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Outline
o Introduction: a bridge between calculations and 

measurements
o Spin tensor as a polarization sensitive field

o The Wigner distribution as a generalization of the 
distribution function
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From the STAR collaboration paper (2017)     arXiv:1701.06657

Motivations

Polarization measurements

• Qualitative relation between 
“rotation” and polarization (global 

equilibrium)

• Current understanding (polarization at 

local equilibrium)

• Possible improvements (spin degrees of 

freedom in hydrodynamics?)

Presentation based on
arXiv:2007.04029v2
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Comparisons between theory and experiments

What we compute (e.g. hydrodynamics) What we measure

𝑇𝜇𝜈(𝑥) = 𝑡𝑟 𝜌 ෠𝑇𝜇𝜈(𝑥)

𝐽𝐵
𝜇

(𝑥) = 𝑡𝑟 𝜌 መ𝐽𝐵
𝜇

(𝑥)

𝑑𝑁

𝑑3𝑝

𝚷 |𝒑

𝑑 ഥ𝑁

𝑑3𝑝

ഥ𝚷 |𝒑

Tensor densities Spectra (momentum space)

It is important to translate from one picture to the other in the appropriate way
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Relativistic kinetic theory and its limitations

𝑝 ⋅ 𝜕𝑓 𝑥, 𝒑 = 𝐶 𝑓, ҧ𝑓

𝑝 ⋅ 𝜕 ҧ𝑓 𝑥, 𝒑 = ҧ𝐶 𝑓, ҧ𝑓

𝑇𝜇𝜈(𝑥) =
𝑔𝑆

2𝜋 3
න

𝑑3𝑝

𝐸𝒑
𝑝𝜇 𝑝𝜈 𝑓 𝑥, 𝒑 + ҧ𝑓 𝑥, 𝒑

𝐽𝐵
𝜇

(𝑥) =
𝑔𝑆

2𝜋 3
න

𝑑3𝑝

𝐸𝒑
𝑝𝜇 𝑓 𝑥, 𝒑 − ҧ𝑓 𝑥, 𝒑

The relativistic generalization of the Boltzmann equation

Well defined stress-energy tensor and barion current

Improper treatment of the spin through the degeneracy factor  𝑔𝑆 = 2𝑆 + 1
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Can we do better with quantum field theory?

Quantum field theory already embeds spin degrees of freedom

Polarization is included from the start in the conserved currents (෡𝑻𝝁𝝂, 𝑱𝑩
𝝁

)
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Can we do better with quantum field theory?

Unfortunately the space-time densities are rather complicated
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Can we do better with quantum field theory?

x

t

An application of the divergence theorem

Isolated system
Causal structure
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Can we do better with quantum field theory?

The conserved currents are better
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Can we do better with quantum field theory?

We can recognize the invariant spectra:

𝐸𝒑

𝑑𝑁

𝑑3𝑝
=

1

2𝜋 3
෍

𝑟

⟨𝑎𝑟
† 𝒑 𝑎𝑟 𝒑 ⟩

𝐸𝒑

𝑑 ഥ𝑁

𝑑3𝑝
=

1

2𝜋 3
෍

𝑟

⟨𝑏𝑟
† 𝒑 𝑏𝑟 𝒑 ⟩
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Can we do better with quantum field theory?

Indeed from the quantum wavefunction
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Can we do better with quantum field theory?

Indeed from the quantum wavefunction
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Can we do better with quantum field theory?

Indeed from the quantum wavefunction
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Can we do better with quantum field theory?

one has

therefore
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Can we do better with quantum field theory?

Still unconstrained by the polarization states

Spin sensitive object?
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Conserved currents and charges

𝑇𝜇𝜈 = 2
𝜕ℒ

𝜕𝑔𝜇𝜈
− 𝑔𝜇𝜈 ℒ

conserved charges and currents from the Noether Theorem…

gravitational tensor

{
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Conserved currents and charges

ቐ
𝛿𝑥𝜇 = 𝜔𝜇𝜈𝑥𝜈

𝛿𝜙𝑎 + 𝛿𝑥𝜇𝜕𝜇𝜙𝑎 = −
1

2
𝜔𝜇𝜈 Σ𝜇𝜈

𝑏
𝑎𝜙𝑏

for instance space-time translations

and the Lorentz group transformations

canonical angular momentum flux

spin tensor
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Tensors transformations

➢Changing the action (preserving the equations of motion)

➢Direct change (pseudogauge transformation):

Two ways to change the currents, without affecting the conserved charges

• E. Speranza, and N. Weickgenannt, arXiv:2007.00138
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Tensors transformations
e.g. the Belinfante symmetrization

Warning, not manifestly symmetric in the fields
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Angular momentum and spin

The contribution from the spin tensor is surely sensitive to the spin states

=
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Polarization in relativistic quantum systems

In ordinary quantum mechanics 𝜓 𝝈 𝜓 relativistic extension following the classical case

𝑗𝜇𝜈 = 𝑥𝜇𝑝𝜈 − 𝑥𝜈𝑝𝜇 + 𝑠𝜇𝜈 ⇒
1

2
𝜀𝑖𝑗𝑘𝑗𝑗𝑘 = 𝒙 × 𝒑 + 𝒔 |𝑖

Π𝜇 = −
1

2
𝜀𝜇𝜈𝜌𝜎𝑗𝜈𝜌𝑝𝜎 = −

1

2
𝜀𝜇𝜈𝜌𝜎𝑠𝜈𝜌𝑝𝜎

making use of the corresponding quantum operators

one obtains  the polarization of single particle states 
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Polarization in relativistic quantum systems

In particular

In other words

using the familiar convention
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Wigner functions

|𝜓 𝑥 |2 = න 𝑑𝑣 𝛿 𝑣 𝜓∗ 𝑥 − 𝑣/2 𝜓 𝑥 + 𝑣/2 = න𝑑𝑣 න
𝑑𝑝

(2𝜋)
𝑒−𝑖𝑝𝑣𝜓∗ 𝑥 + 𝑣/2 𝜓 𝑥 − 𝑣/2

𝑊 𝑥, 𝑝 = න
𝑑𝑣

(2𝜋)
𝑒−𝑖𝑣𝑝𝜓∗ 𝑥 + 𝑣/2 𝜓 𝑥 − 𝑣/2

|𝜓 𝑥 |2 = න𝑑𝑝 𝑊 𝑥, 𝑝 , |𝜓 𝑝 |2 = න𝑑𝑥 𝑊 𝑥, 𝑝

Wigner transform, originally developed for the wavefunction 

it can be used for operators in QFT

෡𝑊 𝑥, 𝑘 = න
𝑑4𝑣

2𝜋 4
𝑒−𝑖𝑣⋅𝑘 𝜙† 𝑥 + 𝑣/2 𝜙(𝑥 − 𝑣/2)

not all properties are retained 

𝑊 𝑥, 𝑘 = 𝑡𝑟 𝜌: ෡𝑊 𝑥, 𝑘 :
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Wigner functions

−
1

4
ℏ2□𝑊 + 𝑘2 − 𝑚2𝑐2 𝑊 + 𝑖ℏ 𝑝 ⋅ 𝜕 𝑊 = 0making use of the Klein-Gordon equation

and an ℏ expansion

very similar to free streaming particles

ቊ
𝑘 ⋅ 𝜕𝑓 𝑥, 𝒌 = 0

𝑘 ⋅ 𝜕 ҧ𝑓 𝑥, 𝒌 = 0

• S. R. de Groot, W. A. van Leeuwen, and Ch. G. van Weert, Relativistic Kinetic Theory

∝ 𝛿(𝑘2 − 𝑚2𝑐2)

𝑊 = 𝛿 𝑘0 − 𝐸𝒌

𝑓(𝑥, 𝒌)

2𝜋 3 + 𝛿 𝑘0 + 𝐸𝒌

ҧ𝑓(𝑥, 𝒌)

2𝜋 3

summing up
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Fermion fields and polarization

any Dirac bilinear can be obtained
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Fermion fields and polarization

tr 4

Interesting fact, the current 
𝒌𝝁𝑾 𝒙, 𝒌 is conserved
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Fermion fields and polarization

average polarization directly from the Wigner distribution

• see also: F. Becattini arXiv:2004.04050
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Fermion fields and polarization

conserved polarization flux tensor



Conclusions and outlook

28

• Relativistic kinetic theory must be 
generalized

• The Wigner distribution natively embeds 
polarization

• New dynamical degrees of freedom in
extended hydro-transport?


