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Introduction
Quantum Field Theories (QFT) on lattice

Description of light-matter interaction  
Quantum electrodynamics (QED)  
U(1) gauge theory

“Second quantization”  
Description of many-body systems in  
low-energy theories in non-relativistic regimes

In 1954 non-Abelian gauge theory (Yang-Mills)  
was introduced to explain strong interaction…

And by early 1970’s  the “Standard model”  
of particle physics was complete…  
 
Perturbative approaches of Feynman diagrams  
worked greatly in high-energies and/or short distances

However, such approaches failed to explain “confinement of quarks” to form composite hadrons,  
which works at the non-perturbative limit of low energies and/or large distances

QFT emerges as a unification of quantum  
 mechanics and special relativity 



Introduction
Quantum Field Theories (QFT) on lattice

Lattice gauge theory (LGT) on Euclidean space-time  
 
Opened up new possibilities to approach  
non-perturbative limits…  
 
Since then Monte-Carlo simulations have been  
used to study various facets of high energy physics  
on lattice…

Within a few months, we got the Hamiltonian
Formulation of LGT…  
 
Natural language of ultra-cold atomic systems,  
for analogue quantum simulation of LGT…



Introduction
High energy physics at ultra-cold temperatures

Analogue quantum simulation As a classical computer will take exponentially large time  
to simulate a quantum system of many particles 

“An analogue quantum simulator is a bespoke device used to simulate aspects of the dynamics of another physical system using 
continuous parameters. An important example of an analogue quantum simulator is provided by a ‘source system’ comprised of 
ultra-cold atoms confined to an optical lattice. In a certain regime this system has been found to realize Hubbard Hamiltonians 
that describe ‘target systems’ that exhibit strongly correlated many body physics.”

- Analogue Quantum Simulation: A Philosophical Prospectus, by D. Hangleiter, J. Carolan, K. Thébault
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to simulate a quantum system of many particles 

“An analogue quantum simulator is a bespoke device used to simulate aspects of the dynamics of another physical system using 
continuous parameters. An important example of an analogue quantum simulator is provided by a ‘source system’ comprised of 
ultra-cold atoms confined to an optical lattice. In a certain regime this system has been found to realize Hubbard Hamiltonians 
that describe ‘target systems’ that exhibit strongly correlated many body physics.”

- Analogue Quantum Simulation: A Philosophical Prospectus, by D. Hangleiter, J. Carolan, K. Thébault

Analogue quantum simulation of LGT

Ultracold quantum gases and lattice systems: quantum simulation of lattice gauge theories, U.-J. 
Wiese, Ann. Phys. (Berlin) 525, 777 (2013).
Quantum simulations of lattice gauge theories using ultracold atoms in optical lattices, E. Zohar, 
J. I. Cirac, and B. Reznik, Rep. Prog. Phys. 79, 014401 (2016).

“Quantum  simulation  of  high  energy  physics,  involving  gauge  field(s),  may  be  both  theoretically  and 
experimentally harder than simulating other physical phenomena, in condensed matter physics, for example. In 
fact, three basic requirements must be met in order to obtain a quantum simulator of a gauge theory: the 
simulation must include both fermionic and bosonic degrees of freedom (matter and gauge fields/particles). It 
must have a Relativistic, Lorentz invariance (a causal structure); and it must involve local gauge invariance, 
in order to obtain conservation of charges, and of course - the required interactions.”



Introduction
High energy physics at ultra-cold temperatures

Our work
• We study the “simplest” high-energy model on lattice ➞ discretized 1+1 dimensional scalar QED
• Matter particles are also bosonic ➞  

                                                          1. many works have been done with fermionic matter (eg. Schwinger model),  
                                                              but not so many with bosons  
                                                          2. not so simple form the low-energy perspective (both theory and experiment)

• Can be simulated using ultra-cold atomic systems

Requires  large  local  Hilbert  space 
dimension for numerical simulations
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Our work
• We study the “simplest” high-energy model on lattice ➞ discretized 1+1 dimensional scalar QED
• Matter particles are also bosonic ➞  

                                                          1. many works have been done with fermionic matter (eg. Schwinger model),  
                                                              but not so many with bosons  
                                                          2. not so simple form the low-energy perspective (both theory and experiment)

• Can be simulated using ultra-cold atomic systems

Requires  large  local  Hilbert  space 
dimension for numerical simulations

• We use tensor network (TN) simulation in 1+1 dimension, 
i.e., we use matrix product state (MPS) ansatz.

• Two-site density matrix renormalization group (DMRG) 
and one-site variational  optimization to find the ground 
state.

• Hybrid  time-dependent  variational  principle  (TDVP)  to 
obtain  time-evolution.  Hybrid  ➞  first  two-site  scheme 
upto a certain bond-dimension, then one-site scheme.

Why TN:

1. Does not suffer from sign problem
2. Heavily  successful  in  simulating  strongly 

correlated  systems  in  1+1  dimension 
efficiently and accurately.

3. Can be extended to higher dimensions (e.g., 
PEPS).

 
Various talks in this workshop in this direction



Introduction
High energy physics at ultra-cold temperatures

Our goal
• Signatures of Schwinger pair-production in the dynamics

Pairs of particle and anti-particle  
are created by a strong electric field
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Our goal
• Signatures of Schwinger pair-production in the dynamics
• Real-time confinement

Attraction between particles and anti-particles 
increases  with  distance  as  they  move  away 
from  each  other  due  to  the  presence  of 
confining potential.  This strongly hinders the 
spreading of information in the dynamics, and 
results in bending of light-cone.

M. Kormos et. al., Nature Physics 13, 246–249 (2017)
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High energy physics at ultra-cold temperatures

Our goal
• Signatures of Schwinger pair-production in the dynamics
• Real-time confinement

M. Kormos et. al., Nature Physics 13, 246–249 (2017)
Alternative to study confinement-deconfinement in 
equilibrium, which needs:
1. calculation of different Wilson loops
2. experimentally, a large system at very low 

temperature.

Attraction between particles and anti-particles 
increases  with  distance  as  they  move  away 
from  each  other  due  to  the  presence  of 
confining potential.  This strongly hinders the 
spreading of information in the dynamics, and 
results in bending of light-cone.



Introduction
High energy physics at ultra-cold temperatures

Our goal
• Signatures of Schwinger pair-production in the dynamics
• Real-time confinement
• Showcasing the use of TN to solve and simulate bosonic 

lattice gauge theories of high energy origins

1. J. High Energy Phys. 11, 158 (2013)
2. Phys. Rev. A 90, 042305 (2014)
3. Phys. Rev. Lett. 113, 091601 (2014)
4. Phys. Rev. D 92, 034519 (2015)
5. Phys. Rev. D 94, 085018 (2016)
6. Phys. Rev. D 96, 114501 (2017)

For Schwinger model…

Also Dr. Bañuls’s talk…



The model
1+1 dimensional scalar QED on lattice

ℒ = − [Dμϕ]*Dμϕ − m2 |ϕ |2 −
1
4

FμνFμν

Metric convention ➞ (-1,1,1,1) or (-1,1)
Dμ = (∂μ + iqAμ)

Note: with added |𝜙|4 interaction and imaginary mass, 
this model exhibits Abelian Higgs mechanism

For quantum simulation: D. Gonzalez-Cuadra et. al., New J. Phys. 19, 063038 (2017)
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ℒ = − [Dμϕ]*Dμϕ − m2 |ϕ |2 −
1
4

FμνFμν

Metric convention ➞ (-1,1,1,1) or (-1,1)
Dμ = (∂μ + iqAμ)

In 1+1 dimension… fixing temporal gauge…

ℒ = |∂tϕ |2 − (∂x − iqAx)ϕ*(∂x + iqAx)ϕ − m2 |ϕ |2 +
1
2

(∂tAx)2

At(x, t) = 0
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1
2

(∂tAx)2

At(x, t) = 0

Ĥ = ∫ dx [ 1
2

̂E2
x + Π̂†Π̂ + (∂x − iq ̂Ax) ̂ϕ*(∂x + iq ̂Ax) ̂ϕ + m2 ̂ϕ† ̂ϕ]

Hamiltonian after quantization…

Ex = ∂tAx; Π = ∂tϕ*; Π* = ∂tϕ

[ ̂Ax(x1), ̂Ex(x2)] = iδ(x1 − x2); [ ̂ϕ(x1), Π̂(x2)] = [ ̂ϕ†(x1), Π̂†(x2)] = iδ(x1 − x2)
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1
4
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Metric convention ➞ (-1,1,1,1) or (-1,1)
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ℒ = |∂tϕ |2 − (∂x − iqAx)ϕ*(∂x + iqAx)ϕ − m2 |ϕ |2 +
1
2

(∂tAx)2

At(x, t) = 0

Hamiltonian after quantization…

Ex = ∂tAx; Π = ∂tϕ*; Π* = ∂tϕ

[ ̂Ax(x1), ̂Ex(x2)] = iδ(x1 − x2); [ ̂ϕ(x1), Π̂(x2)] = [ ̂ϕ†(x1), Π̂†(x2)] = iδ(x1 − x2)

Hamiltonian after discretization…

Ĥ =
a
2 ∑

j

̂E2
j +

1
a ∑

j

Π̂†
j Π̂j − [1

a ∑
j

̂ϕ†
j+1 exp(−iq ̂Aj)ϕ̂j+ h.c.] + (am2 +

2
a

)∑
j

̂ϕ†
j

̂ϕj

[ ̂Aj, ̂Ek] = iδjk; [ ̂ϕj, Π̂k] = [ ̂ϕ†
j , Π̂†

k] = iδjk

Lattice spacing ➞ a

Ĥ = ∫ dx [ 1
2

̂E2
x + Π̂†Π̂ + (∂x − iq ̂Ax) ̂ϕ*(∂x + iq ̂Ax) ̂ϕ + m2 ̂ϕ† ̂ϕ]
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Π̂j+2, Π̂†
j+2

̂ϕj+3, ̂ϕ†
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Hamiltonian after discretization…

Ĥ =
a
2 ∑

j

̂E2
j +

1
a ∑

j

Π̂†
j Π̂j − [1

a ∑
j

̂ϕ†
j+1 exp(−iq ̂Aj)ϕ̂j+ h.c.] + (am2 +

2
a

)∑
j

̂ϕ†
j
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̂ϕj, ̂ϕ†
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Π̂j, Π̂†
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Π̂j+1, Π̂†
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Π̂j+2, Π̂†
j+2

̂ϕj+3, ̂ϕ†
j+3

Π̂j+3, Π̂†
j+3

̂ϕj =
1

2
( ̂aj + b̂†

j ); Π̂j =
i

2
( ̂a†

j − b̂j)

̂ϕ†
j =

1

2
( ̂a†

j + b̂j); Π̂†
j =

i

2
(b̂†

j − ̂aj)

L̂j = ̂Ej /q; ̂θj = q ̂Aj; Ûj = exp(−i ̂θj)

[L̂j, Ûj] = − Ûj; [L̂j, Û†
j ] = Û†

j

Introduce bosonic creation and annihilation operators Rescale gauge fields and 
introduce “ladder” operators
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1+1 dimensional scalar QED on lattice

Hamiltonian after discretization…

Ĥ =
aq2

2 ∑
j

L̂2
j + ( am2

2
+

3
2a )∑

j
( ̂a†

j ̂aj + b̂jb̂†
j ) + ( am2

2
+

1
2a )∑

j
( ̂a†

j b̂
†
j + ̂ajb̂j) −

1
2a ∑

j
[( ̂a†

j+1 + b̂j+1) Ûj ( ̂aj + b̂†
j ) + h.c.]

̂aj, b̂j

L̂j, Ûj, Û†
j L̂j+1, Ûj+1, Û†

j+1 L̂j+2, Ûj+2, Û†
j+2

̂aj+1, b̂j+1 ̂aj+2, b̂j+2 ̂aj+2, b̂j+2

Particles Anti-particles
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Hamiltonian after discretization…

Ĥ =
aq2

2 ∑
j

L̂2
j + ( am2

2
+

3
2a )∑

j
( ̂a†

j ̂aj + b̂jb̂†
j ) + ( am2
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+

1
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j
( ̂a†

j b̂
†
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L̂j, Ûj, Û†
j L̂j+1, Ûj+1, Û†

j+1 L̂j+2, Ûj+2, Û†
j+2

̂aj+1, b̂j+1 ̂aj+2, b̂j+2 ̂aj+2, b̂j+2

Particles Anti-particles

̂aj → eiαj ̂aj

b̂j → e−iαj b̂j

Ûj → e−iαj Ûj eiαj+1

Local U(1) invariance…

Ĝj = L̂j − L̂j−1 − ( ̂a†
j ̂aj − b̂†

j b̂j)
Corresponding Gauss law generators…

}

Dynamical charge: Particle—anti-particle  
number difference

We restrict ourself to                     sector for Ĝj |ψ⟩ = 0 ∀j



The model
1+1 dimensional scalar QED on lattice

Hamiltonian after discretization…

Ĥ =
aq2

2 ∑
j

L̂2
j + ( am2

2
+

3
2a )∑
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1
2a )∑

j
( ̂a†
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ω(k) =
1
a

2 + a2m2 − 2 cos(ka)

lim
a→0

ω(k) = k2 + m2

Dispersion relation without gauge fields…
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Hamiltonian after discretization…
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Dispersion relation without gauge fields…

We work in the dimensionless units…

x = 1/a2q2
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Dispersion relation without gauge fields…

We work in the dimensionless units…

x = 1/a2q2

Using Gauss law, we can also integrate-out the gauge fields for an open chain…

L̂j = ∑
l≤ j

( ̂na
l − ̂nb

l ) leads to a Hamiltonian with long-range interaction

intra-species repulsion — inter-species attraction



Results
• We consider an open chain of N = 60 sites (N - 1 = 59 bonds).

• We truncate bosonic dimension to 5 on each sites for both the types.

• We use two-site DMRG upto maximum bond dimension, Dmax = 200, and then one-site variational 
optimization (“one-site  DMRG”) to converge to the lowest  energy state  (     )  in  the variational 
manifold.

• For time-evolution, we employ first two-site TDVP upto maximum bond dimension, Dmax = 640, then 
we switch to one-site version for better accuracy.

|Ω⟩
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• We truncate bosonic dimension to 5 on each sites for both the types.

• We use two-site DMRG upto maximum bond dimension, Dmax = 200, and then one-site variational 
optimization (“one-site  DMRG”) to converge to the lowest  energy state  (     )  in  the variational 
manifold.

• For time-evolution, we employ first two-site TDVP upto maximum bond dimension, Dmax = 640, then 
we switch to one-site version for better accuracy.

|Ω⟩

Quenches performed…

Local Global
Type-I Initially inject energy to the ground state
Type-II Evolve the system under a background field



Results
Local quench: Type-I

|ψ(t = 0)⟩ = ( ̂a†
N/2 + b̂N/2)Û†

N/2( ̂aN/2+1 + b̂†
N/2+1) |Ω⟩

Ĥ = ∑
j

L̂2
j + ((m /q)2 + 3x)∑

j
( ̂a†

j ̂aj + b̂jb̂†
j ) + ((m /q)2 + x)∑

j
( ̂a†

j b̂
†
j + ̂ajb̂j) − x∑

j
[( ̂a†

j+1 + b̂j+1) Ûj ( ̂aj + b̂†
j ) + h.c.]

x = 1/a2q2

Hamiltonian…



Results
Local quench: Type-I

|ψ(t = 0)⟩ = ( ̂a†
N/2 + b̂N/2)Û†

N/2( ̂aN/2+1 + b̂†
N/2+1) |Ω⟩

x = 2

x = 4

Particles and anti-particles fly away at opposite directions
But velocity get reduced due to confinement…
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x = 2

x = 4

Clear signatures of 
domain-wall confinement
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Results
Local quench: Type-II

L̂N/2 → L̂N/2 + αEvolution with…



Results
Local quench: Type-II

𝜶 = -10
x = 2

Pair-production, confinement
Light-cone bends as expected

L̂N/2 → L̂N/2 + αEvolution with…

𝜶 = -20
x = 2



Results
Local quench: Type-II

𝜶 = -10
x = 2

L̂N/2 → L̂N/2 + αEvolution with…

𝜶 = -20
x = 2

Stronger background field
Stronger confinement
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Local quench: Type-II

𝜶 = -10
x = 2

L̂N/2 → L̂N/2 + αEvolution with…

𝜶 = -20
x = 2



Results
Global quench: Type-I |ψ(t = 0)⟩ = ( ̂a†

1 + b̂1)
N−1

∏
j=1

Û†
j ( ̂aN + b̂†

N) |Ω⟩
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Û†
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N) |Ω⟩

x = 2

x = 4

Insufficient energy in the 
initial state to produce and 
move pairs of larger mass
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Results
Global quench: Type-II

L̂j → L̂j + α, ∀jEvolution with…
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Results
Global quench: Type-II

𝜶 = -1
x = 2

L̂j → L̂j + α, ∀jEvolution with…

𝜶 = -2
x = 2

Insufficient energy in the 
background field to produce 

pairs of larger mass

Ease of pair-production
More confined, larger 
bending of light-cone



Results
Global quench: Type-II

𝜶 = -1
x = 2

L̂j → L̂j + α, ∀jEvolution with…

𝜶 = -2
x = 2



Results
Errors in local quench: Type-I

Difference in values for Dmax = 320 and Dmax = 640
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Results
Errors in local quench: Type-I

Difference in values for Dmax = 320 and Dmax = 640

Similar for Type-II quench

Bottom-line: Success of TNS to faithfully simulate bosonic LGT models of high energy origins

% difference ≈ 0.07 % % difference ≈ 0.1 % % difference ≈ 0.4 %



Results
Errors in global quench: Type-II

Difference in values for Dmax = 320 and Dmax = 640
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Difference in values for Dmax = 320 and Dmax = 640



Results
Errors in global quench: Type-II

Difference in values for Dmax = 320 and Dmax = 640

Better for Type-I quench

Faithful upto t ≈ 2 for all masses. But can capture qualitative features for later time.  
We are pushing our limits on Dmax to get better results.

% difference ≈ 1.3 % % difference ≈ 2 % % difference ≈ 5 %
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• Thorough analysis of the observations, better analysis of errors

• Proposition of possible experimental realization using cold atomic systems

Ĥ = ∑
j

L̂2
j + ((m /q)2 + 3x)∑

j
( ̂a†

j ̂aj + b̂jb̂†
j ) + ((m /q)2 + x)∑

j
( ̂a†

j b̂
†
j + ̂ajb̂j) − x∑

j
[( ̂a†

j+1 + b̂j+1) Ûj ( ̂aj + b̂†
j ) + h.c.]
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ω(k) = (μ1 − μ2)(μ1 + μ2 − 4x cos(ka))

Dispersion relation without gauge fields and interactions…

stable iff… 

μ1 ≥ μ2

μ1 + μ2 ≥ 4x
Or...
μ1 ≤ μ2

μ1 + μ2 ≤ − 4x
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x = 1; μ2 = 0; V1 = 1/2; V2 = 0 Local quench: Type-I

Similar behavior as the scalar QED Hamiltonian

• Thorough analysis of the observations, better analysis of errors
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• Confined-deconfined transition (!!!) 
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• Study of a bosonic system of high-energy origin in 1+1 dimension using TN, which can be simulated using cold 
atoms

• Signatures of pair-production and real-time confinement via different types of quenches

• Showcased faithful simulation of such systems using TN

What we achieved so far…

• Thorough analysis of the observations, better analysis of errors

• Proposition of possible experimental realization using cold atomic systems
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Thank you!!!

Maciej Lewenstein Jakub ZakrzewskiLuca Tagliacozzo

Collaborators…


