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How spins of quarks and gluons evolve in QGP in
weakly coupled limit of QCD?

—

S 1
L

Quarks or gluons

As a start, we consider a simple case of
massive quark
N.B. A = (uds) spin mostly arises from the spin of the
s-quark
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Why density matrix for spin 1/2?

Two spin states are almost degenerate
AE~S - w+S -B~h
Quantum correlation time is classical

h 0
TqNEN@(h)

We need to keep 2 x 2 spin density matrix in the
kinetic theory of time evolution in the classical
domain At ~ O(R°).

quantum kinetic theory
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We expect a Lindblad-type of kinetic equation
dp i R R LT
o —FL[HO,p]—LpL +§L Lp+§pL L

I ~ .
= —ﬁ[HoJ)]—r'P

The first term contains free streaming advective flow
and background EM field, and has been worked out in
Refs:Gao-Liang, Weickgenannt-Sheng-Speranza-Wang-Rischke,
Hattori-Hidaka-Yang
The I - p is the relaxational “collision" operator, that
we aim to construct in perturbative QCD framework
to leading log in QCD coupling constant g
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We consider the case of dilute (Boltzmann), massive
quarks (strange, bottom), interacting with the
background thermal QGP
1-particle quantum mechanics of a single quark
moving in QGP (Improvement: Yang-Hattori-Hidaka)

Further simplification: Spatial homogeneity limit or
“local collision™ limit
(Improvement:Liu-Sun-Ko,

Weickgenannt-Speranza-Sheng-Wang-Rischke)

See the talks by Yifeng Sun and Qun Wang
The equilibrium density matrix is expected to be

Boltzmann /., = ze #%1,.,, where E, = \/p? + m2.
I-O : ﬁeq =0
Mo ~ g*log(1/9)T gives the relaxation of spin
polarization to equilibrium
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Spin density matrix
(Becattini-Chandra-Del Zanna-Grossi,
Florkowski-Friman-Jaiswal-Ryblewski-Speranza)
( See Leonardo Tinti’s talk)

ﬁ:ZPs,s’|s >< 8| (1)

s,s’

In the s; basis, p becomes a 2 x 2 matrix, and the
(non-relativistic) spin expectation value is

<8>= gTr(Eﬁ) 2)
N.B. The relativistic “canonical” spin is
(8 aiinic = g I AW = KIS @
where K’ = ;2 Ti(\/p-oo'y/p- 00! +/p-Go'yp-50)

(p.-L Yang) Other spin vectors can be computed as well



Position and momentum

Density matrix in the momentum basis
b= [ [ pestprpolipr.s)pas| (4)
P1 J p2
Going to the position basis,
= [ [ ] P rpapnpelixi.s) e8] (6)
P J P2 J X1 J X
Write pix; — poXo = paX, + p X, Where

1 1
X,:E(x1 +X2),Pr:§(P1 +P2), Xa= X1 — X2, Pa = P1 — P2

i.e. [X;, pa) = ih and [x,, p;] = ik, and (x;, p;) are
simultaneously diagonalizable
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We map (p.| to |p.)* € H* in the conjugate space, i.e.,
the time-reversed (T) space (Thermo-Field Theory).
The # and H* are naturally described by the
Schwinger-Keldysh contours, labeled by 1 and 2
respectively,

[X1,p1] = ih, [X2, po] = —ih
from which we have
[Xl’;pa] = Ih) [Xaypl’] — Iha [Xfapl’] - O

This means we can have the basis of simultaneous
eigenstates of (x;, p;) in # ® H*, and we introduce the
Wigner function p(x;, p;),

p= / / o(X;. 1) |Xs. Pr)
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Since [x;, ps| = ih, they are conjugate to each other

P, pr) = / &% P+5(p1. P2)

a

We consider the cases where a% ~ Py < pr ~ T, that
is, x,-gradients can be neglected — homogeneous
limit
This means that the density matrix in momentum
space is approximately diagonal, p, = 0,

p o= / pes (D). ) (DS
p
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Relativistic massive fermion

Field quantization

@Z)(X / \/ﬁ Z p, Ip xap”g + anti quark

1-quark states: |p, s) = a},5|0), [a, al] = 1
It is most convenient to use the helicity basis,

u(p, s) < ﬁVE;zf ) (o - P)és(P) = s|plés(p)

For 1-quark states, this is the usual QM of spin 1/2
particle, where |p, s) ~ &(p). The only modification
from relativity is that the interaction matrix elements
are given by the overlap of spinors ¢ *(x), i.e. u(p,s)
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The interaction vertices with the background gluon
fields A7, through the relativistic spinors u(p, s)

Hit) = g / dx (X)) (X)A%(x, 1)

~ [ wp ) ulp. A8y o 3psipg
p.p.q

up', sYr'u(p, s)

|p,S> % > |P,,S/>

AL@)

The amplitudes u(p’, s')y*u(p, s)A.(q) give the matrix
elements of H, in the QM of 1-quark Hilbert space of
spin 1/2.
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Relation to the field theory Wigner function

p(X;, p) is the Wigner transform of as(x) = |, ePXap s

ﬁ2x2(xr7pr) = / e_ixa‘pr<as(xr - xa/2)al,(x, + Xa/2)>,6

Xa

Recall y(x) = |, u(p)ap, so ¥(x) and a(x) are

non-locally related, and /(x;, p;) is not equal to the
Wigner transform of ¢(x) field. However, for the
spatially homogeneous case, they are related by

Waﬂ(P) = / dXa{ta(X — Xa/2)U}(X + Xa/2)) &P

=D 3¢ E s)ub(p., 8')ps.s (P)

s,s’
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The explicit 2 x 2 spin density matrix in momentum
space in the helicity basis

. 1
pax2(P Z Ep,sPs,s ( gp s =75 f(p) + o - S(p)

s,s’

and

(S(p)) = 5Tx(ci(p)) = hS(p)

This object is unambiguous under a phase
redefinition of ¢, 5, since p,.»(p) is physical. Note that
u(p, s) and ¢, s share the same phase.

We are going to derive the evolution equation for this
physical object

N.B. : The spin-traced object f(p) = Tr(p(p)) is the
usual number distribution in momentum space
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Time evolution of density matrix

p(t+ At) = Uy (AD(H UL (AL)

where U, » are unitary evolution operators with QCD
gluons in Schwinger-Keldysh contours 1 or 2, with
the Hamiltonians

Hi 2 = Huinetic + Q/ dx¢ o (x ) /@

$:%

> |PLsD)

<p27 5 | > (pév Sé |

:
e
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Time evolution of density matrix

A are the gluon fields on the Schwinger-Keldysh
contour i = 1,2. Note U; # U, and H, ; are
time-dependent due to time-dependent gluon fields.

We average over quantum/thermal fluctuating
Schwinger-Keldysh gluon fields A,(f), given by
equilibrium two-point functions of
(AD(p)AD (p)) = G (p), satisfying the thermal KMS
relations G'(q°) = ng(q°)/(ns(q°) +1)G®V(q°)

N.B: The 1-point average is zero, <A,(f)> = 0, and we

need to do the second order perturbation theory in
the interaction H, < A,
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Do the second order perturbation theory in the
interaction picture

5 A

(b) (c)

Uo(A1)p(0)US (AL

>

~
>
~

=
Il

" /Atdﬁ ) dto Un (A1) (H,™ (1) 5(0)H,™ P (12)) alg (A1)
0 0

+

At t . .
(P Ub(at) [ at [ atf (O 0O 8)) a0 0) U (A1)
0 0

—+

At 2 . .
(+ Usa07(0) [ do [ o () @ )l (A1)
N.B. Compare this with the Lindblad form
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The thermal average (H"H")) contains the gluon

two-point functions G? (Q) that include the Hard
Thermal Loop (HTL) self-energy. These contributions
represent interactions with background hard thermal
particles with t-channel gluon exchange.

G'2(q°) = ns(q°)p(q°), where p(q°) is the HTL spectral
density
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G (t,t') have correlation time of 7. ~ (gT)~' because
the leading log contribution comes from soft
t-channel momentum exchange g7 < g <« T

When At > 7, (but At < 1/T ~1/(g*log(1/9)T) to
neglect multi-interactions within At), we have linear
terms in At

At At
/ dt dt/G(//)( ) lwl‘ ) G(’l)( )At_|_...

that gives the evolution equation first order in time.

N.B. In diagrammatic language, this corresponds to
the ladder approximation, which is justified because
of the scale separation

e~ 1/9T < 1/T ~1/g*log(1/9)T
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Times scales of perturbative QCD in finite 7T plasma

T, =— At~T,=—>>7
1 AE ¢

1 1
l = —
mP " gdlog(1/g)T T
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Small angles versus large angles

g<051 g2<9<g
gr<qsT) &*T<qsgl

Small angle scatterings (I ~ g2 log(1/9)T):
Total damping rates, Color transports

Large angle scatterings (I ~ g* log(1/9)T ):
Conserved charge transports, Spin transports
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Why small angle scatterings are suppressed for spin

transports?
(From discussions with K. Hattori and D.-L. Yang in
Kyoto, Dec. 2019)

Spin flipping interactions are magnetic moment

interactions u- B~ o - B
The Gordon identity

WO u(p) = 5 (04 PV +io™ (6 ~p)) (@

The second part flips spin, and vanishes when
q=p -p—0
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Explicitly

d
Eps,s’(p7 t) - 92 C2(F)(rcross + rselfenergy)

- dsp' 1 - m ;o N !NV / (1
rcross — / (271_)3 WEPI sg//[“(’m S)’Y U(P 7S )]ps//ys///(p )[U(P ) S )’Y U(p7 S )] Gy,l
rself energy — 7Y ﬁ(p)

where

2 (Czjwc)’s 4E: Z[U(Pa Y up', s NEp', 8" )y u(p, )G (Ep — Ey, Q)

The spin sum is challenging, but can be done with
great effort
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Expanding in soft momentum exchange
g~gTl <p~T,ie.0~q/p~g<1("momentum
diffusion approximation")
we need to compute typically

Inax ggP
JHIT :/ q
Q@

(qo)znqu/T(qo’ Q)

min (27T)
I =E b =%
L P T _ _PEp
Jij2 = ~3E, Jij2 = ~anp
L _ P 7T — T _ P
= 38 i =72~ 25
L 2p° T o _ P
Jaj2 =~ J3j2 = ~zneE,
L_ T_m_ p P
2 = 565 2 =72 " 26 " &
> 2
JHT = q(ﬂgn)jﬁﬁ (n = integer), ST = q(gzgn) gjnL/T (n = half integer)
0
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Result
Write p(p) = 3f(P)12x2 + o - S(p)

of(p.t) _ CZ(F)m%QZIog(Ug) 1

ot (4r)  2pE, "
oS(p.t) m59° Iog(1/g) 1
where
2T2
m - 96 (2N, + Ni)
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E, = Vo(TG 4 * AE, ) tp) + pz(Ep e HP)
i Tm2 SEp 37]p
+ P 4p°E, (o + o 2)p- fo(P))
i o E _ npsz i _ szEp ’I7pm4T 2 i

+

npm?T 3E;\ 3n?PTE, o \2ai
( 202 (1 ra + 20 (P-Vp)"S(p)

+ ;2<pE§ SHZ;E” +77pm2< Ep— u 5+ 322E2)> (p-V,)S(p)
+ 2T<np<;5§+rg§zp Ep+m> 2n;>2P(E,:2+m)>pi
e = zz’iﬁz s E,,L,,,)> oo
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These results pass very non-trivial tests of
1) Detailed balance: f(p) = ze~5/T is equilibrium, that
is, [y = O for this
2) Chirality in massless limit: When formally m = 0,
the density matrix factorizes as

p(p) = £.(P)P+(P) + £ (P)P-(P)

where P.(p) = }(1+ p- o) are the chirality projection
operators, and f_(p) satisfy the same equation in
parity-even background. This means that it should
admit the consistent Ansatz S(p) = f;(p)p - o, and
moreover f(p) and f;(p) should satisfy the same
evolution equation. Also, fs(p) = ze~'?//T should be the
equilibrium solution of [ = 0.
All these are true in the above result
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Thank you very much !
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We consider a hard scale quark mass m > gT. This
justifies neglecting quark-gluon conversion process
(Compton scattering) in our leading log computation,
since the t-channel fermion exchange momentum
becomes hard g > m > gT, and leading log is absent
S= +%[) S = +p
— e
> NWWIW
Particle
n, ()

n_(0)

Anti— particle

For light quarks, we need to consider both quark
spins and gluon spins in leading log
It should be doable with fermion/boson statistics:
A nice future problem!
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