Spin, polarization and Wigner functions
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Introduction: a bridge between calculations and

measurements
Spin tensor as a polarization sensitive field

The Wigner distribution as a generalization of the
distribution function
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Polarization measurements

e (Qualitative relation between
“rotation” and polarization (global
equilibrium)

* Current understanding (polarization at
local equilibrium)

* Possible improvements (spin degrees of
freedom in hydrodynamics?)

Presentation based on
arXiv:2007.04029v?2




Comparisons between theory and experiments

What we compute (e.g. hydrodynamics)

THY (x) = tr(p T‘“’(x))

Jh (@) = tr(p b (x))

Tensor densities

What we measure

dN dN
ap d®p
(D (M),

Spectra (momentum space)

It is important to translate from one picture to the other in the appropriate way



Relativistic kinetic theory and its limitations

The relativistic generalization of the Boltzmann equation

p- af(x'p) — C[f;f]
p-df(x,p) =C|f,f] Well defined stress-energy tensor and barion current

THY (x) =

(55)3 ]@ pH p” (f(x» p) + f(x, p))

B = f Lo (feem — foom)

Improper treatment of the spin through the degeneracy factor g¢ = 25 + 1



Can we do better with quantum field theory?

Quantum field theory already embeds spin degrees of freedom

Polarization is included from the start in the conserved currents (T”",]’;)

JH(x) = P(x)y"¥(x)

_ d3p e—i ‘X T ei ‘X
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Can we do better with quantum field theory?

Unfortunately the space-time densities are rather complicated
JH(x) = JH ) ) =t (p: JH(x) 1) =

_ d3pd3p’ T IN\ T 7 N ,i(p—p')x
_; f PR o (] (D)as ()T, (0) YU ()¢

— (bl (p)bs(P"))Vs(p')y*V, (p)e' PP~
+{al(p)bl(p")) U, (p)y"Vs(p')e' PHP)~

+ (b, (p)as(p"))V,r(p)y* Us(p’)e ' (PHP)*




Can we do better with quantum field theory?

An application of the divergence theorem
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Isolated system

Causal structure




Can we do better with quantum field theory?

The conserved currents are better

/d3x 1 (x) = / (;"ff; > (@l ®)a:(p)) = Y (bl ()b, ()

[ =[S Z<a3i<p>ar(p>>+Z<b3i<p>br(p)>

‘/




Can we do better with quantum field theory?
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We can recognize the invariant spectra:
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Can we do better with quantum field theory?

Indeed from the quantum wavefunction

P = Z Pi [yi) (il
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Can we do better with quantum field theory?

Indeed from the quantum wavefunction

P = Z Pi [yi) (il

ﬁdp]N[de]N _ f d3p1 o d3PN d36j1 o dBCjN
= = (2n)2E,,  (2n)P2E,, (2n)P2Ey,  (2n)%2Eg,

)= 3, > fdpI1aal® an(p.r:9) pri2. D

N,N .S
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Can we do better with quantum field theory?

one has

e (1w) w a*<p>as<p'>) -
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Can we do better with quantum field theory?

Still unconstrained by the polarization states

o |
Jx = [ | S el @) - Y0l @ @)

o |
Jax o =[S a0 + D bl )

Spin sensitive object?




Conserved currents and charges

Alp] = /d4x£(¢, Oy, x)

gravitational tensor

THY =2 ot — G L
09

conserved charges and currents from the Noether Theorem...
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Conserved currents and charges

xt — & = x4+ edxt, J

¢“(x) = a®(§) = ¢%(x) + €69 (x) + €6x" G (x),

for instance space-time translations [

T (x) = %\P(x)y” ((9_’)’ Y(x)—g" L = %‘?(x)y“ 8(_‘)” ¥(x)

and the Lorentz group transformations [/ Sxtt = HVy R
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Tensors transformations

Two ways to change the currents, without affecting the conserved charges

» Changing the action (preserving the equations of motion)

» Direct change (pseudogauge transformation):

T/HY — THY 4 13/1 (g/l,uv - g[l,/h/ - gv,/l,u)
2 b

S//l,/.n/ _ S/l,/,n/ . g/l,,uv —0

—aAd,uv
ah& .

e E.Speranza, and N. Weickgenannt, arXiv:2007.00138
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Tensors transformations

e.g. the Belinfante symmetrization

8T =0,

Tz[apv] =0 = S = - (Tf-w — T:u),

_ 3 {0} v _ 3 {Ov) v {0}
P“—/deB : JH —/dx(x”TB - x"T, )

A J/

Warning, not manifestly symmetric in the fields

T = SR 0 B - 120 (0 [ [y || )




Angular momentum and spin

JH /d3x ‘PT(x)( —xH 0¥ —%x o+ +;y {yo, [y“, y"]}) ¥(x)

The contribution from the spin tensor is surely sensitive to the spin states

1
o Jws=3 3 [ b [t ez

—(bl(p)bs(P))V, (P)Z:V;(p)

+(a (p)bL(-P)U (D) Vi(—p)e* P
) J + (by(-p)ay(P)V, (-p)Z;Us(p)e 2 v’
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Polarization in relativistic quantum systems

In ordinary quantum mechanics [(I/J|U|I/J> } relativistic extension following the classical case

JRY = Y = xVpH 4 s =~ e = (xx p + )|

2
_ VPO ; _ Vpo i -
[T# = _zgﬂ P ]vppa — _zgﬂ P Svppa making use of the corresponding quantum operators
IT* = ——E“VPO- . Jyp .. PO- . one obtains the polarization of single particle states

2m
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Polarization in relativistic quantum systems

d*p ¥i(p,r"Wi(p,r) p,
2m)3 2E, 2E,

. 1
: H - _ HijO (. T
In particular | Wil1¥y1) 18 sk ;r’f( U, (p)ZkUr(p)

A 1 d’p Ui (p.r)(p,s) ~(p - o)y
In other words (iU y) = EZ/ (27:[)93 N ;gl s [gbragbs - fn((g jz;b) p]
r,s p P
U,(p) = Ep +m (Ea'_-i_p g:) mp
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Wigner functions

Wigner transform, originally developed for the wavefunction

eO? = j dv S (x — v/ 2 + v/2) = j s j

(

czlz) e PP (x + v/2)Y(x — v/2)

;

\

d .
W(x, p) = % =P (x + v/2) 1 (x — v/2)

WO = j & WG, P = j a2 WG, )

- d* .
Wx, k) = f 27;)]4 e WERST(x +v/2) p(x —v/2)

(

W(x, k) = tr(p: W(x, k): )

it can be used for operators in QFT

not all properties are retained
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Wigner functions

* S.R.de Groot, W. A. van Leeuwen, and Ch. G. van Weert, Relativistic Kinetic Theory

making use of the Klein-Gordon equation

1
[—ZhZDW + (k2 — mzcz)W} + ia(p- )W =0

\

J

1

and an h expansion
o 5(k? — mzcy

—

W = &§(k° — Ey)

f(x, k)
(2m)°

f(x, k)

+ 8(k° + Ey) )’

summing up

k-@f(x,l;) =0
{k-@f(x,k) =0

very similar to free streaming particles
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Fermion fields and polarization

d*v

WAB ()C, k) — (271')4

e VW (x +v/2)Palx — v/2)

any Dirac bilinear can be obtained
_ N i 7
tr (p W)y -y > or ... > o Y(x) :)

— /d4k kﬂl ) ,,kﬂm tr4 (W(x, k),yO,yVI . ..,yVn)
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Fermion fields and polarization

—i . d3pd3q
W= Z / @n)* (27)02Ep2Eq [

(al (p)as (@)U (DU (e’ P~ 55) v

— (bl (P)bs (@) (Q)V; (p)e’ P~ (1) vy

| | . Interesting fact, the current
+ (by(@ar (P)V, (QU(p)e™ P9 * e (F5) 4 k"W (x, k)is conserved

+<ai(p)bf§(q)>Uﬁ(p)Vq(q)e"("”)'xei(ﬁ%q)'v] ’

tr 4 /dZﬂ kKW (x, k) 6(]( — Ex) Ex d—(k) + 5(1( + Ex) Ekd—N( —Kk)
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Fermion fields and polarization

_I_

L i 0y | = ] 0 (@ (Ras®) [~ prk-0)gs
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r,S
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(27%)
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average polarization directly from the Wigner distribution

Lt1"4 [(/dE/l Kt W(x, k)) )/Oy“y5] =

2m

=GR~ Bi) (0 (1K) = 6K + Fig) (k) (IT#(~K)
p d’p

e see also: F. Becattini arXiv:2004.04050 o
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Fermion fields and polarization

— [d*k try |:(/'d2/l k" W(x, k)) )/0’)/“')/5} =

E /dZ/l(: 4L‘i’ ( 0" y“)/s) ¥ )
m

conserved polarization flux tensor

v (0 v
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Conclusions and outlook

 Relativistic kinetic theory must be
generalized

* The Wigner distribution natively embeds
polarization

* New dynamical degrees of freedom in
extended hydro-transport?



