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“Remember that all models are wrong; the practical 
question is how wrong do they have to be to not be 
useful”  (E.P. Box)

In many cases, nuclear input MUST involve massive 
extrapolations based on predicted quantities. And 
extrapolations are impossible tough.



S1p/2p < 0

S1p < 0 < S2p

S1p/2p > 0

S1n < 0 < S2n

S1p/2p > 0S1p/2p < 0

Uncertainty on the nuclear landscape

Erler et al, Nature, 2012
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To improve the quality of model-based predictions of nuclear properties of rare 
isotopes far from stability, we consider the information contained in the  residuals  
in the regions where the experimental information exist. 
As a case in point, we discuss two-neutron separation energies S2n of even-even 
nuclei. Through this observable, we assess the predictive power of global mass 
models towards more unstable neutron-rich nuclei and provide uncertainty 
quantification of predictions.
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Data

Training set:
537 points

Testing sets:
55+4 points
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Sest
2n (Z,N) = Sth

2n(Z,N,ϑ) + δem(Z,N)
<latexit sha1_base64="kCsWZe43zPebA7nJTk8KkL5Cf68="></latexit><latexit sha1_base64="44ECy1mh4L20587YyiQlBhOhW7k="></latexit><latexit sha1_base64="44ECy1mh4L20587YyiQlBhOhW7k="></latexit>

<latexit sha1_base64="zqTtWFAZ21+LTYWJ1o9EcYDb6yo="></latexit>

Separation energy residual:

emulator of 
residual
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�(Z,N) = Sexp
2n (Z,N)� Sth

2n(Z,N,#)
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The residuals contain mostly theoretical errors, 
which correspond mostly to systematic errors 



Residuals exhibit local trends
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This information can be used to our advantage to improve model-based predictions!
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We consider 10 global models based on nuclear Density Functional Theory with 
realistic energy density functionals as well as two more phenomenological mass 
models. 

The emulators of S2n residuals and confidence intervals defining theoretical 
error bars  are constructed using Bayesian Gaussian processes (GP) and Bayesian 
neural networks (BNN).

We consider a large training dataset pertaining to nuclei whose masses were 
measured before 2003. For the testing datasets, we considered those exotic 
nuclei whose masses  have been determined after 2003. By establishing statistical 
methodology and parameters, we carried out extrapolations towards the 2n
dripline.

FRDM-2012, HFB-24: rms mass deviation ~0.6 MeV
SkM*, SkP, SLy4, SV-min, UNEDF0, UNEDF1: 1.5-6 MeV
NL3*, DD-ME2, DD-PC1, DDMEd: 2-3 MeV



Bayesian approach I

• Statistical model :
𝑦" = 𝑓 𝑥", 𝜃 + 𝜎𝜖"

• 𝑥" = 𝑍,𝑁 "
• 𝑦" : mass residual
• 𝑓 𝑥", 𝜃 : statistical model for systematic error 
• 𝜎 𝜖" : statistical uncertainty
• parameters : Θ ≔ (𝜃, 𝜎)

• Bayes theorem gives the posterior distribution of the parameters : 

𝑝 Θ 𝑦 ∝ 𝑝 𝑦 Θ 𝝅(Θ) [i.e. 𝑝 Θ 𝑦 = 5 𝑦 Θ 𝝅(6)
∫5 𝑦 Θ 𝝅 6 86

]
• Posterior prediction of unknown observable y* given known data y : 

𝑝 𝑦∗ 𝑦 = ∫ 𝑝 𝑦∗ 𝑦, Θ 𝜋 Θ 𝑑Θ
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Bayesian approach II

• Two statistical models used:
– Gaussian process (3 parameters)
– (Bayesian) Neural Network with sigmoid function 

(30 neurons, 1 layer; 181 parameters)

• BNN refinement: non-linear transformation of 
𝑥 based on our knowledge of trends added to 
input, namely 
– 𝑑=(𝑥) (distance to closest neutron magic number) 

– 𝑝 𝑥 := 8? @ 8A(@)
8? @ B8A(@)

(promiscuity factor)

• Samples CΘD, CΘE, … , CΘG ∼ 𝑝(Θ|𝑦) are 
produced from 100,000-1,000,000 iterations 
of an ergodic Markov chain 
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• Metropolis(-Hastings): 
• start from any point : CΘD ≔ 𝑥
• and, iteratively,

• sample from proposal distribution 𝑔 Θ :
KΘ ∼ 𝑔 KΘ

• with probability 𝛼 ∧ 1, with 𝛼 ≔ 5(K6|O)
P(K6)

, 

accept : CΘGBD:= KΘ
• with probability 1 − 𝛼, reject : CΘGBD:=

CΘGBD

• “burn in” the first 𝑚S samples

• More advanced methods for high-
dimensional spaces : Hamiltonian Monte 
Carlo



Gaussian Processes 

quadratic exponential covariance 
kernel
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C. Objective and evaluation

The above discussion has hinted at how to evaluate
a statistical model’s predictive performance. From the
nuclear physics perspective, the predictive power of a
model towards more unstable nuclei is a key criterion to
assess its quality. Accordingly, we can use, as a perfor-
mance criterion, the improvement on rms error on testing
datasets outside the training domain [29]. This is a di↵er-
ent strategy than testing samples of interior points ran-
domly taken out of the training sample - which has been
done in the previous papers [27, 28, 30–32]. In search
of universality, we model the residuals globally on the
large domain of even-even nuclei. This criterion, while
appropriate, is similar, in spirit, to the goal of looking
for posterior means, which are as close to experimental
values as possible. But as indicated above, this cannot
be the entire story, because it tends to ignore a method-
ology’s own internal UQ.

Thus, beyond improvements on model predictions, a
real understanding of the residuals requires an honest
assessment of a model’s ability to accurately estimate
its own uncertainty. Since the Bayesian output can an-
swer any quantitative question about uncertainty, we can
answer this question of honesty in UQ in various ways
[60, 61]. The simplest and perhaps most intuitively sat-
isfying way to measure UQ honesty is the following. We
compute each model’s so-called empirical coverage prob-
ability for a given level 100⇤(1�↵)%, e.g., 68% or 80% or
95%, defined as the proportion of the testing data which
actually falls inside CIs with that same 100(1�↵)% cred-
ibility level. If the UQ is honest, that proportion should
be close to the nominal value 100(1 � ↵)%. If the pro-
portion is much lower than the nominal value (e.g., 75%
instead of the nominal 95%), this means the UQ is dis-
honest, because its CIs are far too narrow: they should
have been wide enough so that approximately 95% of the
testing data should fall inside the 95%-CI. The morally
charged label of “dishonest” is appropriate: using overly
narrow CIs implies false claims about a model’s high pre-
cision, in a community where every model is ultimately
judged by its precision. If the proportion is much higher
than the nominal value (e.g., 99% instead of 95%), then
the UQ is perhaps also dishonest in the sense of being
excessively self-critical: the prediction is not claiming to
be more precise than it really is, but this situation is
wasteful because the CIs are wider than they need to be.
After all, false modesty is not necessarily a virtue.

IV. STATISTICAL MODELS

A. Gaussian Process model

Gaussian processes have been heavily adopted in re-
cent years in physics and other natural sciences to model
the local structure of complex systems such as computer
models [58]. In our context, a GP is a Gaussian field,

i.e., a Gaussian functional on the two-dimensional nu-
clear domain, which is characterized by its mean function
and covariance function (see Ref. [62] for an exhaustive
presentation of GP). GP are designed to capture the spa-
tial structure of the residuals where we can assume that
neighboring nuclei should have similar properties. Since
the nuclear domain is finite and discrete, a GP model is
a finite-dimensional Gaussian vector indexed by particle
numbers (Z,N), which distribution is thus given solely
by its mean and covariance matrix. We take the mean
function to be 0, and in order to model the “spatial” de-
pendence of nearby nuclei in the nuclear landscape, we
use an exponential quadratic covariance kernel

k⌘,⇢(x, x
0) := ⌘

2
e
� (Z�Z0)2

2⇢2
Z

� (N�N0)2

2⇢2
N , (6)

where x = (Z,N), and the parameters ✓ ⌘ {⌘, ⇢Z , ⇢N}
have a natural interpretation: ⌘ defines the scale, i.e. the
strength of dependence among neighboring nuclei, and
⇢Z and ⇢N are characteristic correlation ranges in the
proton and neutron direction, respectively. Note that k

is a bona fide covariance matrix because, up to a linear
transformation of its variables, it is the classical Gaussian
kernel (also known as Radial Basis Function or square ex-
ponential kernel): the latter has that property because it
can be written as the tensor product of two copies of the
function exp (�kxk /2) multiplied by a sum of products
of monomials which are symmetric in (x, x0). Other clas-
sical families of kernels include exponential (Laplacian)
kernels and Matérn kernels. While all three families have
comparable performance on short range, Matérn kernels
involve Bessel functions resulting in longer computations
and Laplacian kernels have unneeded heavier tails. Con-
sequently, using the notation GP for a GP as a Gaussian
vector, we define the function f in the model equation
(3), as the following random vector with parameters ✓

and component index x = (Z,N):

f(x, ✓) ⇠ GP(0, k⌘,⇢), (7)

which means that the law of the Gaussian vector f(x, ✓)
has mean 0 and covariance matrix k⌘,⇢. We emphasize
that the correlation kernel k⌘,⇢ is the key component of
the Gaussian process f(x, ✓); it is calibrated on the val-
ues k⌘,⇢(xi, xj) and used to predict y

⇤ according to the
Gaussian conditional distribution of y⇤ given y, ⌘, ⇢ which
can be expressed explicitely with k⌘,⇢ [62]. Hence in the
GP case the noise parameter � in Eq. (3) represents the
pure experimental uncertainty, which is negligible with
respect to nuclear model uncertainties involved, so that
it is natural to fix it to the average scale of the exper-
imental uncertainty (0.0235 MeV). In the case of BNN,
as we will see next, since the model does not have an-
other source of randomness the term �"i is necessary to
account for the model uncertainty. For GP, model uncer-
tainty is taken into account in the GP term. Moreover, it
may not be possible to extricate the experimental error
from the uncertainty of the model if both were included
in GP’s specification, since we use only one experimental
datum per nucleus.
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[35] P. Möller, A. Sierk, T. Ichikawa, and H. Sagawa, At.

Data Nucl. Data Tables 109-110, 1 (2016).
[36] J. Bartel, P. Quentin, M. Brack, C. Guet, and H.-B.

H̊akansson, Nucl. Phys. A 386, 79 (1982).
[37] J. Dobaczewski, H. Flocard, and J. Treiner, Nucl. Phys.

A 422, 103 (1984).
[38] E. Chabanat, P. Bonche, P. Haensel, J. Meyer, and

R. Schae↵er, Physica Scr. 1995, 231 (1995).
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[35] P. Möller, A. Sierk, T. Ichikawa, and H. Sagawa, At.

Data Nucl. Data Tables 109-110, 1 (2016).
[36] J. Bartel, P. Quentin, M. Brack, C. Guet, and H.-B.

H̊akansson, Nucl. Phys. A 386, 79 (1982).
[37] J. Dobaczewski, H. Flocard, and J. Treiner, Nucl. Phys.

A 422, 103 (1984).
[38] E. Chabanat, P. Bonche, P. Haensel, J. Meyer, and

R. Schae↵er, Physica Scr. 1995, 231 (1995).
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[20] T. Nikšić, N. Paar, P.-G. Reinhard, and D. Vretenar, J.

Phys. G 42, 034008 (2015).
[21] T. Haverinen and M. Kortelainen, J. Phys. G 44, 044008

(2017).
[22] N. Schunck, J. D. McDonnell, D. Higdon, J. Sarich, and

S. M. Wild, Eur. Phys. J. A 51, 169 (2015).
[23] S. Athanassopoulos, E. Mavrommatis, K. Gernoth, and

J. Clark, Nucl. Phys. A 743, 222 (2004).
[24] T. Bayram, S. Akkoyun, and S. O. Kara, Ann. Nucl.

Energy 63, 172 (2014).
[25] T. Bayram and S. Akkoyun, EPJ Web Conf. 146, 12033

(2017).
[26] C. Yuan, Phys. Rev. C 93, 034310 (2016).
[27] R. Utama, J. Piekarewicz, and H. B. Prosper, Phys. Rev.

C 93, 014311 (2016).
[28] R. Utama and J. Piekarewicz, Phys. Rev. C 96, 044308

(2017).
[29] R. Utama and J. Piekarewicz, Phys. Rev. C 97, 014306

(2018).
[30] G. F. Bertsch and D. Bingham, Phys. Rev. Lett. 119,

252501 (2017).
[31] H. F. Zhang, L. H. Wang, J. P. Yin, P. H. Chen, and

H. F. Zhang, J. Phys. G 44, 045110 (2017).
[32] Z. Niu and H. Liang, Phys. Lett. B 778, 48 (2018).
[33] H. Koura, T. Tachibana, M. Uno, and M. Yamada, Prog.

Theor. Phys. 113, 305 (2005).
[34] J. Duflo and A. Zuker, Phys. Rev. C 52, R23 (1995).
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J. Sarich, N. Schunck, M. V. Stoitsov, and S. Wild,
Phys. Rev. C 82, 024313 (2010).

[41] G. Lalazissis, S. Karatzikos, R. Fossion, D. P. Arteaga,
A. Afanasjev, and P. Ring, Phys. Lett. B 671, 36 (2009).

[42] G. A. Lalazissis, T. Nikšić, D. Vretenar, and P. Ring,
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W. Nazarewicz, J. Sarich, and M. V. Stoitsov, Phys.
Rev. C 81, 024316 (2010).

[16] A. V. Afanasjev, J. Phys. G 42, 034002 (2015).
[17] Y. Gao, J. Dobaczewski, M. Kortelainen, J. Toivanen,

and D. Tarpanov, Phys. Rev. C 87, 034324 (2013).
[18] S. Goriely and R. Capote, Phys. Rev. C 89, 054318

(2014).
[19] M. Kortelainen, J. Phys. G 42, 034021 (2015).
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FIG. 1. An example of a feed-forward neural network with a single hidden layer consisting of three nodes. In our case, the
two inputs that define the nucleus of interest are Z and A, and a single output provides an estimate of �M(Z,A), namely, the
discrepancy between the bare theoretical prediction and the experimental value.

controls the firing of the artificial neurons [32, 33]. See Fig. 1 for a simple depiction of a feed-forward neural network
consisting of a single hidden layer with three nodes.

Given the complexity of the posterior distribution p(!|x, t), we adopt Markov Chain Monte Carlo (MCMC) sampling
to generate a faithful equilibrium distribution. Once a significant number of samples has been generated, reliable
estimates for both the average and variance of �M(Z,A) are obtained. That is,

hfni =
1

K

KX

k=1

f(xn,!k), (12a)

hf2
n
i = 1

K

KX

k=1

f
2(xn,!k), (12b)

�fn =
p
hf2

n
i � hfni2, (12c)

where xn = (Zn, An) represents a particular nucleus with charge Zn and mass number An, K is the total number
of Monte Carlo configurations, and f(xn,!k) is the neural network estimate of �M(Zn, An) as predicted by the kth
Monte Carlo configuration.

Finally, we conclude this section by briefly addressing the choice of prior p(!) assumed in this work. Prior proba-
bilities encode our beliefs concerning the model parameters and are an essential ingredient of the Bayesian paradigm.
Normally, the prior is highly informative as it is based on our own physics biases and intuition, which are often well
informed by prior experimental data. Unfortunately, whereas physics principles guide the construction of modern
nuclear mass models, physics intuition is of no help in designing the connection weights !. Thus, we are forced to rely
on assumptions that have been proven e↵ective and reliable through mostly trial and error [31]. Following our earlier
work [14], we assume all connection weights to be independent and adopt a Gaussian prior centered around zero and
with a width determined as in Ref. [31]. For an extensive discussion on the determination of the “hyperparameters”
controlling the width of the Gaussian prior see Refs. [47, 48].

IV. RESULTS

The aim of this section is to discuss the improvement to three successful mass models as a result of the BNN
refinement. The three models under consideration are: (i) the 10-parameter Duflo-Zuker model (DZ10) [49], (ii)
the 28-parameter Duflo-Zuker model (DZ) [21], and (iii) the microscopic Hartree-Fock-Bogoliubov model (HF19) of
Ref. [22]. In all three cases the predictions after refinement have the distinct advantage of being accompanied by
theoretical uncertainties. However, for the simpler DZ10 model we found instructive to re-calibrated the model-
parameters, as this process generates a suitable covariance matrix from where statistical uncertainties and correlation
coe�cients may be computed. To reiterate, the basic paradigm of our two-pronged approach is to start with a robust
underlying mass model that captures as much physics as possible followed by a BNN refinement that will hopefully
account for the missing physics [14].
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B. Bayesian Neural Network

An artificial neural network (ANN) is a non-linear
function f mapping the data and parameter variables
(x, ✓) into a hierarchy of one or more layers of linear
combinations of so-called hidden neurons. In this paper,
because of the relatively limited amount of data (and the
prohibitive expense associated with the immediate acqui-
sition of new data), a major consideration is statistical
parsimony as a principle to enhance robustness. There-
fore, we limit the number of parameters that need to
be estimated by considering only one hidden layer. Our
function f : (x, ✓) 7! f(x, ✓) with one hidden layer con-
taining H = 30 hidden neurons [62, 63] has the following
specification:

f(x, ✓) := a+
HX

j=1

bj�

 
cj +

X

i

djixi

!
, (8)

where � is a non-linear activation function (a function
whose shape allows a neuron j to transition abruptly
from a low inactivated value to a high activated value).
The parameters are the linear regression weights ✓ ⌘
{a, bj , cj , dij}, which are both internal to each neuron
j’s activation and based on data x and external to allow
the neurons to interact as a network. A Bayesian Neural
Network (BNN) is simply an ANN with additive noise,
considered as an explanation for the response data y, in
which the objective is to compute the posterior distribu-
tion of all model parameters (and unobserved variables
y, as a Bayesian prediction). In other words, as we ex-
plained in Sec. IV, a BNN is the Bayesian analysis of the
model (3) where f is defined by Eq. (8).

Recall from Sec. IV that one fundamental di↵erence
between GP and BNN is that in GP the specification
(3) contains a stochastic f , whereas for BNN f is de-
terministic. Furthermore, we assume that the noise ✏ in
(3) for BNN is a normal vector with independent and
identically distributed components, with zero mean and
unit variances. We presume, with no further comments
beyond invoking the principle of parsimony, that there is
no information gain in BNN in making more complex as-
sumptions about the noise structure, except to say that
such assumptions would take us beyond the spirit and
scope of basic ANN.

Therefore, since the components of ✏ are independent
with unit variance, the likelihood function is

p(y|✓,�) / e
�
P

i

(yi�f(xi,✓))
2

2�2 , (9)

where � is the noise scale in (3). In particular, any two
components of y are independent of each other, given
(✓,�). The symbol y in the formula above can be inter-
preted as the concatenation of what ends up being the
training data y and the predictions y

⇤. Therefore, the
training data y and the predictions y⇤ are stochastically
independent given (✓,�). Hence we have p(y⇤|y, ✓,�) =
p(y⇤|✓,�) for BNN as discussed in Sec. III A.

As previously noted in Refs. [27, 32, 64], the accuracy
of BNN is much enhanced when the prior weights are
given according to a hyperprior distribution in a Bayesian
hierarchical setting (that hierarchy is not to be confused
with what would result from using several hidden lay-
ers in the underlying ANN). Accordingly, we take in-
dependent Gamma prior distributions with unit param-
eters (hence mean 1) on the weight variances �k, cen-
tered Gaussian prior distributions with variance �k on
the weights, and another independent Gamma prior dis-
tribution for � with mean 1.

The default BNN typically assumes a sigmoid activa-
tion function �(z) = tanh(z). While the choice of the
activation function has in general a minor impact on a
BNN’s performance, the hyperbolic tangent has linear
tails which cannot vanish simultaneously, raising poten-
tial issues in the case of a bounded extrapolation. This
is particularly true when one is modeling the residuals
globally on the large nuclear domain, in which case it
may be more appropriate to choose a more local acti-
vation function, e.g. a Gaussian kernel function which
builds the prediction locally with small bumps that can
capture local trends, similarly to what occurs in a GP.

The number of parameters in a BNN is key to the
model’s performance. With about 500 data points, tak-
ing H = 30 neurons leads to much better performance
than higher (or lower) H. As mentioned earlier, increas-
ing the number of layers beyond L = 1 decreases perfor-
mance. This is almost certainly due to the small amount
of data which, as we explained, is a non-negotiable as-
pect of this type of nuclear theory UQ study. The
number of parameters for an ANN containing L lay-
ers with H hidden neurons in each layer is given by
(1 + |x|)H + [H(H + 1)]L�1 + (H + 1)|y|, where |x| and
|y| are the respective dimensions of the network data in-
put and outputs. With |x| = 2 (or 4 in the refinement
described in Sec. IVC) and |y| = 1, this results in 121
(or 181) parameters; adding one layer would add 120
parameters at once. There exists an unwritten rule of
thumb in statistics, by which the ratio of data to pa-
rameters needed in order to have a hope of estimating
parameters in a statistically significant way in linear re-
gressions (e.g., with 95% confidence/credibility on most
parameters), should be bounded below by 10 in a classi-
cal frequentist setting, and should be bounded below by
3 in a Bayesian setting when there is no expectation of
showing that the output is insensitive to the priors. With
about 500 datapoints, this explains why one cannot use
more than one BNN layer in our study, and why a fre-
quentist ANN study is impossible. It is also worth noting
that the number of parameters in our GP model is much
lower than for BNN, which immediately provides GP an
informal UQ advantage over BNN in our study.
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RMS deviations

• rms deviation is 400-500 
keV in the GP(T+H) 
variant for all theoretical 
models employed in our 
study

• this suggests that most 
of the residual structure 
is captured

• but : the predicted mean 
value is certainly not the 
whole story!

L. Neufcourt - ECT* - 2019 14

GP

BNN

training dataset: AME2003
testing dataset: AME2016-AME2003



Empirical Coverage Probability I
• ECP is a simple and intuitive metric for assessing the 

quality of a statistical model’s UQ (Gneiting et al., 2007)

• The reference curve shows the fraction of predictions 
which should theoretically fall in a CI centered around 
the posterior mean prediction according to the model, 
as a function of the interval width

• The other curves give the proportion of data which 
actually falls in the corresponding CI.

• Values for the ECP matching the reference curve are 
desirable.

• A point above the reference curve represents a 
prediction which is too conservative (or pessimistic). 

• A point below the reference curve represent a CI which 
is too narrow (optimistic). This should be considered 
dishonest, since it is claiming a level of assurance which 
is higher than it should be.

(𝑺𝟐𝒏)

L. Neufcourt - ECT* - 2019 15



ECP II

• ECP for S1n/2n in the Ca region

• ECP for GP model on 
separation energy residuals

• 𝒙 is the nominal value of the 
credibility interval

• 𝒚 is the actual fraction of 
testing data falling into it

L. Neufcourt - ECT* - 2019 16



Extrapolations
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model: N*=126

model+GP: N*=126 (N*=122 at 1s  
and N*=118 at 1.65s one-
sided/credibility 95%)

model+BNN: N*=118 (N*=104 at 
1s  and N*=102 at 1.65s)

Can one say: “DD-PC1 predicts the 2n dripline at N=126” ? 

18L. Neufcourt - ECT* - 2019
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The increase in the predictive power of microscopic models aided by the statistical 
treatment is quite astonishing: The resulting rms deviations from experiment on the testing 
dataset are similar to those of more phenomenological models. 



59K ?

20

How many Ca nuclei exist? 
L.N., Y. Cao, W. Nazarewicz, E. Olsen & F. Viens, Phys. Rev. Lett. (2019)

60Ca weakly bound/unbound, 
61-62Ca are located right at the 

neutron thresholds

Calcium isotopes bound out 
to about 70Ca

�
��
���
	�
�

�	��
�����
�	


44 48 52

0

4

2

��
Phys. Scr. 2013, 
014022 (2013)

DFT

S.R. Stroberg et al.
PRL 118 (2017)

A-body

Discovery of 60CaO. Tarasov et al. 
PRL (2018)

L. Neufcourt - ECT* - 2019

- 47P, 49S, 52Cl, 54Ar, 57K, 59,60Ca, and 62Sc, discovered
- most neutron-rich isotopes of elements)
- one event consistent with 59K



21L. Neufcourt - ECT* - 2019

Validation: new masses of 55-57Ca
S. Michimasa, et al., Phys. Rev. Lett. 121, 022506 (2018)



𝑺𝟏𝒏/𝟐𝒏 extrapolations for Ca and Ti

L. Neufcourt - ECT* - 2019 22
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pex(Z,N) := p(S∗

1n/2n(Z,N) > 0|S1n/2n)
<latexit sha1_base64="Y0DmTUsrqyghWN8ExJQ3SgGaauU="></latexit><latexit sha1_base64="E5J0Vf4Qb0MLiZihohmzB/kUndQ="></latexit><latexit sha1_base64="E5J0Vf4Qb0MLiZihohmzB/kUndQ="></latexit>

<latexit sha1_base64="oBUpHkHwocA4Ipgejm7g3xyXnuE=">AAACMXicbVDLSgMxAMzWV62vVY9egqXQitRsLxZBKXjxJBXtA9u6ZNO0Dc1mlyQrlnV/wx/x6lX/oTfxqD/h9oHQ1oHAMDNhknF8zpRGaGgklpZXVteS66mNza3tHXN3r6q8QBJaIR73ZN3BinImaEUzzWndlxS7Dqc1p3858muPVCrmiTs98GnLxV3BOoxgHUu2iXw7pE9R9v74Ond27mdv7dASJwURPRyNNXgBEXyGf3LONtMoj8aAi8SakjSYomyb3822RwKXCk04VqphIV+3Qiw1I5xGqWagqI9JH3dpOP5PBDOx1IYdT8ZHaDhWZ3LYVWrgOnHSxbqn5r2R+J/XCHSn2AqZ8ANNBZkUdQIOtQdH48A2k5RoPogJJpLFL4SkhyUmOp5wpsVxIzhBBjoeb8NRWSoex5qfYpFUC3kL5a0blC4VpzMlwQE4BFlggVNQAlegDCqAgBfwBt7Bh/FqDI1P42sSTRjTO/tgBsbPLxhfpBI=</latexit>

We introduce  the posterior probability pex(Z,N) of the 
predicted separation energy S1n/2n(Z,N) being positive:

Posterior probability of existence

*
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Probability of existence : 
naïve average model
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Our model mixing calculations were done by averaging  
posteriors obtained with individual models. 

In the first averaging variant, we assumed  model-
independent  prior weights. 

In the second posterior averaging variant, the weights  were 
obtained as the Bayesian posterior probabilities that a model 
Mk predicts the existence of the key nuclei 52Cl,  53Ar, and  
49S, namely: 

Bayesian model mixing

wk := p
(

Mk|
52Cl, 53Ar, 49S exist

)

∝ p
(

S1n of
49S, 52Cl, and 53Ar > 0|Mk

)

π(Mk),
<latexit sha1_base64="vEUHxbfmicjCO0uDZd0FGXQ/4sY="></latexit><latexit sha1_base64="QvP3CAULNjXl00bc/cE2hWKpmLQ="></latexit><latexit sha1_base64="QvP3CAULNjXl00bc/cE2hWKpmLQ="></latexit>

<latexit sha1_base64="NH9tR2ynKdhyfOMjmFOnxfXqRAA="></latexit>
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Quantified existence predictions 
for the full nuclear landscape



Why Bayesian ?
Direct comparison between Bayesian and 
frequentist uncertainty quantification for 
nuclear reactions; King, Lovell, Neufcourt, 
Nunes, PRL (2019)

• Deuteron induced reactions on heavy ions
• Optical potential model
• Trained on elastic p/n scattering
• Test on independent transfer data
• Model: adiabatic wave approximation (ADWA)

• Figure: Transfer cross sections for 48Ca(d,p) 
• (a) predicted 95% confidence intervals from 

the Bayesian (orange vertical hash) and the 
frequentist approach (blue slashed hash) 

• (b) percent uncertainty of the confidence 
intervals 

• (c) comparison of the percentage of data 
falling within the given confidence 
interval
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Nuclear physics perspective

• The extrapolation outcomes discussed can guide future 
experiments at rare-isotope facilities against which they will be 
tested.  

• New mass measurements on neutron-rich nuclei will help to 
develop increasingly more quantitative models of the atomic 
nucleus and also allow for a higher-fidelity statistical analysis.  As 
illuminated by our Bayesian  analysis of  49S, 52Cl, and 53Ar,  
experimental discoveries of new nuclides will also be crucial for 
delineating the detailed behavior  of the nuclear mass surface, 
including the placement of particle drip lines.

• Potential improvements for statistical model: expert elicitation 
(models), stylized facts, sophistication

• Extensions: identify proton emitters and calculate half-lives, in 
superheavy nuclei
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Astrophysical perspective

• Goal: uncertainty quantification of nuclear 
abundances

• Feed quantified mass tables / Bayesian posterior 
samples to nucleosynthesis codes for abundance 
calculations

• First step: evaluation of sensitivity to nuclear 
masses

• Next step: combined analysis of sources of 
uncertainty
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Summary
• Model-based Bayesian methodology which can be easily generalized 
• Quantified nuclear mass landscape with accuracy improvement and robust 

UQ
• Resulting rms deviations from experiment on the testing dataset are similar 

for DFT and more phenomenological models
• GP offers a better and more stable performance than NN
• The estimated confidence intervals on predictions make it possible to 

evaluate predictive power of individual models
• We quantified the neutron-stability of the nucleus in terms of its existence 

probability pex. Our results are fairly consistent with recent experimental 
findings: 60Ca is expected to be well bound (S2n~ 5 MeV) while  49S, 52Cl, and 
53Ar are predicted  by  UNEDF0, SV-min, and FRDM-2012 to be marginally-
bound threshold systems. One event consistent with 59K was registered. 
According to our calculations, this nucleus is expected to be firmly neutron-
bound.
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Thank you!
neufcour@frib.msu.edu
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