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Why optical potentials?

Koning,	Delaroche,	NPA713,	231	(2002)

- Optical	potentials	reduce	many-body	
complexity decoupling	structure	
contribution	and	reactions	dynamics.

- Often	fitted	on	elastic	scattering	data	
(locally	or	globally)

- A	microscopic	model	is	difficult	but	
worth	it
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Fig. 5. Comparison of predicted differential cross sections and experimental data, for neutrons scattered from 31P
and 32S. For more details, see Section 4.1.

Fig. 6. Comparison of predicted differential cross sections and experimental data, for neutrons scattered from
35Cl, 39K, 40Ar, and 40Ca. For more details, see Section 4.1.

A.J.Koning,J.P.D
elaroche

/N
uclear

PhysicsA
713

(2003)231–310
257

Fig. 2. Comparison of predicted neutron total cross sections and experimental data, for nuclides in the Mg–Ca mass region, for the energy range 10 keV–250 MeV. For
more details, see Section 4.1.

Novel applications of the dispersive optical model 51
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Figure 19. Calculated and experimental elastic-scattering angular distributions of
the differential cross section dσ/dΩ. Panels shows results for n+40Ca and p+ 40Ca.
Data for each energy are offset for clarity with the lowest energy at the bottom and
highest at the top of each frame. References to the data are given in Ref. [27].

We limit contributions to ℓ ≤ 5 below εF [30] obtaining 19.88 protons and 19.79

neutrons. We note the extended energy domain for volume absorption below εF to

accommodate the Jefferson-Lab data. Surface absorption requires non-localities of 0.94
fm above and 2.07 fm below εF .

The final fit to the experimental elastic-scattering data is shown in Fig. 19 while

the fits to total and reaction cross sections are shown in Fig. 20. In all cases, the quality

of the fit is the same as in Refs. [26] or [27]. This statement also holds for the analyzing

powers.

Having established our description at positive energies is equivalent to earlier work,
but now consistent with theoretical expectations associated with the non-local content of

the nucleon self-energy, we turn our attention to the new results below the Fermi energy.

The spectral strength given in Eq. (24) as a function of energy is in good agreement

with experimental information for the first few levels in the IPM [31]. This includes

the experimental location of the levels near the Fermi energy while for deeply bound

levels they correspond to the peaks obtained from (p, 2p) [51] and (e, e′p) reactions [48].

Dickhoff,	Charity,	Mahzoon,	JPG44,	033001	(2017)
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Källén–Lehmann	spectral	representation

Overlaps	of	
A+1	and	A-1	states

Excited	states	calculated	from	Dyson	equation

Σ∗= +

2

we perform state of the art SCGF calculations to test the
quality of current ab initio methods by comparing with
NCSM/RGM calculations on 2N interactions. We will
then use saturating chiral Hamiltonian with full NN+3N
forces to investigate elastic scattering of neutrons on 16O
and 40Ca.

Formalism. The Hamiltonian used to generate the
self energy is

H(A) = T � Tc.m.(A+ 1) + V +W (1)

where Tc.m.(A + 1) is the intrinsic kinetic energy for a
system of mass for a system of A nucleons plus 1 projec-
tile, V and W are the two and three body interactions.
When also the 3 body term W is considered, we apply
the reduction of the three body interaction to an equiva-
lent e↵ective two–body, considering the normal ordering
contribution, as demonstrated in [28].

The SCGF calculation is then performed by iterating
the Dyson equation g(!) = g

0(!) + g
0(!)⌃?(!)g(!) in

an harmonic oscillator basis of Nmax+1 oscillator shells.
g
0(!) is the free particle propagator, and ⌃?(!) the irre-

ducible self-energy which has the following general spec-
tral representation,
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where ↵ and � label the single particle quantum numbers
of the harmonic oscillator basis and ⌃(1) is the correlated
and energy independent mean field.

We perform calculations with the third order algebraic
diagrammatic construction [ADC(3)] method, where the
matrices M (N) couple single particle states to interme-
diate 2p1h (2h1p) configurations, C (D) are interaction
matrices among these configurations and K are their un-
perturbed energies [32, 33]. All intermediate 2p1h and
2h1p states in the selected space n, k are included in our
calculation. In the case ofNmax = 13, this corresponds to
considering all excitations up to J = 29 of both parities
and to about 400 MeV of excitation energy.

The resulting dressed single particle propagator can be
written in the Lehmann representation as
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0 i
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the poles of the propagator E
A+1
n � E

A
0 indicate then

the energy of the n–th exited state in the A + 1 system
respect to the ground state of the A system.

The center of mass separation is not guaranteed in
spherical harmonic oscillator basis, which breaks transla-
tional invariance, when a truncation is being employed.
It is numerically verified only for Nmax

>⇠ 19 [34]. For this
reason all bra and kets like h A

0 | and | A±1
n i in the defini-

tion of the self energy and optical potential are not eigen-
states of the total momentum. This carries an intrinsic
uncertaininty in center of mass definition, that however
can be checked by benchmarking with full Nh̄!–space
NCSM calculations (cf. Fig. 1). Moreover, we verified
that applying the reduction of Tc.m.(A) instead has less
then 2% e↵ect in the propagator energies and resulting
phase shifts.

The scattering waves are unbound and not localized,
therefore cannot be e�ciently expressed in the harmonic
oscillator basis. ⌃? however, representing the finite nu-
cleus, is localized and well expressed in harmonic oscilla-
tor expansion. We calculate ⌃? accordingly in harmonic
oscillator basis (cf. Eq. (2)), transform it in k–basis (Eq.
(4)), and then solve the scattering problem in full k–space
(Eq. (5)).

The optical potential for a given partial wave (l, j) is
expressed in momentum space from the harmonic oscil-
lator space using the Rn,l(k) radial harmonic oscillator
wavefunctions,

⌃? l,j(k, k0;E,�) =
X

n,n0

Rn,l(k)⌃
? l,j
n,n0(E,�)Rn0,l(k

0) ,

(4)
which is non local and energy–dependent. Hence, at
variance with other methods, Green functions provide
a parametrized, separable and analytical form of the op-
tical potential within the Lehmann representation.

To be noted that the parameter i� enters in our cal-
culation only in the construction of the optical potential
spectral representation of Eq. (4), and plays no role in
the iterative solution of the many-body problem, that
comes from the diagonalization of the equation of mo-
tion [5, 24, 33]. For the calculation here shown put the
i� parameter as energy dependent 0.002MeV✏2/⇡(✏2 �
(22.36MeV)2) where ✏ = E �EF , with EF the Fermi en-
ergy, checking the convergence of the observables under
consideration.

We solve the corresponding scattering problem in the
full one-body space, embedding in the continuum the
ADC(3) self energy calculated in the harmonic oscillator
basis using Eq. 4. We diagonalize the Schrödinger–like
equation in momentum space, so that the kinetic energy
is treated exactly, without truncations. We diagonalize
it in the center of mass frame, instead of the momentum
frame, introduces the appropriate reduced mass µ = �m,
with � ⌘ A/(A + 1), and boost factors � as argument

2

we perform state of the art SCGF calculations to test the
quality of current ab initio methods by comparing with
NCSM/RGM calculations on 2N interactions. We will
then use saturating chiral Hamiltonian with full NN+3N
forces to investigate elastic scattering of neutrons on 16O
and 40Ca.

Formalism. The Hamiltonian used to generate the
self energy is

H(A) = T � Tc.m.(A+ 1) + V +W (1)

where Tc.m.(A + 1) is the intrinsic kinetic energy for a
system of mass for a system of A nucleons plus 1 projec-
tile, V and W are the two and three body interactions.
When also the 3 body term W is considered, we apply
the reduction of the three body interaction to an equiva-
lent e↵ective two–body, considering the normal ordering
contribution, as demonstrated in [28].

The SCGF calculation is then performed by iterating
the Dyson equation g(!) = g

0(!) + g
0(!)⌃?(!)g(!) in

an harmonic oscillator basis of Nmax+1 oscillator shells.
g
0(!) is the free particle propagator, and ⌃?(!) the irre-

ducible self-energy which has the following general spec-
tral representation,

⌃?
↵�(E,�) =⌃(1)

↵� +
X

i,j

M†
↵,i


1

E � (K> +C) + i�

�

i,j

Mj,�

+
X

r,s

N↵,r


1

E � (K< +D) � i�

�

r,s

N†
s,� ,

(2)

where ↵ and � label the single particle quantum numbers
of the harmonic oscillator basis and ⌃(1) is the correlated
and energy independent mean field.

We perform calculations with the third order algebraic
diagrammatic construction [ADC(3)] method, where the
matrices M (N) couple single particle states to interme-
diate 2p1h (2h1p) configurations, C (D) are interaction
matrices among these configurations and K are their un-
perturbed energies [32, 33]. All intermediate 2p1h and
2h1p states in the selected space n, k are included in our
calculation. In the case ofNmax = 13, this corresponds to
considering all excitations up to J = 29 of both parities
and to about 400 MeV of excitation energy.

The resulting dressed single particle propagator can be
written in the Lehmann representation as

g↵,�(E,�) =
X

n

h A
0 |c↵| A+1

n ih A+1
n |c†� | A

0 i
E � E

A+1
n + E

A
0 + i�

+
X

i

h A
0 |c†↵| A�1

n ih A�1
n |c� | A

0 i
E � E

A
0 + E

A�1
i � i�

, (3)

the poles of the propagator E
A+1
n � E

A
0 indicate then

the energy of the n–th exited state in the A + 1 system
respect to the ground state of the A system.

The center of mass separation is not guaranteed in
spherical harmonic oscillator basis, which breaks transla-
tional invariance, when a truncation is being employed.
It is numerically verified only for Nmax

>⇠ 19 [34]. For this
reason all bra and kets like h A

0 | and | A±1
n i in the defini-

tion of the self energy and optical potential are not eigen-
states of the total momentum. This carries an intrinsic
uncertaininty in center of mass definition, that however
can be checked by benchmarking with full Nh̄!–space
NCSM calculations (cf. Fig. 1). Moreover, we verified
that applying the reduction of Tc.m.(A) instead has less
then 2% e↵ect in the propagator energies and resulting
phase shifts.

The scattering waves are unbound and not localized,
therefore cannot be e�ciently expressed in the harmonic
oscillator basis. ⌃? however, representing the finite nu-
cleus, is localized and well expressed in harmonic oscilla-
tor expansion. We calculate ⌃? accordingly in harmonic
oscillator basis (cf. Eq. (2)), transform it in k–basis (Eq.
(4)), and then solve the scattering problem in full k–space
(Eq. (5)).

The optical potential for a given partial wave (l, j) is
expressed in momentum space from the harmonic oscil-
lator space using the Rn,l(k) radial harmonic oscillator
wavefunctions,

⌃? l,j(k, k0;E,�) =
X

n,n0

Rn,l(k)⌃
? l,j
n,n0(E,�)Rn0,l(k

0) ,

(4)
which is non local and energy–dependent. Hence, at
variance with other methods, Green functions provide
a parametrized, separable and analytical form of the op-
tical potential within the Lehmann representation.

To be noted that the parameter i� enters in our cal-
culation only in the construction of the optical potential
spectral representation of Eq. (4), and plays no role in
the iterative solution of the many-body problem, that
comes from the diagonalization of the equation of mo-
tion [5, 24, 33]. For the calculation here shown put the
i� parameter as energy dependent 0.002MeV✏2/⇡(✏2 �
(22.36MeV)2) where ✏ = E �EF , with EF the Fermi en-
ergy, checking the convergence of the observables under
consideration.

We solve the corresponding scattering problem in the
full one-body space, embedding in the continuum the
ADC(3) self energy calculated in the harmonic oscillator
basis using Eq. 4. We diagonalize the Schrödinger–like
equation in momentum space, so that the kinetic energy
is treated exactly, without truncations. We diagonalize
it in the center of mass frame, instead of the momentum
frame, introduces the appropriate reduced mass µ = �m,
with � ⌘ A/(A + 1), and boost factors � as argument



The	irreducible	self-energy	is	a	nucleon-
nucleus	optical	potential*
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- diagonalize in	full	continuum	momentum space
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Navràtil,	Roth,	Quaglioni,	
PRC82,	034609	(2010) Σ,
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SRG-N3LO,	 Λ = 2.66	fm:9

𝑛 + O	 𝑔. 𝑠.9W
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Using	the	ab	initio optical potential for	neutron elastic scattering on	
Oxygen
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EM results from A. Cipollone PRC92, 014306 (2015)
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Proton	particle-hole	gap
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Collaboration	with	C.	Bertulani

Overlap wavefunctions
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Collaboration	with	C.	Bertulani
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Figure 3: Percent deviation of cross sections calculated with
WS wavefunctions and GF overlaps for the 17 reactions con-
sidered in Table I. Except for one case, the cross sections
calculated with GF overlaps are larger than those with WS
wavefunctions.

in the WS wavefunctions. The small di↵erences of the
knockout cross sections in Table I are due to the authen-
tic modification of the height of the tails due to many-
body e↵ects stemming for the interior part of the GF
overlap functions. Notice that no spectroscopic factor is
mentioned here, as all wavefunctions are normalized to
the unity. In some cases, such as for the knockout from
the 16O (⇡1s1/2) orbital, the exponential tail of the over-
lap function is indeed not exponentially decaying, being
also the source of some of the di↵erences for the knockout
cross section with the näıve potential model.

Having shown that knockout reactions are not the best
of the probes to study the many-body aspects of the
single-particle structure in nuclei, we now draw a few
more conclusions for (p,pN) reactions which, as men-
tioned, are sensitive to the whole nuclear volume. As
also mentioned above, a precise description of the wave-
function tails is irrelevant in this case, since most con-
tribution to the reaction arises from the nuclear interior,
except for heavy nuclei [9]. A close inspection of Ta-
ble I reveals that substantial di↵erences exist between
cross sections obtained with single-particle and many-
body overlap functions. Obviously, this can’t be ascribed
to the asymptotic behavior of the wavefunctions. It also
shows that by simply rescaling the tails of the wavefunc-
tion with an ANC or a spectroscopic factor will not be

fair to the experimental data and would lead to a wrong
analysis. This assertion also implies that experimental
analyses of (p,pN) reactions require a closer collabora-
tion of experiment and theory than typically done in the
analysis of knockout reactions with heavy ions. Just the
ANC, or spectroscopic factor, is not enough.

The imprints of the details of the many-body overlap
functions are summarized in Figure 3 for the 17 reac-
tions considered in Table I. The horizontal scale is a list
of the reactions in Table I from top to bottom of the
table. The vertical scale represents (�GF � �WS)/�WS

in percent. Except for one case, the quasi-free cross sec-
tions calculated with GF overlaps are larger than those
with WS wavefunctions. The squares (diamonds) [circles]
{stars} represent these quantities for 350 MeV/nucleon
14O (16O) [22O] {24O} projectiles. It is evident that the
results change appreciably with a di↵erent form of the
internal part of the overlap functions.

In summary, we have shown that, in contrast to knock-
out reactions with radioactive beams, (p,pN) reactions
can only in a few undetermined cases be described with
the combination of a Woods-Saxon single-particle wave-
function and a spectroscopic factor derived from many-
body models. An accurate experimental analysis requires
the input of an also accurately determined overlap func-
tion from many-body calculations. While this poses a
more di�cult task for the study of single-particle configu-
rations with (p,PN) reactions, it also opens opportunities
for a better understanding of the many-body configura-
tions and their single-particle overlaps.

In view of the recent advances in experimental facil-
ities and detection techniques, it is imperative to use
(p,pN) reactions as a formidable tool to extend the reach
of knockout reactions with heavy targets. The later probe
is of limited scope to unravel the inner-works of nuclear
structure.
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cross	section	calculation

for	different	wavefunctions
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Figure 1: Overlap functions for a few selected states from Ta-
ble I. All cases are for protons except the bottom-right panel
which is for a neutron single-particle state. Solid lines are
calculations done with the ab-initio Green’s Function (GF)
self-consistent method, while the dashed lines are for Woods-
Saxon (WS) potentials reproducing the same separation en-
ergies.

the total cross sections as well as for momentum distri-
butions [9]. A whole new set of experiments are being
planned using (p,pN), with N = p, n, reactions in inverse
kinematics [10] and new reaction theories have also been
developed which di↵er in essence from those appropriate
for knockout reactions with heavy targets [11–13].

Knockout and (p,pN) reactions di↵er in the property
that protons probe the inner parts of the nuclear wave-
function, specially for light nuclear projectiles. This has
been clearly discussed in Ref. [9]. One thus expects
that (p,pN) reactions involve and increased sensitivity to
the many-body aspects of the single particle content of
the nuclear wavefunctions. The sole knowledge of spec-
trocopic factors is not enough for a good description of
(p,pN) reactions. Since both knockout as well as (p,pN)
reactions are notable spectroscopic tools of unstable nu-
clei, it is imperative to prove this assertion in a clear way
to push the limits of accuracy of future (p,pN) experi-
ments with unstable nuclei. For this goal we will compare
the outcome of (p,pN) and heavy ion knockout calcula-
tions using both ab-initio many-body wavefunctions and
calculations using potential models. The sensitivity to
the details of the ab-initio wavefunctions will be thor-
oughly discussed.

Table I: Separation energies, EB , wavefunction root mean

square radii,
⌦
r2
↵1/2

, asymptotic normalization coe�cients
(ANC), (p,pN) quasi-free cross sections, and proton/neutron
knockout cross section, �kn, with 9Be targets, �qf , for 350
MeV/nucleon, oxygen projectiles. WS denotes wavefunc-
tions calculated with a potential model (Woods-Saxon) and
GF denotes many-body ab-initio overlap functions from self-
consistent Green’s function method.

Nucleus EB

⌦
r2
↵1/2
WS

⌦
r2
↵1/2
GF

CWS CGF �WS
qf �GF

qf �WS
kn �GF

kn C2SGF

(state) [MeV] [fm] [fm] [fm�1/2] [fm�1/2] [mb] [mb] [mb] [mb]
14O (⇡1p3/2) 8.877 2.856 2.961 6.785 7.172 27.38 28.60 27.19 27.42 0.548
14O (⇡1p1/2) 6.181 2.947 3.160 4.728 5.623 14.11 15.34 29.03 30.35 0.760
14O (⌫1p3/2) 21.33 2.528 2.722 11.61 12.77 28.93 32.01 22.14 23.66 0.776
16O (⇡1s1/2) 15.89 2.295 2.234 13.06 24.27 9.300 9.010 15.46 20.35 0.074
16O (⇡1p3/2) 17.43 2.629 2.832 15.61 18.27 21.76 23.91 20.20 21.39 0.805
16O (⇡1p1/2) 10.65 2.775 3.077 8.313 10.64 11.59 13.25 22.49 24.95 0.794
16O (⌫1p3/2) 20.71 2.597 2.807 12.20 13.35 25.38 28.59 19.20 20.79 0.801
16O (⌫1p1/2) 13.83 2.727 3.033 6.430 7.470 13.64 16.11 21.19 23.70 0.790
22O (⇡1p3/2) 29.26 2.571 2.884 44.86 63.44 14.37 17.08 12.19 14.38 0.274
22O (⇡1p3/2) 25.67 2.623 2.820 35.89 42.43 14.80 16.50 12.68 13.79 0.443
22O (⇡1p1/2) 23.58 2.603 2.916 42.43 42.12 7.323 8.702 12.75 14.77 0.731
22O (⌫1d5/2) 6.670 3.439 3.533 1.882 1.823 41.44 43.78 21.04 20.79 0.806
24O (⇡1p3/2) 28.57 2.626 2.886 46.98 66.44 13.20 15.32 11.05 12.64 0.675
24O (⇡1p3/2) 31.88 2.582 2.847 57.37 95.18 12.86 15.05 10.67 12.37 0.420
24O (⇡1p1/2) 25.28 2.620 2.985 35.27 57.31 6.585 8.108 11.48 13.60 0.740
24O (⌫2s1/2) 4.120 4.190 4.479 3.972 4.120 18.47 21.00 30.27 32.32 0.844
24O (⌫1d5/2) 6.961 3.478 3.557 2.118 2.078 38.09 39.97 19.10 18.72 0.832

5% <1%



Conclusions and	Perspectives
• We are	developing an	interesting tool to	study nuclear
reactions effectively.	
We have defined a	non-local generalized optical potential
corresponding to	nuclear self	energy.
• Spectroscopic Factors from	ab-initio overlap wavefunctions
differ from	effective wood saxon.	These do	not seem to	
depend much on	proton-neutron asymmetry
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Figure 3: Percent deviation of cross sections calculated with
WS wavefunctions and GF overlaps for the 17 reactions con-
sidered in Table I. Except for one case, the cross sections
calculated with GF overlaps are larger than those with WS
wavefunctions.

in the WS wavefunctions. The small di↵erences of the
knockout cross sections in Table I are due to the authen-
tic modification of the height of the tails due to many-
body e↵ects stemming for the interior part of the GF
overlap functions. Notice that no spectroscopic factor is
mentioned here, as all wavefunctions are normalized to
the unity. In some cases, such as for the knockout from
the 16O (⇡1s1/2) orbital, the exponential tail of the over-
lap function is indeed not exponentially decaying, being
also the source of some of the di↵erences for the knockout
cross section with the näıve potential model.

Having shown that knockout reactions are not the best
of the probes to study the many-body aspects of the
single-particle structure in nuclei, we now draw a few
more conclusions for (p,pN) reactions which, as men-
tioned, are sensitive to the whole nuclear volume. As
also mentioned above, a precise description of the wave-
function tails is irrelevant in this case, since most con-
tribution to the reaction arises from the nuclear interior,
except for heavy nuclei [9]. A close inspection of Ta-
ble I reveals that substantial di↵erences exist between
cross sections obtained with single-particle and many-
body overlap functions. Obviously, this can’t be ascribed
to the asymptotic behavior of the wavefunctions. It also
shows that by simply rescaling the tails of the wavefunc-
tion with an ANC or a spectroscopic factor will not be

fair to the experimental data and would lead to a wrong
analysis. This assertion also implies that experimental
analyses of (p,pN) reactions require a closer collabora-
tion of experiment and theory than typically done in the
analysis of knockout reactions with heavy ions. Just the
ANC, or spectroscopic factor, is not enough.

The imprints of the details of the many-body overlap
functions are summarized in Figure 3 for the 17 reac-
tions considered in Table I. The horizontal scale is a list
of the reactions in Table I from top to bottom of the
table. The vertical scale represents (�GF � �WS)/�WS

in percent. Except for one case, the quasi-free cross sec-
tions calculated with GF overlaps are larger than those
with WS wavefunctions. The squares (diamonds) [circles]
{stars} represent these quantities for 350 MeV/nucleon
14O (16O) [22O] {24O} projectiles. It is evident that the
results change appreciably with a di↵erent form of the
internal part of the overlap functions.

In summary, we have shown that, in contrast to knock-
out reactions with radioactive beams, (p,pN) reactions
can only in a few undetermined cases be described with
the combination of a Woods-Saxon single-particle wave-
function and a spectroscopic factor derived from many-
body models. An accurate experimental analysis requires
the input of an also accurately determined overlap func-
tion from many-body calculations. While this poses a
more di�cult task for the study of single-particle configu-
rations with (p,PN) reactions, it also opens opportunities
for a better understanding of the many-body configura-
tions and their single-particle overlaps.

In view of the recent advances in experimental facil-
ities and detection techniques, it is imperative to use
(p,pN) reactions as a formidable tool to extend the reach
of knockout reactions with heavy targets. The later probe
is of limited scope to unravel the inner-works of nuclear
structure.
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𝑏 = 22.36	MeV

«Imaginary»	Parameter
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Escher	&	Jennings	PRC66	034313	(2002)

Σ∗= +

Σ corresponds to	the	Feshbach’s generalized optical potential

Dyson	Equation

Equation	of	motion

Corresponding Hamiltonian

Why Green’s Functions?
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16O	neutron	propagator
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𝐶𝑎 + 𝑛vw 	@3.2	MeV
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Volume integrals

Non	local potential

Im Σ 𝜖; = 0

different Fermi	
energies and	

particle-hole gap	
for	different
interactions

Cav{ protons	 𝐽j

S.	Waldecker et	al. PRC84,	034616(2011)
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Ca	isotopes

neutron and	proton
volume	integrals of	
self	energies.	
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Figure 2. Volume integral of the imaginary part of the neutron optical potentials, JW (E), for
targets at the subshell closure of calcium isotopes: 40Ca, 48Ca, 52Ca, 54Ca, 60Ca, calculated at
Nmax=11.

on 40Ca was also computed in Ref. [32].

4. Conclusions
Even with the limitations of a (non optimal) oscillator basis, we found that most important
features of optical potentials are well reproduced. In the long term, it will be necessary to
properly account for the continuum in calculating the self-energy and to improve the realistic
nuclear interactions. Nevertheless, it is clear from the present results that reliable ab initio
calculations of optical potentials are now a goal within reach.
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