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'<latexit sha1_base64="D42sn37g3C7/gnHlmpF31JXk1SQ="></latexit>
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◆Where and Why ?

https://www.bnl.gov/newsroom/
news.php?a=112068

Heavy-ion collisionSpintronics

http://mmatsuo.com/

Possibility of 
QGP spintronics!? 

◆ Spin as a quantum number

Spin = good quantum # in nonrelativistic theory

Transport phenomena of spin?
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(1) Coupled dynamics of hydro & spin is available
(2) Spin density shows (gapped) relaxational dynamics

Three main messages:

'<latexit sha1_base64="D42sn37g3C7/gnHlmpF31JXk1SQ="></latexit>

Hydro

Spin
+

Phenomenological derivation of spin-hydro

(3) How to make spin hydro as well-defined Hydro+
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　  Motivation:

　  Approach:

　  Result: 

Hydrodynamics of  
a relativistic spinful fluid?

Phenomenological  
entropy-current analysis

(1) Coupled dynamics of hydro & spin
(2) Diffusive nature of spin: 



Phenomenological derivation 
of hydrodynamic equation
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The oldest but state-of-the-art  
phenomenological field theory

B. Pascal (1623-1662) D. Bernoulli (1700-1782) C-L. Navier (1785-1836) G. Stokes (1819-1903)L. Euler (1707-1783)

1700 1800 19001600

Pascal’s law Hydrodynamics Euler equations 
(Perfect fluid)

Navier-Stokes equations 
(Viscous fluid)
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(2) Constitutive relation: ~JE = �DE
~re

<latexit sha1_base64="+bzQAPC0zcyi8Ddc48KgCgMuNwI="></latexit>

(3) Physical properties: Value of diffusion constant DE
<latexit sha1_base64="AF0VnM25k5W3emI4eSWhbM9EwrU="></latexit>

(1) Conservation law: @te+ ~r · ~JE = 0
<latexit sha1_base64="P/3diABks+J766xqdNr7fgwkVG4="></latexit>

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY="></latexit>

e(x)
<latexit sha1_base64="5ixi+CYpVnapxODv4Twe/IkJNqs="></latexit>

~JE / �~re(x)
<latexit sha1_base64="O18Skn2qmh0ftzLNicWJiS45yBc="></latexit>

◆Bulding blocks of hydrodynamic equation

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY="></latexit>

e(x)
<latexit sha1_base64="5ixi+CYpVnapxODv4Twe/IkJNqs="></latexit>Diffusion eq.

@te�DEr2e = 0
<latexit sha1_base64="Ml9cU2dtzN2zXx7GkT/uOOIg0ac="></latexit>

Diffusion mode
! = �iDEk

2
<latexit sha1_base64="L8t0SIYUm/0cDhgI/66BMGSj6ZY="></latexit>
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x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY="></latexit>

e(x)
<latexit sha1_base64="5ixi+CYpVnapxODv4Twe/IkJNqs="></latexit>

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY="></latexit>

e(x)
<latexit sha1_base64="5ixi+CYpVnapxODv4Twe/IkJNqs="></latexit>

~JE / �~re(x)
<latexit sha1_base64="O18Skn2qmh0ftzLNicWJiS45yBc="></latexit>

No-go for time-reversal process!
Thermodynamic concepts, especially, 2nd law, should  appear!!
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dE = TdS + pdV
<latexit sha1_base64="P/O27N2PBOoAN2M8aJkvCFo4qxo="></latexit>

dS � 0
<latexit sha1_base64="zWqMxClqXHbF+t42zndHV4EhRdk="></latexit>

1st law:

2nd law:

Global thermodynamics

= ~s
<latexit sha1_base64="iBMZHHrJvVSl4K0lQ/L6eAyXX4w="></latexit>

= E
~r� (E � 0)

<latexit sha1_base64="+KuypKuVPy1q7e8spSVC4BesMYQ="></latexit>

@te+ ~r · ~JE = 0
<latexit sha1_base64="P/3diABks+J766xqdNr7fgwkVG4="></latexit>

in conservation law:~JE
<latexit sha1_base64="d5tuFYsJ0F3cnX3moDBiBbaFbHs="></latexit>

What is ?

0 = �@te+ �~r · ~JE =
<latexit sha1_base64="rGXL5JaUlriAg6s3eJqeUnMEOJM="></latexit>

@ts+ ~r · (� ~JE)� ~JE · ~r�
<latexit sha1_base64="xAtFGzRAqg/XWODQOgL14cNIs+4="></latexit>

, For

(
sµ ⌘

�
s,� ~JE

�
,

~JE = E
~r�,

<latexit sha1_base64="3u65DCuU86lkOiGdJR6N6giqNT0=">AAADOHichVHLahRBFL3dvmL7yKgbIZvGIRJhGGqioAhCVBSJLvJwksDUOFRVanqK6ZfV1SOxaT/AH3DhSsGFuNaFWzf+gIvs3ElwZwQ3Lrzd0yo6GG9RVadO3XPrFJfHvkoMIduWvW//gYOHpg47R44eOz5dO3FyLYlSLWRbRH6kNzhLpK9C2TbK+HIj1pIF3JfrfHi9uF8fSZ2oKLxrtmLZDZgXqr4SzCDVq73OaFmkoz3ezU iTlNGYADm9I/tGK29gmNbRA5cGzAx0kN2MdP7IoVx6KswEOkny5B4NUpfK+6kauZQrby5pYIJhLh1JkS3mvRsFe67hUur8otwrdMjimCEqORoy7rPcHSsbDpXhZvVA3qvVfxpzJ0GrAnWoYimqvQEKmxCBgBQCkBCCQewDgwRHB1pAIEauCxlyGpEq7yXk4KA2xSyJGQzZIa4enjoVG+K5qJmUaoGv+Dg1Kl2YJR/IS7JL3pNXZId8/2etrKxReNnCnY+1Mu5NPz69+u2/qgB3A4Pfqj09G+jDpdKrQu9xyRS/EGP96OGT3dXLK7PZWfKcfEb/z8g2eYc/CEdfxYtlufJ0Dz8cvRTtaf3djEmwNt9snW/OL1+oL1yrGjUFM3AG5rAbF2EBbsEStEFYM9ZVa9G6bb+1P9qf7J1xqm1VmlPwR9hffgBiGdGc</latexit>

2nd law!@µs
µ = E(~r�)2 � 0

<latexit sha1_base64="fwBJED5VIqWN5yY4W1ZsLO+3Uvw="></latexit>

1st law:

2nd law: 9sµ s.t. @µs
µ � 0

<latexit sha1_base64="pxvOORz3fkr0IVhvFE4dr3A4aDw="></latexit>

Local thermodynamics

�de = ds, d = @t
<latexit sha1_base64="Ij3IkH45XVVkN5n7jCz1xiucIiY="></latexit>

, @ts+ ~r · (� ~JE) = ~JE · ~r�
<latexit sha1_base64="Rh7L8knwk3+XFeoFYNU77XtppDk="></latexit>

~r� = ���1
E

~re
<latexit sha1_base64="3Ze09A9d7fRPXzeoOpa98cP2JYY="></latexit>

Constitutive relation!
~JE = �DE

~re, DE =
E

�E
<latexit sha1_base64="SvSK+7OAs3PQ5JjBzo3ZvPSLlbE="></latexit>
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Entropy density: Temperature:
<latexit sha1_base64="FdIAQnVjtVYQtCQDhXgexikCDk0="></latexit>

s(e)
<latexit sha1_base64="eoLiJd6HNbtpzKR9A+UVu6PraBw="></latexit>

ds = �de

<latexit sha1_base64="BV0nBTuSecOG4cYYbweqUUzdgpc="></latexit>

� ⌘ @s

@e

Step 2. Introduce entropy & conjugate variable

Energy density: <latexit sha1_base64="TiRVaoanUloccQ3MI2z7rZwism4="></latexit>e EoM:  

Step 1. Determine dynamical d.o.m (& its equation of motion)
<latexit sha1_base64="r47ZUY3qpExxgw2sJtWluvPGQ8Y="></latexit>

@te+ ~r · ~JE = 0

Current:

Step 3. Write down all possible terms with finite derivatives
<latexit sha1_base64="uLZq2Isqpzzw0orzpuLN1YANo8g="></latexit>

~JE = 0 + E
~r� +O(~r2) = E

~r@s

@e
+O(~r2)

Step 4. Restrict terms to be compatible with local 2nd law
<latexit sha1_base64="n8qxBmVv4P6FotztiI2WOPVyRnY="></latexit>

9 sµ such that @ts+ ~r · ~s � 0
<latexit sha1_base64="avquF3cIHm+JApyBjjl9uOp6Tt8="></latexit>

E � 0 with ~s = � ~JE
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◆Bulding blocks of hydrodynamic equation
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@µ⇥
µ⌫ = 0

<latexit sha1_base64="rpEbuC1k8BkSey5DIh2NcGtJIsc="></latexit>

(1) Energy-momentum conservation laws:
(2) Constitutive relations: ⇥µ⌫ = ⇥µ⌫(⇥0⌫)

<latexit sha1_base64="kh2JqUnP7ddyTubHXqmnt4xMZJw="></latexit>

(3) Physical properties: EoS, Values of transport coeff.

Relativistic Euler/Navier-Stokes equation!

Complicated but the same analysis perfectly works as follows:

- Step 1: Dynamical d.o.f.: 
<latexit sha1_base64="IAzKHrbYFbzW5S74G3FW/ek8UfE="></latexit>

⇥0
µ with EoM: 

<latexit sha1_base64="PnZ9e4oQ8czAZuTyozjtqdXHXoY="></latexit>

@µ⇥
µ
⌫ = 0

- Step 2:
<latexit sha1_base64="YCoY05IObrLALM4k9fg2XBFSkEU="></latexit>

s(⇥0
µ)Entropy: ⇒  Conjugate variable: 

<latexit sha1_base64="qqCS2nNoikQUu6g2u2V5at9sU9Q="></latexit>

�uµ ⌘ @s

@⇥0
µ

- Step 3: EM tensor: 
<latexit sha1_base64="03bnCsZ/c7HtUMH738Iej5m9eE8="></latexit>

⇥µ⌫ = euµu⌫ + p�µ⌫ +⇥µ⌫
(1)

- Step 4:
<latexit sha1_base64="fzO8qQ2fY6rKrAo5OhCOEoqnjVc="></latexit>

e+ p = Ts ,
<latexit sha1_base64="Wo+/6XcC95ZBiGAwTXlH+dRgzK4="></latexit>

⇥µ⌫
(1) = �2⌘@hµ

? u⌫i � ⇣(@↵u
↵)�µ⌫ etc.

{
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　  Motivation:

　  Approach:

　  Result: 

Hydrodynamics of  
a relativistic spinful fluid?

Phenomenological  
entropy-current analysis

(1) Coupled dynamics of hydro & spin
(2) Diffusive nature of spin: 

1st law:

2nd law:



Spin in a relativistic fluid
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Total AM Orbital AM Spin AM

=<latexit sha1_base64="I5dDKPmvUZNA54TUhiE2RsUl/XQ="></latexit> +
<latexit sha1_base64="GrKZQjXr5+2Und+SJqT7vuWmnxU="></latexit>

Jµ⌫⇢ = x⌫⇥µ⇢ � x⇢⇥µ⌫+⌃µ⌫⇢
<latexit sha1_base64="I2VQSK6QQIng9Jy/hfEswoNBtAI="></latexit>

Decomposition: 

Conservation law: @µ⇥µ⌫ = 0, @µJ
µ⌫⇢ = 0

<latexit sha1_base64="JbMXL80DOJUb2kqYfs390TrhFFQ="></latexit>

◆ All we need for angular momentum:
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◆ All we need for angular momentum:

Jµ⌫⇢ = x⌫⇥µ⇢ � x⇢⇥µ⌫+⌃µ⌫⇢
<latexit sha1_base64="I2VQSK6QQIng9Jy/hfEswoNBtAI="></latexit>

Total AM Orbital AM Spin AM

Conservation law: 

Decomposition: 

@µ⇥
µ⌫ = 0, @µJ

µ⌫⇢ = 0
<latexit sha1_base64="JbMXL80DOJUb2kqYfs390TrhFFQ="></latexit>

- Spinless case: 

⌃µ⌫⇢ = 0
<latexit sha1_base64="qLQ5/UxX5Kx2Te9NVCKw8oofFoU="></latexit>

@µJ
µ⌫⇢ = 0

<latexit sha1_base64="uIPJQnCS5B9s9ypsDguWgxkVk3A="></latexit>

: EM tensor is symmetric!⇥µ⌫ = ⇥⌫µ
<latexit sha1_base64="gaPtHoVWwkEQLcC5exjOCZPSKi0="></latexit>
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◆ All we need for angular momentum:

Jµ⌫⇢ = x⌫⇥µ⇢ � x⇢⇥µ⌫+⌃µ⌫⇢
<latexit sha1_base64="I2VQSK6QQIng9Jy/hfEswoNBtAI="></latexit>

Total AM Orbital AM Spin AM

Conservation law: 

Decomposition: 

@µ⇥
µ⌫ = 0, @µJ

µ⌫⇢ = 0
<latexit sha1_base64="JbMXL80DOJUb2kqYfs390TrhFFQ="></latexit>

- Spinless case: 

⌃µ⌫⇢ = 0
<latexit sha1_base64="qLQ5/UxX5Kx2Te9NVCKw8oofFoU="></latexit>

- Spinful case: 

⌃µ⌫⇢ 6= 0
<latexit sha1_base64="CCvQBmayAtmDlKHKfjy7Domkk0A="></latexit>

@µJ
µ⌫⇢ = 0

<latexit sha1_base64="uIPJQnCS5B9s9ypsDguWgxkVk3A="></latexit>

: EM tensor is symmetric!⇥µ⌫ = ⇥⌫µ
<latexit sha1_base64="gaPtHoVWwkEQLcC5exjOCZPSKi0="></latexit>

@µJ
µ⌫⇢ = 0

<latexit sha1_base64="uIPJQnCS5B9s9ypsDguWgxkVk3A="></latexit>

@µ⌃
µ⌫⇢ = �(⇥⌫⇢ �⇥⇢⌫) ⌘ �2⇥⌫⇢

(a)
<latexit sha1_base64="4KVUbFGM7mbZga393C6lN0oYk/U="></latexit>

= Equation of motion for spin density: 

s

!
⌃0⌫⇢

<latexit sha1_base64="Ew+ITXbfpUiAcv7d0PkOmgibuNs="></latexit>



2nd law: 9sµ s.t. @µs
µ � 0

<latexit sha1_base64="pxvOORz3fkr0IVhvFE4dr3A4aDw="></latexit>

◆ Extension of  local thermodynamics

Dynamical d.o.f.: Canonical energy-momentum density: 
Spin-angular momentum density: { ⌃0⌫⇢

<latexit sha1_base64="Ew+ITXbfpUiAcv7d0PkOmgibuNs="></latexit>

⇥0⌫
<latexit sha1_base64="epeE1cO/46n6rFaeysjZmoMeXLA="></latexit>

Equation of motion:  @µ⇥µ⌫ = 0, @µ⌃
µ⌫⇢ = �2⇥⌫⇢

(a)
<latexit sha1_base64="HUbxXyp9bs3w19q7LjJxbOjJ3Ag="></latexit>

1st law: �(de� !µ⌫dS
µ⌫) = ds, e+ p� !µ⌫S

µ⌫ = Ts, d = uµ@µ
<latexit sha1_base64="j8AzdhdS5Zebej93G2zhjd6ojPo="></latexit>

◆ Setup

5RW6ST[�H966+RW�FRFP[7/7

Expansion (assumption): 

(
⇥µ⌫ = euµu⌫ + p�µ⌫ +⇥µ⌫

(1)

⌃µ⌫⇢ = uµS⌫⇢ + ⌃µ⌫⇢
(1)

<latexit sha1_base64="/uEJjuXsx9JoAN8qudHX/TqocRE="></latexit>

⇠ µn
<latexit sha1_base64="7kh+gwbCtwVg4/HzEezoBdFYICM="></latexit>

⇠ µdn
<latexit sha1_base64="LSgnAOJT6jZiEuEySwOr6gK5ywc="></latexit>

: Conjugate variable to characterize  spin density Sµ⌫
<latexit sha1_base64="16BgHKHJOs24LikX6j2ADjEXago="></latexit>

!µ⌫
<latexit sha1_base64="JCSLBgksQB+RHj4yUu2C7owkrvk="></latexit>

Power-counting scheme: !µ⌫ ⇠ S
µ⌫ = O(@1)

<latexit sha1_base64="WZgZ7EJxpvCS+J84ttZVCyVgNcM="></latexit>

( )
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d.o.f. : EoM:  

Step 1. Determine dynamical d.o.m (& its equation of motion)
<latexit sha1_base64="ZkR/C0ydTt2H1qJ4WHbHLSHaWdc="></latexit>

{⇥0⌫ ,⌃0⌫⇢} @µ⇥
µ⌫ = 0, @µ⌃

µ⌫⇢ = �2⇥⌫⇢
(a)

<latexit sha1_base64="HUbxXyp9bs3w19q7LjJxbOjJ3Ag="></latexit>

Entropy:

Step 2. Introduce entropy & conjugate variable
<latexit sha1_base64="NDfdyrlwI0VFgFx1b3OZnUqswcM="></latexit>

s(⇥0⌫ ,⌃0⌫⇢)

<latexit sha1_base64="TPBVzvji921QHqrdv9dKiz7Mok8="></latexit>

�⌫ ⌘ @s

@⇥0⌫
, !⌫⇢ ⌘ @s

@⌃0⌫⇢

Step 3. Write down all possible terms with finite derivatives

⌃µ⌫⇢ = uµS⌫⇢ + ⌃µ⌫⇢
(1)

<latexit sha1_base64="JPE5iRbeaY5GyJqMsSTWKjtsMzI="></latexit>

⇥µ⌫ = euµu⌫ + p�µ⌫ +⇥µ⌫
(1s) +⇥µ⌫

(1a)
<latexit sha1_base64="OFj3Irw4OAgAOv/0Kt9QW8JCaPY="></latexit>

,

Step 4. Restrict terms to be compatible with local 2nd law
<latexit sha1_base64="51ZQeEf02+pSM6LzkGonoCvaLoQ="></latexit>

9 sµ s. t. @µs
µ � 0

<latexit sha1_base64="l7suRZ6ssDbpTtkGMvOcVwJINm0="></latexit>

e+ p� !µ⌫S
µ⌫ = Ts, ⇥µ⌫

(1) = · · ·
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Entropy-production rate up to              :O(@2)

<latexit sha1_base64="hZgpyLvtMMYSTcuMQHTKNTS4q/s="></latexit>

/ @(µ�⌫)
<latexit sha1_base64="djt5cHRdZpEOK2FWoHcZpiPI55Y="></latexit>

/ (@[µ�⌫] � 2�!µ⌫)
<latexit sha1_base64="wDw9aVxq9wU5V5HHizi+7JrKlP8="></latexit>

⌘ sµ
<latexit sha1_base64="vOy+wJ8Wo5icWAy5WmsBq8ApKbo="></latexit>

, @µs
µ � 0

<latexit sha1_base64="NWTgLvgRa3R3mBvYgrZjzqcy2i0="></latexit>

: Shear & Bulk viscosity

: Boost heat conductivity

: Rotational viscosity

◆ Constitutive relation (⇥µ⌫
(1s) = ⇥⌫µ

(1s), ⇥µ⌫
(1a) = �⇥⌫µ

(1a))
<latexit sha1_base64="ItCY91qSZguyceEUQnsx2xImbo0="></latexit>

- EM tensor: 

- Spin-AM tenror: 

⇥µ⌫ = euµu⌫ + p�µ⌫ +⇥µ⌫
(1s) +⇥µ⌫

(1a)
<latexit sha1_base64="OFj3Irw4OAgAOv/0Kt9QW8JCaPY="></latexit>

⌃µ⌫⇢ = uµS⌫⇢ + ⌃µ⌫⇢
(1)

<latexit sha1_base64="JPE5iRbeaY5GyJqMsSTWKjtsMzI="></latexit>

with

<latexit sha1_base64="JjrJfvr81lTzXOt1fbXMQlpeCOc="></latexit>8
>>>>><

>>>>>:

⇥µ⌫
(1s) = �2⌘@hµ

? u
⌫i � ⇣(@↵u↵)�µ⌫

�µ
⇢u�⇥

⇢�
(1a) = �

✓
@
µ
?p

e+ p
� 4!µ⌫

u⌫

◆

�µ
⇢�

⌫
�⇥

⇢�
(1a) = �2�

�
@
[µ
? u

⌫] � 2�µ
⇢�

⌫
�!

⇢�
�

⌃µ⌫⇢ = O(@2)



Leading!

?+PFW/Y/7W/H�7T/R�M[I6S

We can describe coupled dynamics of hydro & spin!

(2)+(3): Constitutive relation + Physical properties:

with

: Shear & Bulk viscosity

: Boost heat conductivity

: Rotational viscosity

- EM tensor: 

- Spin-AM tenror: ⌃µ⌫⇢ = uµS⌫⇢ + ⌃µ⌫⇢
(1)

<latexit sha1_base64="JPE5iRbeaY5GyJqMsSTWKjtsMzI="></latexit>

(1) (Non-)Conservation laws:  

◆Bulding blocks of hydrodynamic equation

⇥µ⌫ = euµu⌫ + p�µ⌫ +⇥µ⌫
(1s) +⇥µ⌫

(1a)
<latexit sha1_base64="OFj3Irw4OAgAOv/0Kt9QW8JCaPY="></latexit>

<latexit sha1_base64="JjrJfvr81lTzXOt1fbXMQlpeCOc="></latexit>8
>>>>><

>>>>>:

⇥µ⌫
(1s) = �2⌘@hµ

? u
⌫i � ⇣(@↵u↵)�µ⌫

�µ
⇢u�⇥

⇢�
(1a) = �

✓
@
µ
?p

e+ p
� 4!µ⌫

u⌫

◆

�µ
⇢�

⌫
�⇥

⇢�
(1a) = �2�

�
@
[µ
? u

⌫] � 2�µ
⇢�

⌫
�!

⇢�
�

⌃µ⌫⇢ = O(@2)

@µ⇥
µ⌫ = 0, @µ⌃

µ⌫⇢ = �2⇥⌫⇢
(a)

<latexit sha1_base64="HUbxXyp9bs3w19q7LjJxbOjJ3Ag="></latexit>



Linear-mode analysis 
on spin-hydro
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Perturbation on the top of  
global static thermal equilibrium:

with

◆ Linearized spin-hydrodynamic equations:

O(�)
<latexit sha1_base64="TamgF/dnMjJtf1t1nL7V2hnPppc="></latexit>

Pickup -terms only
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Linearized eom can be solved by the use of Fourier tr.!

4 gapless (hydro) modes + 6 gapped (non-hydro) modes

◆ Solutions:

detM(!,k) = 0
<latexit sha1_base64="vPGMMDwo3waBMv4GFpFvRtG4+6g="></latexit>

Characteristic equation: 

�O(x) = e�i(!t�k·x)�Õ(k)
<latexit sha1_base64="6KrSXRkpA1SDNWMSYKLEAi0wmj4="></latexit>

M(!,k)�Õ(k) = 0
<latexit sha1_base64="BN5aRN9Uu/tXhr0GLMYD+VZ5jOE="></latexit>

EoM: 
(M(!,k) : 10⇥ 10matrix)

<latexit sha1_base64="yq5EiJ654EIuRqB71M5c08WqwKc="></latexit>
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: n= transverse
: n= longitudinal
: n=spin

D�1
s
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D�1
s
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�thydro = 4⇥D�1
s

<latexit sha1_base64="7d6ccULZI2qd4y4714WsTqbtl9w="></latexit>

�thydro = 4⇥D�1
s

<latexit sha1_base64="7d6ccULZI2qd4y4714WsTqbtl9w="></latexit>

�On(x) / e�i!t
<latexit sha1_base64="sUe+11oiCa9tjqLenDelJmfApqM="></latexit>
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kz = 0.5⇥ Ds

�?
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: n= transverse
: n= longitudinal
: n=spin

D�1
s

<latexit sha1_base64="xcTVf6HblY45anlU5KCNBPDCW9U="></latexit>
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<latexit sha1_base64="xcTVf6HblY45anlU5KCNBPDCW9U="></latexit>

�thydro = 4⇥D�1
s

<latexit sha1_base64="7d6ccULZI2qd4y4714WsTqbtl9w="></latexit>

�thydro = 4⇥D�1
s

<latexit sha1_base64="7d6ccULZI2qd4y4714WsTqbtl9w="></latexit>

Spin will disappear after characteristic time ' D�1
s

<latexit sha1_base64="VrdLOkupo6pFDTaa/RW7h2Bm+VU="></latexit>

�On(x) / e�i!t
<latexit sha1_base64="sUe+11oiCa9tjqLenDelJmfApqM="></latexit>
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(EOS, Kinetic coefficient) Cooper-Frye formula 

enables us to compute 
particle spectrum!

◆ What spin hydro will do for heavy-ion collisions?
������

<latexit sha1_base64="9/Y99NnaGCk4ghjy/yNIojsSN58="></latexit>✓
⇥0⌫(⌧fo,x)
⌃0⌫⇢(⌧fo,x)

◆
�����

<latexit sha1_base64="/Ti70ugXVIq6XjmcyWslrEwU8w4="></latexit>✓
⇥0⌫(⌧0,x)
⌃0⌫⇢(⌧0,x)

◆

<latexit sha1_base64="aoNX1AtxieN70awG2OXF6JB/Ynw="></latexit>

⇥0⌫ is conserved ⇒ Multiplicity knows initial amount of energy!
<latexit sha1_base64="eH/4hc0bdZKR6x5dGQw+QLPER6I="></latexit>

⌃0⌫⇢ is not conserved ⇒ Information on initial amount of spin 
could be lost due to rotational viscosity!

◆ Question
What is lifetime of spin density? Is it large/small compared to e.g. τfo??
→ need to evaluate rotational viscosity (or spin damping rate) of QGP!!



Is spin hydrodynamics 
really well-defined?
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d.o.f. : 

Entropy:

EoM:  

Step 1. Determine dynamical d.o.m (& its equation of motion)

Step 2. Introduce entropy & conjugate variable

Step 3. Write down all possible terms with finite derivatives

Step 4. Restrict terms to be compatible with local 2nd law

<latexit sha1_base64="ZkR/C0ydTt2H1qJ4WHbHLSHaWdc="></latexit>

{⇥0⌫ ,⌃0⌫⇢} @µ⇥
µ⌫ = 0, @µ⌃

µ⌫⇢ = �2⇥⌫⇢
(a)

<latexit sha1_base64="HUbxXyp9bs3w19q7LjJxbOjJ3Ag="></latexit>

<latexit sha1_base64="NDfdyrlwI0VFgFx1b3OZnUqswcM="></latexit>

s(⇥0⌫ ,⌃0⌫⇢)

<latexit sha1_base64="TPBVzvji921QHqrdv9dKiz7Mok8="></latexit>

�⌫ ⌘ @s

@⇥0⌫
, !⌫⇢ ⌘ @s

@⌃0⌫⇢

⌃µ⌫⇢ = uµS⌫⇢ + ⌃µ⌫⇢
(1)

<latexit sha1_base64="JPE5iRbeaY5GyJqMsSTWKjtsMzI="></latexit>

⇥µ⌫ = euµu⌫ + p�µ⌫ +⇥µ⌫
(1s) +⇥µ⌫

(1a)
<latexit sha1_base64="OFj3Irw4OAgAOv/0Kt9QW8JCaPY="></latexit>

,

<latexit sha1_base64="51ZQeEf02+pSM6LzkGonoCvaLoQ="></latexit>

9 sµ s. t. @µs
µ � 0

<latexit sha1_base64="l7suRZ6ssDbpTtkGMvOcVwJINm0="></latexit>

e+ p� !µ⌫S
µ⌫ = Ts, ⇥µ⌫

(1) = · · ·



�PS;HMF6W

d.o.f. : EoM:  

Step 1. Determine dynamical d.o.m (& its equation of motion)
<latexit sha1_base64="tUyLq6+4l+o4a5IJOzwAPNPW32s="></latexit>

{⇥0⌫ ,�}
<latexit sha1_base64="8O40JGCI+helHQetUaGvBaPnbGY="></latexit>

@µ⇥
µ⌫ = 0, @µ� = fµ

Entropy:

Step 2. Introduce entropy & conjugate variable
<latexit sha1_base64="Z0gK8HMtWbQbCGs3xazVeKpRvqY="></latexit>

s(⇥0⌫ ,�)

<latexit sha1_base64="NEfZtvqwfpxTcb+1RFxyg13l1uA="></latexit>

�⌫ ⌘ @s

@⇥0⌫
, ⇡ ⌘ @s

@�

Step 3. Write down all possible terms with finite derivatives
<latexit sha1_base64="W67mpUcMrKEMzJu8g2koWqosTGg="></latexit>

⇥µ⌫ = eu⌫u⌫ + p�µ⌫ +⇥µ⌫
(1), fµ = quµ + f (1)

µ

This gives EoM 
in Hydro+!!

Step 4. Restrict terms to be compatible with local 2nd law
<latexit sha1_base64="51ZQeEf02+pSM6LzkGonoCvaLoQ="></latexit>

9 sµ s. t. @µs
µ � 0

<latexit sha1_base64="eBOE2pIP3IdEPPwmBds4Ju5g1gI="></latexit>

q = ��⇡ = ��
@s

@�
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Hydro+ is a general framework describing both

- Conserved charge densities: Normal hydrodynamics 
- Nambu-Goldstone mode: Superfluid hydrodynamics

- Critical fluctuation around T~Tc: Original Hydro+ 
- SU(2)A charge density in QCD: Chiral hydrodynamics 
- Spin density: Spin hydrodynamics 
- Stress tensor: Muller-Israel-Stewart theory 
- U(1)A charge density in QCD: Chiral hydrodynamics

}well-defined

} ill-defined

◆ Hydrodynamic (gapless) mode

◆ Non-hydrodynamic (gapped) mode

There are well-defined and (possibly) ill-defined Hydro+!

[See Stephanov-Yin, PRD, 98, 036006 (2018) , …]
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Liquid crystal can  
have spin density!
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<latexit sha1_base64="o2e1OSzQh32neEmXg4nwh5nktEc="></latexit>

!(k)

0

…

At finite k

Hydrodynamic modes}

At k = 0 

…

Energy

Spin }Infinite towers of  
non-hydrodynamic modes}

◆ Scenario 1 (Bad: Spin hydro = Hydro++++?)

<latexit sha1_base64="o2e1OSzQh32neEmXg4nwh5nktEc="></latexit>

!(k)

…

0

At finite k At k = 0 
…

Hydrodynamic modes}
}Infinite towers of  

non-hydrodynamic modes

Energy
Spin }

◆ Scenario 2 (Better but still not good: Spin hydro = Hydro+?)
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Hydrodynamic modes}

}Infinite towers of  
non-hydrodynamic modes

<latexit sha1_base64="o2e1OSzQh32neEmXg4nwh5nktEc="></latexit>

!(k)

…

At finite k At k = 0 

…

Energy

◆ When Hydro+ is well-defined

<latexit sha1_base64="RHcda7AM9boMuTcddx8Vaf3dQTI="></latexit>!+

<latexit sha1_base64="3nL8oCgEfQ5cEmoN2D+uzNEekYI="></latexit>!++
Pseudo-hydrodynamic modes}<latexit sha1_base64="ljIVIK+zwCEJaMIbiE4Y8gK7iqI="></latexit>⇡

If 
<latexit sha1_base64="OZSB6g2GL0LNuFN/t7ASbqOkHto="></latexit>

!+ ⌧ !++ is satisfied, Hydro+ becomes well-defined!!

This generally happens when  
emergent symmetry appears by tuning parameters (T, m, …)!

- Critical fluid: Scale symmetry emerges at T = Tc 
- SU(2)A chiral fluid: SU(2)A symmetry emerges at mq = 0( )
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(But I do not know whether there is enough # of heavy quarks…)

Heavy quark spin damping rate is suppressed by 1/mQ,  
 so that HQ-spin hydro is well-defined Hydro+!

◆ Heavy quark spin hydrodynamics

When we consider heavy quark limit: <latexit sha1_base64="mWojoqOzWfF9m1vVUtMQvaP/D0k="></latexit>mQ ! 1 ,

emergent heavy quark symmetry appears!
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　  Motivation:

　  Approach:

　  Result: 

Hydrodynamics of  
a relativistic spinful fluid?

Phenomenological  
entropy-current analysis

(1) Coupled dynamics of hydro & spin
(2) Diffusive nature of spin: 

1st law:

2nd law:

�(de�!µ⌫dSµ⌫) = ds
<latexit sha1_base64="7joIj4+/fsIcc79nXkhgLE1Kgn0="></latexit>

9sµ s.t. @µs
µ � 0

<latexit sha1_base64="4/hhv7F6U8tITjxiS+KG5BZRf1w="></latexit>

! = �2iD
<latexit sha1_base64="+slG5laQ8GK3GYsTPFHM5SiJ7XE="></latexit>
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◆ Microscopic derivation & Green-Kubo formula

Derivation of (HQ) spin hydro based on field/kinetic theory 
Calculation of (HQ) spin damping coefficients

◆ Extension to more general situation
Spin-hydro under strong vorticity 
Spin-hydro with dynamical/background electromagnetic field

◆ Application to QGP/cond-mat spintronics

Possibility of QGP spintronics in heavy-ion collision? 
Application of spin-hydro to e.g. clean graphene?
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(1) Coupled dynamics of hydro & spin is available
(2) Spin density shows (gapped) relaxational dynamics

Three main messages:

'<latexit sha1_base64="D42sn37g3C7/gnHlmpF31JXk1SQ="></latexit>

Hydro

Spin
+

Phenomenological derivation of spin-hydro

(3) How to make spin hydro as well-defined Hydro+


