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…is everywhere, but…                    

Quantum matter…



Bose-Einstein 
condensates 
(1995)

Fermionic condensates 
(2004)

Ultracold atoms



Ultracold atoms

- Temperature (Superfluid transitions) 
- Polarization (LOFF-type phases, polarons) 
- Coupling (BEC-BCS crossover) 
- Shape of external trapping potential 
- Mass imbalance (different isotopes) 
- Dimension (highly anisotropic traps & lattices) 
- Bosons, fermions, mixtures: Li, K, Sr, Yb, Dy, Er,… 

Astonishing degree of control…

… and astonishing degree of measurement/detection… 
- Thermodynamics 
- Phase transitions 
- Collective modes 
- Spin response 
- Hydrodynamic response 
- Entanglement 
- Time-dependent dynamics 
- … Many experimental groups around the world!



Outline 

- Scale anomalies 
- In 2D fermions 
    - Selected results (from lattice MC calculations):  
       Thermodynamics, virial coefficients  

- In 1D fermions 
- Exact mappings 
- Few-body physics & thermodynamics 

- Summary and Conclusions 



Two species of fermions with a contact two-body force 
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[g] = LCoupling is dimensionful

Renormalize by solving the two-body problem and  
relating bare coupling to scattering length

[m] = 1
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3D Fermions: Hamiltonian & scales



Two-body problem
Bound state appears at a critical attractive coupling 
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Scattering length and density determine the  
physical dimensionless coupling for the  
many-body problem

1/(kFa)

Unitarity

kF = (3⇡2n)1/3
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The 3D BCS-BEC crossover

Unitarity
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Scale invariance & universality
Lack of scales other than the density 
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Dimensionful observables must get their  
units from powers of       : Universality!kF
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E.g. the ground-state energy

E = ⇠EFG
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Bertsch parameter



Scale anomalies



2D Fermions: Hamiltonian & scales
Two species of fermions with a contact two-body force 

Ĥ =

Z
d
2
x

2

4
X

s=",#
 ̂
†
s(x)

✓
�~2r2

2m

◆
 ̂s(x)� gn̂"(x)n̂#(x)

3

5

[g] = 1

Coupling is dimensionless

Factor out center-of-mass motion and solve “relative” problem:

✏B = ⇤e�4⇡/|g|

Bound-state energy

�r2

2m̄
� g�(x)

�
�(x) = Er�(x)

Classically scale invariant!

Quantum mechanically not scale invariant

[m] = 1
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Again: renormalize by solving two-body system



Two-body problem & anomaly
Cutoff required, bound state exists for all attractive couplings 

3D

gc

g

EGS

2D

The binding energy represents a scale anomaly.
Binding energy and density determine the  
                                      dimensionless physical coupling

⌘ =
1

2
ln(2✏F /✏B)✏F / n



Normal
Normal

T

Superfluid�

Superfluid

�
TBKT

TBKT

The 2D BCS-BEC crossover

⌘
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Results: Density EoS

E. R. Anderson, J. E. Drut 
Phys. Rev. Lett. 115, 115301 (2015). 



Aside: Experimental results 

Results: Density EoS

Jochim’s group

Vale’s group
Phys. Rev. Lett. 116, 045302 (2016)

Phys. Rev. Lett. 116, 045303 (2016)



Results: Pressure EoS

E. R. Anderson, J. E. Drut 
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Results: Compressibility

E. R. Anderson, J. E. Drut 
Phys. Rev. Lett. 115, 115301 (2015). 



Virial expansion (relative to noninteracting case)

���⌦ = ln(Z/Z0) = Q1

1X

n=2

�bnz
n

are typically computed by solving the n-body problem�bn = bn � b(0)n

�b2

�b3 :    Determined numerically with exact methods 
     V. Ngampruetikorn, J. Levinsen, and M. M. Parish,  

Phys. Rev. Lett. 111, 265301 (2013).  

Determines the thermodynamics at low fugacity z = e�µ

Results: Density EoS

:    Known from Beth-Uhlenbeck formula  



Results: Virial coefficients
Via complex Langevin and a semiclassical lattice approximation (SCLA) 

C. R. Shill, J. E. Drut 
Phys. Rev. A 98, 053615 (2018). 

LO-SCLA



Results: GS Energetics

N
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L. Rammelmüller, W. J. Porter, J. E. Drut 
Phys. Rev. A 93, 033639 (2016). 



Results: GS Energetics

L. Rammelmüller, W. J. Porter, J. E. Drut 
Phys. Rev. A 93, 033639 (2016). 



An anomalous system in 1D
Work in collaboration with

Josh McKenney W. Daza 
C. Lin 
C. Ordóñez

J. E. Drut, J. R. McKenney, W. Daza, C. Lin, C. Ordóñez  
Phys. Rev. Lett. 120, 243002 (2018). 



An anomalous system in 1D
Bosonic version studied by other groups: Droplets!

Y. Sekino and Y. Nishida, 
Phys. Rev. A 97, 011602R (2018). 

Y. Nishida 
Phys. Rev. A 97, 061603R (2018). 

L. Pricoupenko, 
Phys. Rev. A 97, 061604R (2018). 

G. Guijarro, A. Pricoupenko, G. E. Astrakharchik, J. Boronat, and D. S. Petrov 
Phys. Rev. A 97, 061605R (2018). 

Droplets in 2D and in 3D at unitarity also studied by many groups!



Three species of fermions with a contact three-body force 

Ĥ =

Z
dx

"
X

s=1,2,3

 ̂
†
s(x)

✓
�~2r2

2m

◆
 ̂s(x)� gn̂1(x)n̂2(x)n̂3(x)

#

[g] = 1

Coupling is dimensionless!

Does a 3-body bound state form?
Is there an anomaly?

Three species: 1, 2, 3

Only a contact three-body force (nothing else!)

An anomalous system in 1D

[m] = 1
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It is 1D, but not amenable to Bethe Ansatz.



Three-body problem & anomaly
Mapping to two-dimensional one-body problem 


�r2

X

2m
+ g�(x2 � x1)�(x3 � x2)

�
 (X) = E (X)

X = (x1, x2, x3)

Q =
1

3
(x1 + x2 + x3)

q1 = x2 � x1

q2 =
1p
3
(x1 + x2 � 2x3)

"
�r2

q

2m̄
+ g̃�(q1)�(q2)

#
�(q1, q2) = Er�(q1, q2)

g̃ = (2/
p
3)g

Separating center-of-mass and relative motion…

Scale-anomalous 2D problem!

Trimers form!



Three-body problem & anomaly
Other cases? 

Coupling units (contact n-body, d spatial dimensions)

d(n� 1) = 2

When is it dimensionless?

d = 1 & n = 3

d = 2 & n = 2

Only two cases!

@g

@ ln(�✏B)
/ g2

[g] = Ld(n�1)�2
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✏B ⇠ ⇤e�4⇡/|g|
<latexit sha1_base64="HBOqswZYvmsZeWEUpdHh0TLENc0=">AAACEHicjVC7SgNBFJ2Nrxhfq5Y2g0G0Me7GgJYhNhYWEcwDsmuYnb0bh8w+mJkVwiafYOOv2FgoYmtp5984eRQqCh64cDjnHmbu8RLOpLKsDyM3N7+wuJRfLqysrq1vmJtbTRmngkKDxjwWbY9I4CyChmKKQzsRQEKPQ8vrn4391i0IyeLoSg0ScEPSi1jAKFFa6pr7DiSScU1r2JEsxM6FDvsEw3V2WHESho/wsDccdc2iXbImwH+TIpqh3jXfHT+maQiRopxI2bGtRLkZEYpRDqOCk0pICO2THnQ0jUgI0s0mB43wnlZ8HMRCT6TwRP2ayEgo5SD09GZI1I386Y3F37xOqoJTN2NRkiqI6PShIOVYxXjcDvaZAKr4QBNCBdN/xfSGCEKV7rDwvxKa5ZJ9XCpfVorV2qyOPNpBu+gA2egEVdE5qqMGougOPaAn9GzcG4/Gi/E6Xc0Zs8w2+gbj7RMH9pvw</latexit>



Side note: What if we allow derivatives?

Coupling units (contact n-body, d spatial dimensions, p derivatives)

When is it dimensionless?

At least one more possibility 

[g] = Ld(n�1)+p�2
<latexit sha1_base64="3vI81kkUb7PtaKKRW7I8QGsVyo4=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSxCRVqSWqhdCEU3LlxUsA9oY5lMJu3QySTMTIQS6sZfceNCEbf+hTv/xmkbQUUPXDiccy/33uNGjEplWR/G3PzC4tJyZiW7ura+sWlubTdlGAtMGjhkoWi7SBJGOWkoqhhpR4KgwGWk5Q7PJ37rlghJQ36tRhFxAtTn1KcYKS31zN1O34Gn8PIm8fK8YB/CIxjBAiyNe2bOKlangDNSKaekakO7aE2RAynqPfO964U4DghXmCEpO7YVKSdBQlHMyDjbjSWJEB6iPuloylFApJNMPxjDA6140A+FLq7gVP0+kaBAylHg6s4AqYH87U3Ev7xOrPwTJ6E8ihXheLbIjxlUIZzEAT0qCFZspAnCgupbIR4ggbDSoWV1CF+fwv9Js1S0j4ulq3KudpbGkQF7YB/kgQ0qoAYuQB00AAZ34AE8gWfj3ng0XozXWeuckc7sgB8w3j4BjeKUaw==</latexit>

d(n� 1) = 2� p
<latexit sha1_base64="UQDgH52EGY1XnkEbvJMwG2CPAxY=">AAAB9XicdVBNS8NAEN3Ur1q/qh69LBahHhqStND2IBS9eKxgW6GNZbPZtEs3m7C7UUro//DiQRGv/hdv/hu3bQQVfTDweG+GmXlezKhUlvVh5FZW19Y38puFre2d3b3i/kFXRonApIMjFokbD0nCKCcdRRUjN7EgKPQY6XmTi7nfuyNC0ohfq2lM3BCNOA0oRkpLt36ZV+xTeAYdWIHxsFiyzGajWq86UBONei0jTRvaprVACWRoD4vvAz/CSUi4wgxJ2betWLkpEopiRmaFQSJJjPAEjUhfU45CIt10cfUMnmjFh0EkdHEFF+r3iRSFUk5DT3eGSI3lb28u/uX1ExU03JTyOFGE4+WiIGFQRXAeAfSpIFixqSYIC6pvhXiMBMJKB1XQIXx9Cv8nXce0q6ZzVSu1zrM48uAIHIMysEEdtMAlaIMOwECAB/AEno1749F4MV6XrTkjmzkEP2C8fQJ7mpCU</latexit>

d = 1 & n = 2 & p = 1

d = 1 & n = 3 & p = 0
<latexit sha1_base64="zLWiE//u/aQ7ZzAe44Im5bwTx1s=">AAACVHicfVFPS8MwHE07p3PqnHr0EhwOT6VdB9sOwtCLxwnuD6xjpGm2haVpSVJhlH1IPQh+Ei8ezLYKOqYvBB7v/R5JXvyYUals+90wc3v5/YPCYfHo+KR0Wj4778koEZh0ccQiMfCRJIxy0lVUMTKIBUGhz0jfn9+v/P4zEZJG/EktYjIK0ZTTCcVIaWlcnlerMIC30IHeZlUzwrVY2xbjzaRX/C/l7krZOjUuV2yr1XQbbg1qotGoZ6TlQMey16iADJ1x+dULIpyEhCvMkJRDx47VKEVCUczIsuglksQIz9GUDDXlKCRylK5LWcJrrQRwEgm9uYJr9WciRaGUi9DXkyFSM7ntrcRd3jBRk+YopTxOFOF4c9AkYVBFcNUwDKggWLGFJggLqu8K8QwJhJX+h6Iu4ful8G/Sq1mOa9Ue65X2XVZHAVyCK3ADHNAAbfAAOqALMHgBHwYwDOPN+DRzZn4zahpZ5gL8gln6Aj3tpDM=</latexit>

d = 2 & n = 2 & p = 0
<latexit sha1_base64="ob4hQsbDaDCTodS/3M6e3io9avY=">AAACHnicdZBNS8MwGMdTX+d8q3r0EhwOT6XdJtsOwtCLxwnuBdYy0izdwtK0JKkwyj6JF7+KFw+KCJ7025htFVTmPwT+/J7nIXn+fsyoVLb9aaysrq1vbOa28ts7u3v75sFhW0aJwKSFIxaJro8kYZSTlqKKkW4sCAp9Rjr++GpW79wRIWnEb9UkJl6IhpwGFCOlUd88LxbhAF7AEnQXp5gZvgzGGtrQdftmwbbqtXK1XILaaFUrmak70LHsuQogU7NvvruDCCch4QozJGXPsWPlpUgoihmZ5t1EkhjhMRqSnrYchUR66Xy9KTzVZACDSOjLFZzTnxMpCqWchL7uDJEayb+1GVxW6yUqqHkp5XGiCMeLh4KEQRXBWVZwQAXBik20QVhQ/VeIR0ggrHSieR3C96bwf9MuWU7ZKt1UCo3LLI4cOAYn4Aw4oAoa4Bo0QQtgcA8ewTN4MR6MJ+PVeFu0rhjZzBH4JePjCx8/myM=</latexit>

✏B ⇠ ⇤e�4⇡/|g|
<latexit sha1_base64="HBOqswZYvmsZeWEUpdHh0TLENc0=">AAACEHicjVC7SgNBFJ2Nrxhfq5Y2g0G0Me7GgJYhNhYWEcwDsmuYnb0bh8w+mJkVwiafYOOv2FgoYmtp5984eRQqCh64cDjnHmbu8RLOpLKsDyM3N7+wuJRfLqysrq1vmJtbTRmngkKDxjwWbY9I4CyChmKKQzsRQEKPQ8vrn4391i0IyeLoSg0ScEPSi1jAKFFa6pr7DiSScU1r2JEsxM6FDvsEw3V2WHESho/wsDccdc2iXbImwH+TIpqh3jXfHT+maQiRopxI2bGtRLkZEYpRDqOCk0pICO2THnQ0jUgI0s0mB43wnlZ8HMRCT6TwRP2ayEgo5SD09GZI1I386Y3F37xOqoJTN2NRkiqI6PShIOVYxXjcDvaZAKr4QBNCBdN/xfSGCEKV7rDwvxKa5ZJ9XCpfVorV2qyOPNpBu+gA2egEVdE5qqMGougOPaAn9GzcG4/Gi/E6Xc0Zs8w2+gbj7RMH9pvw</latexit>

✏B ⇠ ⇤g4
<latexit sha1_base64="HqjAal2NLFf1jxiQZFsX0U2Vlcw=">AAACBHicjVC7SgNBFJ31GeNr1TLNYBCswm4MaBliY2ERwTwgu4bZ2bvJkNnZZWZWCEsKG3/FxkIRWz/Czr9x8ihUFDxw4XDOPczcE6ScKe04H9bS8srq2npho7i5tb2za+/tt1WSSQotmvBEdgOigDMBLc00h24qgcQBh04wOp/6nVuQiiXiWo9T8GMyECxilGgj9e2SB6li3NAG9hSLsXdpwiHBg5ta3y67FWcG/DcpowWaffvdCxOaxSA05USpnuuk2s+J1IxymBS9TEFK6IgMoGeoIDEoP58dMcFHRglxlEgzQuOZ+jWRk1ipcRyYzZjoofrpTcXfvF6mozM/ZyLNNAg6fyjKONYJnjaCQyaBaj42hFDJzF8xHRJJqDa9Ff9XQrtacU8q1ataud5Y1FFAJXSIjpGLTlEdXaAmaiGK7tADekLP1r31aL1Yr/PVJWuROUDfYL19AnY0l1I=</latexit>

(previous slides)

1D two-body 
derivative-delta
interaction



Thermodynamics and contact
Exact properties 

Virial coefficients

No interaction unless 3 or more particles present…

Equivalence of the 1D 3-body and 2D 2-body problems… 
(in relative coordinates) 

�b3 =
1p
3
�b(2D)

2

Known from Beth-Uhlenbeck formula

�b2 = 0



Thermodynamics and contact

Truly scale invariant

P = �↵f(�µ)

Anomalous

P = �↵f(�µ,�✏B)

P =
2

d

E

V

↵ = �d/2� 1

P � 2

d

E

V
=

2

d
�↵ @f

@ ln(�✏B)

C3 = � @g

@ ln(�✏B)
hn̂1n̂2n̂3i

Exact properties 

“Contact density”  
  of our 1D problem



Thermodynamics and contact
Exact properties in a harmonic trap 

Truly scale invariant Anomalous

E = 2Vext

⌦ = !f(�µ,�!) ⌦ = !f(�µ,�!,�✏B)

E � 2Vext = !
@f

@ ln(�✏B)

C3 =
@g

@ ln(�✏B)

Z
dxhn̂1n̂2n̂3i

“Contact” of our 1D problem



Thermodynamics and contact
Toward the many-body problem 

The path-integral representation of the partition function 
requires a Hubbard-Stratonovich transformation

e⌧g2n̂1(x)n̂2(x) =
1

2⇡

Z ⇡

�⇡
d�(1 +An̂1(x) sin�)(1 +An̂2(x) sin�),

interaction

For the usual two-body force case:

Z = Tre��(Ĥ�µN̂) =

Z
D�det2M [�]

auxiliary field
A =

p
2(e⌧g2 � 1)



Thermodynamics and contact
Toward the many-body problem 

The path-integral representation of the partition function 
requires a Hubbard-Stratonovich transformation

For the three-body force case:

e⌧g3n̂1(x)n̂2(x)n̂3(x) =
1

3⇡

Z
d�(1 +Bn̂1(x)F (�))(1 +Bn̂2(x)F (�))(1 +Bn̂3(x)F (�))

interaction auxiliary field

Z = Tre��(Ĥ�µN̂) =

Z
D�det3M [�]

F (�) = ei2�/3 cos2 �

B = 1.63... (e⌧g3 � 1)1/3

Straightforwardly generalized to n-body forces. But: sign problem.



Fermions
Composite
fermions

T

Trimer gas
�

Trimer gas

�

Tcross

The 1D trimer crossover

Tcross

⌘ = ln(✏F /✏B)



The 1D trimer crossover: few body case
J. R. McKenney and J. E. Drut, 
Phys. Rev. A 99, 013615 (2019). 

Exact diagonalization 
on the lattice

Computed the ground-state 
properties of all 4-, 5- and 6-particle  
systems



Open questions
How can we realize this system experimentally? 
What is the effect of asymmetries? 
Can we induce superfluid correlations? 
How to deal with sign problem? 
What are the transport properties?



Increasing flavor number
When do higher-body bound states begin to form? 

What about with 4 flavors?

Still no :(

What about with 5 flavors?

Yes! ;-)

We know trimers don’t form hexamers with only 3 flavors 

We know 6 bosons do form a bound state 



Summary
    - There are two possible scale-anomalous non-relativistic systems 

with contact interactions: 2D with 2-body forces  
                                                                1D with 3-body forces 

       Other cases are possible if we allow derivatives. 
 

- We have a first a characterization of the thermodynamics and 
contact of these systems, both in the ground state and at finite 
temperature, complementing other approaches and comparing with 
experiments. 

  - There is room for improvement in the 2D case at finite temperature. 

  - Treating the 1D many-body case with 3-body forces in a non-
perturbative way presents a sign problem that remains open.  

  - We have derived universal relations and virial theorems involving 
the 3-body contact, and determined b3. 

  - We have begun the characterization of the 1D few-body case. 
 



Thank you!


