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the unitary Fermi gas (UFG)the unitary Fermi gas (UFG)

density & temperature are the onlyonly dimensionful 
scales in the system

universaluniversal scaling functions: 

 
 

numerous experiments:numerous experiments:
- �rst realizations of unitary fermions [[ ; ; ; ; ] ] 

- universal behavior & thermodynamics [[ ; ; ] ] 

- temperature vs. polarization phase-diagram [[ ] ] 

- measurement of equation of state [[ ; ; ] ] 

- super�uid transition [[ ] ] 

- temperature dependence of Tan's contact [[ ; ; ] ] 

- and many more...
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agendaagenda 

part Ipart I 
quick intro to stochastic quantization & CLstochastic quantization & CL 

(what is it & how can it help us for fermions?)

part IIpart II 
unitary fermions with �nite polarizationunitary fermions with �nite polarization 

(equations of state & thermodynamic response)

part IIIpart III 
correlation functions & pairingcorrelation functions & pairing at �nite polarization  

(one-dimensional systems, preliminary)



stochastic quantizationstochastic quantization

(partition function)

(expectation values)

(probability measure)

key idea:key idea: 
probability measure of a d-dimensional Euclidean path integrald-dimensional Euclidean path integral as  

equilibrium distribution of a d+1-dimensional random processd+1-dimensional random process

[[ ; ; ]]Parisi, Wu '81Parisi, Wu '81 Damgaard, Hüffel '87Damgaard, Hüffel '87

http://engine.scichina.com/publisher/scp/journal/Math%20A0/24/4/10.1360/ya1981-24-4-483?slug=abstract
https://doi.org/10.1016/0370-1573(87)90144-X


stochastic quantizationstochastic quantization

random walk governed by  
Langevin equation (Brownian motion):Langevin equation (Brownian motion):

[[ ; ; ]]Parisi, Wu '81Parisi, Wu '81 Damgaard, Hüffel '87Damgaard, Hüffel '87

noise termnoise term  
    

  �cticous Langevin time �cticous Langevin time   
(not physical)(not physical)

http://engine.scichina.com/publisher/scp/journal/Math%20A0/24/4/10.1360/ya1981-24-4-483?slug=abstract
https://doi.org/10.1016/0370-1573(87)90144-X


the Langevin methodthe Langevin method

discretizationdiscretization

(Markov chain)(Markov chain)

statistical evaluationstatistical evaluation



how can stochastic quantization how can stochastic quantization   
help us to study fermions?help us to study fermions?



fermions with fermions with contact interactioncontact interaction

kinetic partkinetic part

interaction partinteraction part



what do we need to compute?what do we need to compute?

rewrite the problem as a path-integralpath-integral: 

+ Trotter decomposition+ Trotter decomposition

+ Hubbard-Stratonovich + Hubbard-Stratonovich   
transformationtransformation

[lattice methods: [lattice methods: ; ; ]]Lee '09Lee '09 Drut,Nicholson '13Drut,Nicholson '13

https://doi.org/10.1016/j.ppnp.2008.12.001
https://doi.org/10.1088/0954-3899/40/4/043101


the path integral the path integral & complex actions& complex actions

discrete Langevin equation:

complex action complex action  complex Langevin equation complex Langevin equation
[[ ; ; ; ; ; ; ; ; ; ; ]]Parisi '83Parisi '83 Klauder '84Klauder '84 Koonin,Adami '01Koonin,Adami '01 Aarts '08Aarts '08 LR,Porter,Drut,Braun '17LR,Porter,Drut,Braun '17 LR,Loheac,Drut,Braun '18LR,Loheac,Drut,Braun '18

probability measure not not   
positive (semi-)de�nitepositive (semi-)de�nite if  

any of these conditions applies: 
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complex probablities complex probablities & possible issues& possible issues

guaranteed convergence if PDF decays  
fast enough and  is holomorphic

[ [ ; ;   ]]Aarts,Seiler,Stamatescu '10Aarts,Seiler,Stamatescu '10 Aarts,James,Seiler,Stamatescu '11Aarts,James,Seiler,Stamatescu '11

non-analyticities in the actionnon-analyticities in the action 
 

- zeros in measure ( ) 
- could lead to ergodicity issues (bottlenecks) 

[ [   ]]Aarts,Seiler,Sexty,Stamatescu '17Aarts,Seiler,Sexty,Stamatescu '17

non-vanishing boundary termsnon-vanishing boundary terms 
 

- convergence to wrong limits possible  
- behavior must be monitored
[ [   ]]Scherzer,Seiler,Sexty,Stamatescu '19Scherzer,Seiler,Sexty,Stamatescu '19

https://doi.org/10.1103/PhysRevD.81.054508
https://doi.org/10.1140/epjc/s10052-011-1756-5
https://doi.org/10.1007/JHEP05(2017)044
https://doi.org/10.1103/PhysRevD.99.014512


recap: recap:   
stochastic quantization & CLstochastic quantization & CL

SQ:SQ: interpret Euclidean �eld theoriesEuclidean �eld theories  
as equilibrium limit of a �cticious random processrandom process 

(allows us to build a Markov chainMarkov chain)

complex Langevin provides a way  
to evade sign problemsevade sign problems in some cases

however: not guaranteed to work a-priori  
and the behavior needs to be monitored carefullybehavior needs to be monitored carefully



the unitary Fermi gas at �nite temperaturethe unitary Fermi gas at �nite temperature
[[ ]]LR, Loheac, Drut, Braun '18LR, Loheac, Drut, Braun '18

 

computationally challenging (but feasible)computationally challenging (but feasible)

https://doi.org/10.1103/PhysRevLett.121.173001


exploring the phase diagramexploring the phase diagram

[experiment: [experiment: ]]  
[zero-temperature [zero-temperature : : ]]  
[balanced [balanced : : ]]
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Boettcher et. al '15Boettcher et. al '15
Bausmerth,Recati,Stringari '09Bausmerth,Recati,Stringari '09

https://doi.org/10.1038/nature06473
https://doi.org/10.1103/PhysRevLett.97.200403
https://doi.org/10.1126/science.1214987
https://doi.org/10.1103/PhysRevA.91.013610
https://doi.org/10.1103/PhysRevA.79.043622


exploring the phase diagramexploring the phase diagram

[experiment: [experiment: ]]  
[zero-temperature [zero-temperature : : ]]  
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density equation of statedensity equation of state
[[ ]]LR, Loheac, Drut, Braun '18LR, Loheac, Drut, Braun '18

classical regime

 dominates

quantum regime

 dominates

goodgood
agreement withagreement with
experiment andexperiment and
other methods!other methods! 

CL results: CL results:   

�nite lattice �nite lattice 

low temperatures:  
 increases 

(  must be
ful�lled)

[experiment/BDMC: [experiment/BDMC: ]]  
[DHMC: [DHMC: ]]
[diagMC: [diagMC: ]]

van Houcke et al. '12van Houcke et al. '12
Drut,Lähde,Wlazlowski,Magierski '12Drut,Lähde,Wlazlowski,Magierski '12

Rossi,Ohgoe,van Houcke,Werner '18Rossi,Ohgoe,van Houcke,Werner '18

https://doi.org/10.1103/PhysRevLett.121.173001
https://doi.org/10.1038/nphys2273
https://doi.org/10.1103/PhysRevA.85.051601
https://doi.org/10.1103/PhysRevLett.121.130405


interlude: the virial expansioninterlude: the virial expansion

dilute gases: few-body correlations dominate

idea: describe the system as expansion in few-body clustersexpansion in few-body clusters

[[ ]]Liu '13Liu '13

https://doi.org/10.1016/j.physrep.2012.10.004


density EOS (virial regime)density EOS (virial regime)
[[ ]]LR, Loheac, Drut, Braun '18LR, Loheac, Drut, Braun '18

VE approachesVE approaches
the CL resultsthe CL results
order-by-orderorder-by-order

VE deviates earlier
for polarized

systems

https://doi.org/10.1103/PhysRevLett.121.173001


density EOS at �nite polarizationdensity EOS at �nite polarization
[[ ]]LR, Loheac, Drut, Braun '18LR, Loheac, Drut, Braun '18

excellent agreement with virial expansion for all polarizationsfor all polarizations

experimentally testableexperimentally testable prediction

https://doi.org/10.1103/PhysRevLett.121.173001


magnetization & polarizationmagnetization & polarization
[[ ]]LR, Loheac, Drut, Braun '18LR, Loheac, Drut, Braun '18

https://doi.org/10.1103/PhysRevLett.121.173001


textbook thermodynamicstextbook thermodynamics

pressure & energypressure & energy thermodynamic responsethermodynamic response



Maxwell relations: consistency checkMaxwell relations: consistency check

  

[[ ]]LR, Loheac, Drut, Braun '18LR, Loheac, Drut, Braun '18

https://doi.org/10.1103/PhysRevLett.121.173001


compressibility (unpolarized)compressibility (unpolarized)
[[ ]]LR, Loheac, Drut, Braun '18LR, Loheac, Drut, Braun '18

sudden  
increase of   

indicatesindicates
super�uid phasesuper�uid phase

transitiontransition

features of curve  
recovered with CL  

 
quantitative

disagreement  
at low

temperatures

[experiment: [experiment: ]]  
[Luttinger-Ward: [Luttinger-Ward: ]]  

Ku,Sommer,Cheuck,Zwierlein '12Ku,Sommer,Cheuck,Zwierlein '12
Enns,Haussmann '12Enns,Haussmann '12

https://doi.org/10.1103/PhysRevLett.121.173001
https://doi.org/10.1126/science.1214987
https://doi.org/10.1103/PhysRevLett.109.195303


compressibility for polarized systemscompressibility for polarized systems
[[ ]]LR, Loheac, Drut, Braun '18LR, Loheac, Drut, Braun '18

weak dependenceweak dependence
of the criticalof the critical

temperature ontemperature on
polarizationpolarization

indicatedindicated challenging to
extract precise 

https://doi.org/10.1103/PhysRevLett.121.173001


UFG phase diagramUFG phase diagram

[fRG: [fRG: ]]Boettcher et. al '15Boettcher et. al '15

https://doi.org/10.1103/PhysRevA.91.013610


spin susceptibilityspin susceptibility
[[ ]]LR, Loheac, Drut, Braun '18LR, Loheac, Drut, Braun '18

Pauli susceptibility �eld independent at low �eld and temperature
UFG: dependence on UFG: dependence on  very similar to FG, but rescaled very similar to FG, but rescaled

https://doi.org/10.1103/PhysRevLett.121.173001


UFG phase diagram (sketch)UFG phase diagram (sketch)

[fRG: [fRG: ]]Boettcher et. al '15Boettcher et. al '15

https://doi.org/10.1103/PhysRevA.91.013610


magnetic susceptibility (unpolarized)magnetic susceptibility (unpolarized)
[LR, Loheac, Drut, Braun [LR, Loheac, Drut, Braun in preparationin preparation]]

high temperature:
Curie's law 

theory &
experiment agree

at high
temperaturesPseudogap: 

suppression of  at  
[recent review: [recent review: ]]Jensen et al. '18Jensen et al. '18

lowlow
temperature:temperature:
discrepancydiscrepancy

betweenbetween
experiment andexperiment and

theorytheory

CL: pseudogap possible CL: pseudogap possible   
 and  and  seem to be very close seem to be very close

https://arxiv.org/abs/1807.03913


recap: unitary fermionsrecap: unitary fermions

EOS, magnetic properties & response EOS, magnetic properties & response accessible  
for the unitary Fermi gas at �nite temperature and

polarization

CL matches state-of-the art resultsmatches state-of-the art results  
from other methods and experiments 

wherever available



UFG phase diagram (sketch)UFG phase diagram (sketch)



one-dimensional systemsone-dimensional systems

computationally cheap & 
exact solutions available 

 
excellent benchmark systems 

also accessible in experimentalso accessible in experiment



pair correlationspair correlations
[LR, Drut, Braun [LR, Drut, Braun in preparationin preparation]]

~ likelihood  
of a pair with  
momentum 

spatially  
�uctuating  

order-  
parameter

off-center peak: hallmark of FFLO type pairingFFLO type pairing



pairing (schematically)pairing (schematically)



density-density correlation (shot noise)density-density correlation (shot noise)
[LR, Drut, Braun [LR, Drut, Braun in preparationin preparation]]

peak positions:

positivepositive
correlations:correlations:

particle-particle-
particleparticle

negativenegative
correlations:correlations:
particle-holeparticle-hole

resolution of internal structureinternal structure of fermionic pairs



recaprecap

complex Langevin is a valuable tool complex Langevin is a valuable tool 
to study ultracold Fermi gases to study ultracold Fermi gases   

(it works quite well)(it works quite well)



stay tuned!stay tuned!

looking for inhomogeneous phases in the UFGlooking for inhomogeneous phases in the UFG

thermodynamics of 2D fermions at �nite polarizationthermodynamics of 2D fermions at �nite polarization
[with Josh McKenney, Andrew Loheac & Joaquin Drut, UNC Chapel Hill]

vortex formation in 2D rotating bosonsvortex formation in 2D rotating bosons
[Casey Berger & Joaquin Drut, UNC Chapel Hill]

effect of mass-imbalance on fermion pair formationeffect of mass-imbalance on fermion pair formation


