salomon et al. [22]

(f) �p ⇥ ⇤+n T� = 153.89 8 E. Korkmaz et al. [23]

Table 4.2.: Overview of the data used for the fit.

di�erential cross section at the correct energy. A data point of the j’th data set is then
shifted: {xj , Oj} ⇥ {(xj�2(j�1)), Oj}, where Oj denotes the observable (cross section)
measured at the variation parameter xj (CMS angle). Now the function f(x) is fitted to
the 37 (shifted) data points by minimizing the squares of the deviation of a datapoint
and the fitted curve, where each deviation is weighted by the square of its corresponding
error bar. The goodness of the fit is described in terms of ⌅2, wich is, in accordance to
the weights, defined by

⌅2 =
�

i

(f(xi)�Oi)
2

⇥O2
i

. (4.2)

Since ⌅2 scales naturally with the number of data, the better measure of the goodness
of a fit is the ⌅2 per degree of freedom, given by

⌅2/d.o.f =
⌅2

(no. of data)� (no. of parameters)
, (4.3)

where no. of parameters is equal to three in our case. The best fit is shown in Figure
4.1, separately for each energy with the interval of x-values shifted back to the original
one x ⇤ {�1, 1}. The result of the estimation of the three unknown parameters is shown
in Table 5.1. The error given for the parameter estimate is the standard error, emerging
from the fitting routine and should only serve for a crude orientation. More work has to
be done to give a qualified error estimate.
Additional insight can be obtained by studying the evolution of ⌅2/d.o.f when varying

one of the fitting parameters and keeping the other two fixed. This is shown in Figure
4.2. In the case of the parameters d̄20 and the combination 2d̄21 � d̄22, the position
of the minimum seems to be clear. When varying d̄9, the situation is di�erent. There
are two minima and the slope is much lower (note the di�erent scaling of the vertical
axes). While the latter fact shows that there is a much larger error in the estimate of
d̄9 in comparison with the other parameters, the second minimum refers to a second
solution. A fit with constraining d̄9 to negative values gives d̄9 = �7.5GeV �2 and
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4. Fitting Procedure

(a) T⇡ = 9.88 MeV (b) T⇡ = 14.61 MeV

(c) T⇡ = 19.85 MeV (d) T⇡ = 27.40 MeV

(e) T⇡ = 39.30 MeV (f) T� = 152.89 MeV

Figure 4.1.: The solid line shows the global fit of the di�erential cross section calculated
in HBChPT up to O(q3). The dotted (dashed) line refers to the parameter
free leading order (next-to leading order) calculation.
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 - contribute to
charged pion photoproducti-
on (radiative capture)

5. Results

bi estimate in terms of d̄i Fearing et al. present work

b10 13.7± 4.5 d̄9 2.5± 0.8 2.2± 0.9

b21 �8.2± 0.7 d̄20 �1.5± 0.5 �3.2± 0.5

b22 9.2± 0.6 2d̄21 � d̄22 5.7± 0.8 6.8± 1.0

⇥2/d.o.f. 1.59 1.52

Table 5.2.: Result from [24] obtained by a fit to exactly the same cross section data used
in this work.

d̄i Gasparyan et al. present work

d̄9 �0.06 2.2± 0.9

d̄20 0.61 �3.2± 0.5

2d̄21 � d̄22 0.05 6.8± 1.0

Table 5.3.: Result from [28].

determined by the fit. Instead it is estimated by associating it with the mean square of
the nucleon axial radius

�
r2
⇥
A
. Thus,

b23 = �1

6
(4�F )2

�
r2
⇥
A
gA = �3.01± 0.3, (5.2)

where
�
r2
⇥
A

has been measured for e.g. in [26] or [27]. Therefore we can translate
the estimate of b22 in an estimate of the combination 2d̄21 � d̄22. Finally we show the
comparison of the results of Fearing et al. and ours, in Table 5.2, which are in good
agreement. Inded, this is not surprising, since the two approaches are very similar to
each other.
Another work is provided by [28], grounded on an approach, which is a combination

of chiral pertubation and dispersion relation theory. Within their framework one sys-
tematically obtains lower values for the parameters, than in ours. A comparison of the
numerical results is shown in Table in Table 5.3.

5.2. Conclusions

The situation regarding d̄9 still seems to be very unclear. There is a large discrepancy
of about fifty magnitudes between the results of di�erent works. The di�erential cross-
section is fairly insensitive to d̄9 - the details are discussesd in Appendix A - such that it
is not obvious whether or not the discrepancy is of conceptual nature or simply the result
of a bad choice of the testing ground and the lack of more, precise data.Nevertheless,
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single-nucleon two-nucleon three-nucleon

Q-3

Q-1

Q0

Q1

depend on d2, d5, d6, d15-2d23,
no 1/m corrections… 

parameter-free

parameter-free; 
only tree-level 1/m-corr. survive

depend on z1, …, z4;
no loop corrections

parameter-free static two-pion exchange

parameter-free

parameter-free (depend on the known CT)

 Exchange axial currents
Chiral expansion of the axial current and charge operators 

cDci

1/m

Comparison with Baroni et al. (TOPT) 

— different results for π-exchange
     current contributions 
— differences in tree-level 1π-terms

— looked only at irred. 3N graphs 

— didn’t consider 1/m-corrections 
     at order Q1 

Krebs, EE, Meißner, Annals Phys. 378 (2017) 317



 Selected applications
(Here main focus on 3H beta decay…)

Accurate & precise NN potentials

Consistent 3NFs 

Consistent currents 

Error analysis

✅

☑

✅

☑

— new generation of semilocal r- and p-space NN potentials up to N4LO+

— currently the best description of the 2013 Granada data

— worked out to N3LO (and even beyond), numerical PWD has been developed
— regularization nontrivial starting from N3LO, 3NF@N2LO ready to use

— worked out to N3LO, numerical PWD has been developed (at the 2N level…)
— consistent regularization to be done, axial currents@N2LO ready to use

— statistical & some systematics (truncation errors); Bayesian analysis…



 State-of-the-art NN potentials
P. Reinert, H. Krebs, EE, arXiv:1711.08821[nucl-th], to appear in EPJA

— local regularization of the long-range interaction minimizes Λ-artifacts

— p-space implementation of the regulator straightforwardly applicable to 3NFs & currents

— 3 contacts @ N3LO out of 15 are found to be redundant              drastic simplification 
     of the fits…

— πN LECs from the RS determination (no fine tuning)

— developed for 5 cutoffs Λ = 350, 400, 450, 500 and 550 MeV and for LO…N4LO+

     (N4LO+ includes 4 F-wave N5LO contact interactions)

— the adopted choice of the redundant contacts at N3LO leads to soft potentials

— comprehensive error analysis (statistical & systematic…)
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FIG. 16: (Color online) Neutron-proton S-, P-, D- and F-wave phase shifts and the mixing angles ✏1, ✏2 and ✏2 as obtained
at N4LO+ using the cuto↵ ⇤ = 450 MeV (red solid lines) in comparison with the Nijmegen [20] (solid dots) the Granada [92]
(blue open triangles) and Gross-Stadler [121] (green open squares) PWA. Light shaded bands show the estimated truncation
error as explained in appendix D. The shown uncertainties of the Nijmegen PWA correspond to systematic errors estimated
from the Nijm I, II and Reid93 potentials [110] as explained in Ref. [6].

and 0.15%, respectively.13 In both cases, the observed ⇤-dependence is smaller than the deviations from the very
precisely known experimental/empirical values listed in Table VIII. These deviations amount to ⇠ 0.015 fm2 and
⇠ 0.009 fm for Q and rd, respectively, and are comparable with the truncation errors for these quantities at N2LO,

namely �Q(3) = ±(0.005 . . . 0.011) fm2 (depending on the cuto↵) and �r(3)
d

= ±0.005 fm, which estimate the expected
size of N3LO contributions to these observables. This is fully in line with the fact that our calculations do not take
into account the relativistic corrections and contributions to the exchange charge operator at N3LO, see Ref. [33, 34]
for explicit expressions. Our results further indicate that starting from N3LO, the theoretical uncertainty for both
quantities is dominated by the one of the ⇡N LECs similarly to other low-energy observables considered in this and
previous sections. For both Q and rd, employing the ⇡N LECs from set 2 tends to increase the discrepancy with the
empirical numbers.

13
The smaller cuto↵ dependence of the deuteron radius reflects the long-range nature of this observable as opposed to that of Q.

— N4LO+ yields currently the best description of np+pp data below Elab = 300 MeV 
— 40% less parameters (27+1) compared to high-precision potentials
— Clear evidence of the parameter-free chiral 2π exchange 

 State-of-the-art NN potentials
P. Reinert, H. Krebs, EE, arXiv:1711.08821[nucl-th], to appear in EPJA
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 Three-nucleon forces
N2LO: tree-level graphs, 2 new LECs  

N3LO: leading 1 loop, parameter-free  

N4LO: full 1 loop, almost completely worked out, several new LECs  

2

1/m

(a) (b) (c) (d) (e) (f) (g)

FIG. 1. (color online) Di↵erent topologies that contribute to the chiral 3NF up to N3LO (and N4LO). Nucleons and pions
are represented by solid and dashed lines, respectively. The shaded vertices denote the amplitudes of the corresponding
interaction. Specifically, the individual diagrams are: (a) 2⇡ exchange, (b) 1⇡-contact, (c) pure contact, (d) 2⇡-1⇡ exchange,
(e) ring contributions, (f) 2⇡-contact and (g) relativistic corrections. See main text for details.

form for few- and many-body frameworks represents a
highly nontrivial task [37–39]. Due to the huge amount
of computational resources needed for this decomposi-
tion, matrix elements have been so far available only in
a limited model space [16]. As a consequence, consistent
N3LO three-body scattering calculations were limited to
low energies and no studies of heavier nuclei were pos-
sible. In this paper we present a novel framework that
allows one to decompose 3N interactions in a plane-wave
partial wave basis in a computationally much more ef-
ficient way than the framework of Refs. [38, 39]. This
new method makes explicit use of the fact that all (un-
regularized) contributions to chiral 3NFs are either local,
i.e. they depend only on momentum transfers, or they
contain only polynomial non-local terms.

In Section II we derive the new framework for decom-
posing local 3NFs e�ciently in a momentum-space par-
tial wave basis. In Section III we apply the calculated
matrix elements of chiral 3NFs up to N3LO to nuclear
matter and 3H, discuss the partial wave convergence and
investigate the importance of the individual topologies at
di↵erent orders in the chiral expansion. In Section IV we
summarize and given an outlook of future applications.

II. PARTIAL WAVE DECOMPOSITION OF
LOCAL THREE-NUCLEON FORCES

A general translationally invariant 3NF can be ex-
pressed as a function of the Jacobi momenta p = k1�k2

2

and q = 2
3

⇥
k3 � 1

2 (k1 + k2)
⇤
, where ki denote the single

nucleon momenta (in the following equations we will first
suppress spin and isospin degrees of freedom):

V123 = V123(p,q,p
0
,q0). (1)

Here and in the following p and q (p0 and q0) denote
the Jacobi momenta of the initial (final) state. For local
interactions, however, the momentum dependence fur-
ther simplifies as such forces only depend on momentum
transfers, i.e. on di↵erences of Jacobi momenta:

V
loc
123 = V

loc
123(p

0 � p,q0 � q) ⌘ V
loc
123(p̃, q̃). (2)

Note that this statement refers to unregularized forces.
Below we will apply non-local regulators to the partial-
wave decomposed matrix elements. The regularization
will be discussed in more detail in Section III.

Generally, the decomposition of 3NFs in plane-wave
partial waves involves the evaluation of projection inte-
grals of the form

F
mLmlmL0ml0
LlL0l0 (p, q, p0, q0) =

Z
dp̂0

dq̂0
dp̂dq̂

⇥Y
⇤
L0mL0 (p̂

0)Y ⇤
l0ml0

(q̂0)YLmL(p̂)Ylml(q̂)V
loc
123(p̃, q̃) (3)

for fixed values of p = |p|, q = |q|, p0 = |p0|, q0 = |q0|
and the angular momentum quantum numbers. By using
symmetries, it is possible to reduce the dimensionality of
the angular integrals from 8 to 5. Traditional methods
are based on a direct discretization and numerical evalu-
ation of these angular integrals [38, 39]. Due to the large
number of external quantum numbers and momentum
mesh points such algorithms require very large computa-
tional resources for calculating all matrix elements nec-
essary for many-body studies. As a result, the number
of matrix elements of chiral N3LO interactions were so
far insu�cient for studies of nuclei and matter. However,
it is possible to evaluate the basic function F defined in
Eq. (3) in a much more e�cient way by explicitly mak-
ing use of the local nature of the 3NFs. Indeed, using
rotation invariance of the potential V loc

123 we can write it
as a function of three independent variables:

V
loc
123(p̃, q̃) = V

loc
123(p̃, q̃, cos ✓p̃q̃), (4)

where

cos ✓p̃q̃ =
p̃ · q̃
p̃q̃

, p̃ = |p̃|, q̃ = |q̃|. (5)

This already shows that the original eight dimensional
integral contains actually only three non-trivial integra-
tions. The other five integrations, after employing some
integral transformations, which are described in the ap-
pendix, can be performed analytically. The final result

van Kolck ’94; EE et al ’02

Ishikawa, Robilotta ’08; Bernard, EE, Krebs, Meißner ’08, ’11 

Girlanda, Kievski, Viviani ’11; Krebs, Gasparyan, EE ’12,’13;  EE, Gasparyan, Krebs, Schat ’14 

LENPIC: Low Energy Nuclear Physics International Collaboration
LENPIC

cD cE

Determination of the LECs cD, cE

— Triton BE (cD-cE correlation)
— Explore various possibilities and let theory and/or data decide…

  Determination of cD, cE at N2LO (preliminary)
It is common to require that the 3H BE is correctly reproduced       !
       it remains to determine only one LEC cD as cE = f(cD) 

LENPIC: Low Energy Nuclear Physics International Collaboration

nd scattering length 2a [Schoen et al.’03]

nd σtot at 70 MeV [Abfalterer et al.’01]

pd minimum of dσ/dθ at 70 MeV [Sekiguchi et al.’02]

nd σtot at 108 MeV [Abfalterer et al.’01]

nd σtot at 135 MeV [Abfalterer et al.’01]

pd minimum of dσ/dθ at 135 MeV [Sekiguchi et al.’02]

pd minimum of dσ/dθ at 108 MeV [Ermisch et al.’03]
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data consistent with cD ~ 1-2

nd scattering length 2a

nd σtot at 70 MeV (derived data, assuming 1% sys. err.)

pd minimum of dσ/dθ at 70 MeV (assuming 2% sys. err.)

nd σtot at 108 MeV (derived data, assuming 1% sys. err.)

nd σtot at 135 MeV (derived data, assuming 1% sys. err.)

pd minimum of dσ/dθ at 135 MeV (assuming 2% sys. err.)

Determination of cD at N2LO, R = 0.9 fm, no additional cutoff 

 0
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cD

pd minimum of dσ/dθ at 108 MeV (assuming 7% sys. err.)

all data: cD = 1.7±0.8;   χ2DOF = 0.7

data up to 108 MeV: cD = 2.1±0.9;   χ2DOF = 0.5

LENPIC, to appear 
(based on r-space-regularized potentials, R = 0.9 fm) 

yields the strongest constraint…



 Determination of cD, cE (preliminary)

LENPIC: Low Energy Nuclear Physics International Collaboration
LENPIC



 Nd total cross section at 70 MeV (preliminary)

LENPIC: Low Energy Nuclear Physics International Collaboration
LENPIC



 3H beta decay (preliminary)

LENPIC: Low Energy Nuclear Physics International Collaboration
LENPIC



 Summary and outlook

— derivation of contributions up to N3LO completed already in 2011; derivation of
     N4LO corrections done for V2N and almost done for V3N (new LECs…) and V4N

Nuclear Hamiltonian:

— accurate & precise NN potentials at N4LO+ are available, implementation of 
     many-body forces beyond N2LO in progress [LENPIC]

Electroweak current operators:
— have been worked out completely to N3LO

— some πN LECs in 1π axial charge at N3LO are unknown…
     [lattice QCD? ν-induced π-production? resonance saturation? large-Nc?…]
— 2N short-range e.m. current/axial charge involve a few new LECs

— 1N contributions expressible in terms of form factors 

Next steps (in progress):
— Precision tests of the theory for 3H β decay & μ capture (validation)
— Extension to other processes, heavier nuclei, N4LO, explicit Δ’s, …


