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“A pronounced diffractive pattern is visible that can be 
reproduced very well by an optical potential with a strong 
absorptive imaginary part and a rather shallow attractive 
real part.  

Evidently, such a potential is well defined only at the surface of 
the nucleus because of the strong absorption. The inner part of 
the nucleus plays practically no role since the antiprotons are 
essentially absorbed at ranges where the nuclear density is 10% 
of the central value.”

Past experiments

many-body effects  
suppressed?



Nuclear Physics A470 (1987) 461-476 
North-Holland, Amsterdam 

M I C R O S C O P I C  ANALYSIS 
OF ANTIPROTON-NUCLEUS ELASTIC SCATFERING 

S. ADACHI 1 and H.V. VON GERAMB 
Theoretische Kernphysik, Universitlit Hamburg, Luruper Chaussee 149, 2000 Hamburg 50, 

W.-Germany 

Received 23 March 1987 

Abstract: Elastic antiproton-nucleus scattering is analysed with a microscopic optical model potential 
obtained by convoluting an effective interaction with target densities. Local, energy- and density- 
dependent complex effective interactions are constructed from reaction matrices generated with 
the Nlq Dover-Richard and Paris potentials. Effects of nuclear medium correction on the final 
results are examined. Comparison is made between the calculated results and the experimental 
data from LEAR which include the first polarization data as well as differential cross sections. 

I. Introduction 

Recently a fair amount of data has been accumulated for antiproton-nucleus 
scattering with the antiproton beam from the LEAR facility at CERN 1-3). These 
data complement information of antiprotonic atoms and facilitate studies of antipro- 
ton nucleus interactions in a wide energy and isotope range. We deal with the nuclei 
12C, 160, 180, 4°Ca and 2°spb and projectile momenta of  300 MeV! c and 600 MeV/c. 
A pioneering polarization experiment of 550 MeV/c antiproton scattering from 12C 
became available recently 4). 

A prominent feature of  antiproton elastic scattering is the pronounced diffraction 
structure of differential cross sections. It indicates a strong absorptive potential, 
which has its origin in the dominating annihilation of nucleons and antinucleons. 
From a theoretical point of view, elastic scattering of antiprotons from nuclei may 
supply information about the elementary Niq interaction in the low density nuclear 
periphery. Phenomenologically 5.6) or microscopically 7-11) founded optical model 
analyses are pursued with varying success and sophistication. A relativistic approach 
was also applied recently 12). Compensating effects between real and imaginary 
potential strengths are known from nucleon-nucleus scattering and they are 
obviously existing for antinucleon-nucleus scattering. Phenomenological fits of 
optical model potential (OMP) give potential families 6), each member of which 
reproduces experimental cross sections equally well. Most microscopic procedures 
use a folding technique of  effective interactions with the target ground state density. 
The effective Nlq interactions contain the effects of  N1KI annihilation and dispersion 
in free space or nuclear medium. The most obvious quantitative difference between 

Present address; Institut des Sciences Nuclraires, 53 Avenue des Martyrs, 38026 Grenoble Crdex, 
France. 

0375-9474/87/$03.50 ~) Elsevier Science Publishers B.V. 
(North-Holland Physics Publishing Division) 
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Phenomenological model analysis of elastic and inelastic scattering
of = 180Mev antiprotons from various nuclei

D. C. Choudhury and T. Guo
Department ofPhysics, Polytechnic Uniuersity, Brooklyn, ¹wYork 11201

(Received 2 November 1987)

Recent experimental data on elastic and inelastic scattering of =180MeV antiprotons from ' C,
' 0, ' 0, " Ca, and Pb have been analyzed. The calculations have been performed by using the
formulations based on a phenomenological model given by one of the authors in an earlier paper. It
is found that the calculated differential cross sections for elastic and inelastic scattering and those
measured experimentally in most cases are in very good agreement. Furthermore, the effective
values of the equilibrium radius and surface thickness derived from the present analysis for each of
the nuclei investigated as well as the estimated values of the Cz associated with the nuclear restor-
ing force are very satisfactory. The results of the analysis also suggest that it is mainly the geometri-
cal structure of the target nuclei which, in effect, determines the elastic and inelastic scattering cross
sections for exciting the low-lying collective states.

I. INTRODUCTION

In recent years considerable interest has been focused
on the study of the antiproton-nucleus interactions. A
series of experimental papers' on this topic have been
published. The results of these experiments on scattering
of antiprotons from nuclei have been extensively investi-
gated within the framework of (i) the optical model
(ii) the Kerman, McManus, and Thaler' formal-
ism "(iii) the Glauber' formalism (iv) the possibil-
ity of orbital phenomena (v) the fuzzy black disk mod-
el' of Inopin and Berezhnoy and (vi) the relativistic
impulse approximation. ' ' As a result of these analyses,
great progress has been made in the knowledge of the
antiproton-nucleus optical potential, the effective NN in-
teraction, and the nuclear matter density.
In the present analysis, we do not employ the above ap-

proaches, but rather a different one to extract some fur-
ther insight into the P-nucleus reaction mechanism. We
intend to exploit the short wavelength of the probe (P ) to
provide the detailed knowledge of the geometry of the
target nucleus (viz. , the effective equilibrium radius and
surface thickness) which largely contributes to the
scattering cross sections. We now discuss how this can
be achieved. Several years ago, one of us proposed a phe-
nomenological model' within the framework of partial
wave expansions in the adiabatic approximation in the
spirit of Chou and Yang for very high energy proton-
proton elastic scattering. This model contains two pa-
rameters in the formulation. One is the effective equilib-
rium radius of the target nucleus and the other is the
effective thickness of the nuclear surface. We aim to ex-
tract both of them from our work. The model was ap-
plied to analyze the experimental data from Saclay on
elastic and inelastic scattering of 1.37 GeV a particles
from '~ ' "' Ca. It was found that the calculated
differential cross sections and those measured experimen-
tally were in excellent agreement. Therefore it is of con-
siderable interest to apply this model to analyze the most

recent experimental data of elastic and inelastic scatter-
ing of = 180 MeV antiprotons from nuclei obtained at the
Low Energy Antiproton Ring (LEAR) facility in the Eu-
ropean Center for Nuclear Research (CERN) for various
reasons.

(1) Absolute values of elastic and inelastic scattering
cross sections measured at the LEAR facility are of very
high accuracy.
(2) The angular distributions for elastic and inelastic

cross sections, in most cases, exhibit characteristics of
diffraction patterns. These results are very similar to
those measured at Saclay for scattering of high energy
1.37 GeV a particles from various calcium isotopes.
(3) The wavelength of these antiprotons in the center of

mass coordinate system is much smaller than the charac-
teristic dimension of the target nucleus (K «R, R being
the radius of the target nucleus).
(4) The period of nuclear vibration Tz =2trfi/b, E,

where AE is the excitation energy, is much larger than
the collision time ~, =R /V, where V is the velocity of the
antiproton (r, « T~). This condition is necessary to cal-
culate the elastic and inelastic scattering cross sections in
the adiabatic approximation.

Section II contains a brief review of the model and the
basic formulas used, for completeness. The calculated re-
sults and the experimental data are compared in Sec. III.
Finally, in Sec. IV, summary and conclusions are present-
ed.

II. ASSUMPTIONS AND FORMALISM
OF THE MODEL

Since the details of the model can be found in Ref. 19,
we briefly review only the main features which are of im-
portance here (we follow the notations and definitions of
Ref. 19). Under the assumptions that the antiproton spin
and the Coulomb effect may be neglected for this energy
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and that the spin of the target nucleus is zero, the scatter-
ing amplitude is given by the usual partial wave expan-
sions

f(8)= g (21+1)[l—S(l)]PI(cos8),2K I

where

S(l )= l+ exp R —b
(3)

where

b =K(l +—')
R =K(L+—,') .

(4)

Mathematical details leading to the analytical expressions
for differential cross sections of elastic and inelastic
scattering with excitations of the low-lying collective vi-
brational states in the adiabatic approximation under the
above assumptions can be found in Ref. 19. We give here
only the basic formulas used in the present calculations.
The analytical expression for the differential elastic
scattering cross sections is

dO
dQ

J, (KR08)=[g(8, b, )] (KR o )

The expressions for differential cross sections of inelas-
tic scattering for excitations from the 0+ ground state to
one phonon 2&+ and 3& states needed in the present inves-
tigation are

Now we assume that S(l), the transmission factor (or the
S matrix for given angular momentum) depends on the
impact parameter b only through the combination of nu-
clear radius R and its surface thickness a. Further, we
assume that the interaction is purely absorptive for the
antiprotons so that the phase shift is purely imaginary
and the S matrix is real. (Chou and Yang also assume
the S matrix to be real in their model of high energy
proton-proton elastic scattering. ) The functional form of
the S matrix is assumed to be such that l —S(l) has the
Wood-Saxon form for the nuclear matter density distri-
bution, and is taken to be

1

III. PHENOMENOLOGICAL MODEL ANALYSIS
OF DIFFERENTIAL CROSS SECTIONS

A. Elastic scattering data

I I I I
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We now proceed to calculate the differential cross sec-
tions of elastic scattering of = 180 MeV antiprotons from
C, &60, &SO 4oCa and 2osPb by using the analytica1 ex-

pression given by Eq. (6). There are two parameters
which enter into the calculations as mentioned above.
One is the equilibrium radius of the target nucleus and
the other is the effective thickness of the nuclear surface.
The equilibrium radius R o for each of the target nuclei is
estimated to be given by =1.45 A ' fm, where 3 is the
number of nucleons present in the nucleus. The other pa-
rameter associated with the nuclear surface thickness a
(b, =ak) is varied within reasonable limits to obtain the
best fit to the experimental data. The results of our cal-
culations for the differential cross sections of elastic
scattering of antiprotons from each of the nuclei under
investigation and those measured experimentally are
compared in Figs. 1—5. We see in these figures that the
agreement between the theoretical results and the experi-
mental data, for each of the nuclei investigated, is in fact
very good. It is remarkable that the present phenomeno-
logical model not only gives a reasonable description of
the differential cross sections for antiproton elastic
scattering but also the absolute values of the cross sec-
tions, without any arbitrary normalization, which agree
with the experimental data. In Table I we present experi-
mental and theoretically obtained parameter values from
the analysis of the antiproton elastic scattering data.
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g(8, 6)—=(8/sin8)' (nb 8/sinhmb8) .

FICx. 1. Comparison of experimental and theoretical
differential cross sections of elastic scattering of 179.7 MeV an-
tiprotons from ' C in the center-of-mass coordinate system.
The experimental points are taken from Ref. 2. The result of
the present calculation is exhibited by the solid line.
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FIG. 2. Comparison of experimental and theoretical
differential cross sections of elastic scattering of 178.4 MeV an-
tiprotons from ' 0 in the center-of-mass coordinate system.
The experimental points are taken from Ref. 5. The results of
the present calculation is exhibited by the solid line.

FIG. 4. Comparison of experimental and theoretical
differential cross sections of elastic scattering of 179.8 MeV an-
tiprotons from Ca in the center-of-mass coordinate system.
The experimental points are taken from Ref. 2. The result of
the present calculation is exhibited by the solid line.

B. Inelastic scattering to vibrational states

In the preceding subsection we have seen that the
present phenomenological model is very successful in ac-
counting for the experimental data on angular distribu-
tions of the antiproton elastic scattering from each of the
nuclei investigated, in terms of only two parameters: (i)

Ro, the effective equilibrium radius of the target nucleus;
and (ii) a (a =5/K), the efFective thickness of the nuclear
surface. Here, we proceed to calculate the differential in-
elastic scattering cross sections to the vibrational excited
states of the target nuclei using the same values of R o and
a obtained from the analysis of the elastic scattering data.
However, in order to calculate the inelastic scattering
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FIG. 3. Comparison of the experimental and theoretical
differential cross sections of elastic scattering of 178.4 MeV an-
tiprotons from '80 in the center-of-mass coordinate system.
The experimental points are taken from Ref. 5. The result of
the present calculation is exhibited by the solid line.

FIG. 5. Comparison of experimental and theoretical
differential cross sections of elastic scattering of 180.3 MeV an-
tiprotons from Pb in the center-of-mass coordinate system.
The experimental points are taken from Ref. 2. The result of
the present calculation is exhibited by the solid line.
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Using the experimental p̄N amplitude and multiple scattering theory, we obtained the antiproton optical
potential at incident energies from 180 to 1800 MeV with the impulse approximation. It is found that the
imaginary parts of the optical potential strengths are nearly constant between 130 and 140 MeV. The elastic
data of the 180 MeV antiproton on 12C, 16O, 40Ca, and 208Pb and the inelastic data of the 180 MeV antiproton
on 12C are analyzed within the framework of the eikonal approximation. The collective excitations to one-
phonon levels are treated using the antiproton optical potential with the adiabatic approximation. The differ-
ential cross section of elastic scattering of 180 to 1833 MeV antiproton on 12C, on 16O, 40Ca, and 208Pb and
the inelastic scattering of 180 to 1833 MeV antiproton 12C are predicted.

PACS number~s!: 13.75.Cs, 25.43.1t, 24.10.Ht

I. INTRODUCTION

With the operation of the CERN Low-Energy Antiproton
Storage Ring LEAR, differential cross sections were mea-
sured for the elastic and inelastic scattering of antiprotons at
energies of T p̄5179.7 MeV on the nuclei 12C, 20Ca, and
208Pb. From the data @1–5# it can be seen that the differential
cross sections reveal a pronounced diffractive behavior ~in
contrast with proton-nucleus scattering at the same energies!.
These data already provide evidence for the strong-
absorptive aspect of the p̄-nucleus interaction. In Ref. @6# it
was found that the potentials are well determined at the
nuclear surface around the strong-absorption radius, where
the imaginary part of the potential W(R) is at least twice as
large as the real part V(R). It is obvious that all data favor
the D-type potential ~strong imaginary and weak real
strengths! over the S-type potential ~strong real and weak
imaginary strengths! @7#.
The study of medium-energy antiproton-nucleus interac-

tions in terms of the optical potential is a topic of current
interest @8#. The aim of the present work is to obtain antipro-
ton optical potentials at incident energies from 180 to 1800
MeV with the impulse approximation, by using p̄N two-
body elementary amplitudes from microscopic consideration.
By using these optical potentials, the elastic data of the 180
MeV antiproton on 12C, 16O, 40Ca, and 208Pb and the inelas-
tic data of the 180 MeV antiproton on 12C are analyzed
within the framework of the eikonal approximation. The
nuclear excitation is described in terms of the collective
model with the adiabatic approximation. Further, the differ-
ential cross sections of elastic scattering of 180–1833 MeV
antiprotons on 12C, 16O, 40Ca, and 208Pb and inelastic scat-
tering of 180–1833 MeV antiprotons on 12C are predicted.
The paper is organized as follows. In Sec. II the optical

potential of the p̄-nucleus interaction corresponding to the
impulse approximation is derived. In Sec. III we discuss the
elastic and inelastic processes in the framework of the eiko-
nal approximation with the collective model. The last section
contains a conclusion of the results.

II. THE OPTICAL POTENTIAL OF THE p̄-NUCLEUS
INTERACTION

The optical potential of the p̄-nucleus interaction with
multiple scattering theory can be written in the form @9#

Up̄
opt5^c0u(

i51

A

t p̄N~ i !uc0& , ~2.1!

where c0 is the wave function of the ground state, t p̄N the
t matrix of the antiproton-nucleon interaction, corresponding
to the p̄N scattering amplitude determined by antiproton-
nucleon scattering experiments, and the p̄N elementary am-
plitude is of the form

f p̄N5
iks p̄N

4p
~12ie!e2b2q2/2. ~2.2!

The values for s p̄N , the total p̄N cross section, e, the ratio of
the real-imaginary p̄N forward amplitude, and b, the value
of the diffraction-slope parameter, and experimental param-
eters @10,11# are listed in Table I. Using the relation between
Eq. ~2.1! and the t matrix, with the impulse approximation,
the optical potential of the p̄-nucleus interaction can be writ-
ten as follows @12#:

TABLE I. The data of p̄N amplitude @13–15#.

Kinetic Momentum s p̄ N b2 W0
T~MeV! ~MeV/c! ~mb! e ~GeV/c!22 ~MeV!

179.7 607.8 149 0.2 22.2 129.6
294.8 800 132 0.25 16.2 137.3
508 1100.5 110 0.22 15.2 133
1070 1775 92 0.14 13.2 131
1833 2607 81 0.04 13.1 122
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the existing LEAR beam energies @18#, correspond to mo-
menta 800 and 1100 MeV/c , respectively. Because the maxi-
mum energy of LEAR can reach the GeV region, we also
calculated the differential cross section at 1.07 and 1.83
GeV. Our prediction shows that as the incident energy in-
creases the diffraction patterns are more condensed. As the
detection techniques are improved these patterns will be ob-
served, at least in the region before the second or third mini-
mum. We have assumed the p̄-neutron and p̄-proton interac-
tions are the same. At the higher energies considered in this
paper, one may expect the Coulomb interaction to be small
and we omit it from the calculations.

Antiproton inelastic scattering to the 12C 4.43 MeV 21

state is treated in the framework of the usual rotational
model. As suggested from the analysis of proton inelastic
scattering @21# only a quadrupole deformation was taken into
account and no hexadecapole deformation was included. The
best fits so obtained are displayed as the solid curve in Fig. 6.
The experimental data are from Ref. @5#. Simultaneously the
theoretical results at higher energies are predicted.
To describe the 32 ~9.6 MeV! level, a calculation has

been done in the framework of the octupole vibrational
model. The results are displayed as the solid curve in Fig. 7
for the 179.7 MeV data; this corresponds to the parameters
given in Table II. The angular distribution of the 32 state is

FIG. 2. Differential cross section for p̄ elastic scattering on
12C. —– 179.7 MeV, - - - - 294.8 MeV, . . . .. 508 MeV, –.–.–.
1070 MeV, and . . . . . . . . . 1833 MeV.

FIG. 3. Differential cross section for p̄ elastic scattering on
16O. —— 178.4 MeV. The other curves have the same meaning as
in Fig. 2.

FIG. 4. Differential cross section for p̄ elastic scattering on
40Ca. The curves have the same meaning as in Fig. 3.

FIG. 5. Differential cross section for p̄ elastic scattering on
208Pb. —– 180.3 MeV. The other curves have the same meaning
as in Fig. 2.
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Abstract

We perform Glauber model calculations of the antiproton–nucleus elastic and quasielastic scattering and 
absorption in the beam momentum range ∼ 0.5 ÷ 10 GeV/c. A good agreement of our calculations with 
available LEAR data and with earlier Glauber model studies of the p̄A elastic scattering allows us to make 
predictions at the beam momenta of ∼ 10 GeV/c, i.e. at the regime of the PANDA experiment at FAIR. 
The comparison with the proton–nucleus elastic scattering cross sections shows that the diffractive minima 
are much deeper in the p̄A case due to smaller absolute value of the ratio of the real-to-imaginary part of 
the elementary elastic amplitude. Significant polarization signal for p̄A elastic scattering at 10 GeV/c is 
expected. We have also revealed a strong dependence of the p̄A absorption cross section on the slope pa-
rameter of the transverse momentum dependence of the elementary p̄N amplitude. The p̄A optical potential 
is discussed.
© 2016 Elsevier B.V. All rights reserved.

Keywords: p̄A and pA elastic and quasielastic scattering; p̄ polarization and absorption on nuclei; Glauber model

1. Introduction

The Glauber model (GM) is an extremely successful theoretical method to describe exclu-
sive and semi-exclusive interactions of the moderately relativistic (beam momentum plab ∼
1 ÷ 10 GeV/c) particles with nuclei. Since its formulation [1] the GM has been widely used 
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Fig. 2. Angular differential cross section of p̄ elastic scattering at 608 MeV/c on 12C, 40Ca, and 208Pb. Full GM 
calculation is shown by solid line. The dashed and dotted lines show, respectively, the results without recoil correction 
(Hcm(q) = 1, Eq. (54)) and without Coulomb correction (ξ = 0, Eq. (22)). The dot-dashed line shows the contribution 
of the spin–orbit amplitude G to the differential cross section, Eq. (44). Experimental data are from ref. [46].

on carbon, calcium and lead targets. Apart from the full GM calculation, also the effects of the 
various model ingredients are shown. As we see, the Coulomb scattering entirely dominates at 
small angles and is also important at diffractive minima for heavy nuclei. The c.m. (recoil) cor-
rection is important for light nuclei at large angles: it reaches ∼ 75% for 12C at 50◦. In agreement 
with ref. [32], we also see that the relative importance of the spin–orbit interaction grows with 
scattering angle, although it always provides orders of magnitude smaller contribution to the 
differential elastic scattering cross section as compared to the central interaction. The full GM 
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of the spin–orbit amplitude G to the differential cross section, Eq. (44). Experimental data are from ref. [46].

on carbon, calcium and lead targets. Apart from the full GM calculation, also the effects of the 
various model ingredients are shown. As we see, the Coulomb scattering entirely dominates at 
small angles and is also important at diffractive minima for heavy nuclei. The c.m. (recoil) cor-
rection is important for light nuclei at large angles: it reaches ∼ 75% for 12C at 50◦. In agreement 
with ref. [32], we also see that the relative importance of the spin–orbit interaction grows with 
scattering angle, although it always provides orders of magnitude smaller contribution to the 
differential elastic scattering cross section as compared to the central interaction. The full GM 

…and many others
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 6Phenomenological interpretations (~fits, no predictions)
Antiproton-nucleus elastic and inelastic scattering at intermediate energies
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Using the experimental p̄N amplitude and multiple scattering theory, we obtained the antiproton optical
potential at incident energies from 180 to 1800 MeV with the impulse approximation. It is found that the
imaginary parts of the optical potential strengths are nearly constant between 130 and 140 MeV. The elastic
data of the 180 MeV antiproton on 12C, 16O, 40Ca, and 208Pb and the inelastic data of the 180 MeV antiproton
on 12C are analyzed within the framework of the eikonal approximation. The collective excitations to one-
phonon levels are treated using the antiproton optical potential with the adiabatic approximation. The differ-
ential cross section of elastic scattering of 180 to 1833 MeV antiproton on 12C, on 16O, 40Ca, and 208Pb and
the inelastic scattering of 180 to 1833 MeV antiproton 12C are predicted.

PACS number~s!: 13.75.Cs, 25.43.1t, 24.10.Ht

I. INTRODUCTION

With the operation of the CERN Low-Energy Antiproton
Storage Ring LEAR, differential cross sections were mea-
sured for the elastic and inelastic scattering of antiprotons at
energies of T p̄5179.7 MeV on the nuclei 12C, 20Ca, and
208Pb. From the data @1–5# it can be seen that the differential
cross sections reveal a pronounced diffractive behavior ~in
contrast with proton-nucleus scattering at the same energies!.
These data already provide evidence for the strong-
absorptive aspect of the p̄-nucleus interaction. In Ref. @6# it
was found that the potentials are well determined at the
nuclear surface around the strong-absorption radius, where
the imaginary part of the potential W(R) is at least twice as
large as the real part V(R). It is obvious that all data favor
the D-type potential ~strong imaginary and weak real
strengths! over the S-type potential ~strong real and weak
imaginary strengths! @7#.
The study of medium-energy antiproton-nucleus interac-

tions in terms of the optical potential is a topic of current
interest @8#. The aim of the present work is to obtain antipro-
ton optical potentials at incident energies from 180 to 1800
MeV with the impulse approximation, by using p̄N two-
body elementary amplitudes from microscopic consideration.
By using these optical potentials, the elastic data of the 180
MeV antiproton on 12C, 16O, 40Ca, and 208Pb and the inelas-
tic data of the 180 MeV antiproton on 12C are analyzed
within the framework of the eikonal approximation. The
nuclear excitation is described in terms of the collective
model with the adiabatic approximation. Further, the differ-
ential cross sections of elastic scattering of 180–1833 MeV
antiprotons on 12C, 16O, 40Ca, and 208Pb and inelastic scat-
tering of 180–1833 MeV antiprotons on 12C are predicted.
The paper is organized as follows. In Sec. II the optical

potential of the p̄-nucleus interaction corresponding to the
impulse approximation is derived. In Sec. III we discuss the
elastic and inelastic processes in the framework of the eiko-
nal approximation with the collective model. The last section
contains a conclusion of the results.

II. THE OPTICAL POTENTIAL OF THE p̄-NUCLEUS
INTERACTION

The optical potential of the p̄-nucleus interaction with
multiple scattering theory can be written in the form @9#

Up̄
opt5^c0u(

i51

A

t p̄N~ i !uc0& , ~2.1!

where c0 is the wave function of the ground state, t p̄N the
t matrix of the antiproton-nucleon interaction, corresponding
to the p̄N scattering amplitude determined by antiproton-
nucleon scattering experiments, and the p̄N elementary am-
plitude is of the form

f p̄N5
iks p̄N

4p
~12ie!e2b2q2/2. ~2.2!

The values for s p̄N , the total p̄N cross section, e, the ratio of
the real-imaginary p̄N forward amplitude, and b, the value
of the diffraction-slope parameter, and experimental param-
eters @10,11# are listed in Table I. Using the relation between
Eq. ~2.1! and the t matrix, with the impulse approximation,
the optical potential of the p̄-nucleus interaction can be writ-
ten as follows @12#:

TABLE I. The data of p̄N amplitude @13–15#.

Kinetic Momentum s p̄ N b2 W0
T~MeV! ~MeV/c! ~mb! e ~GeV/c!22 ~MeV!

179.7 607.8 149 0.2 22.2 129.6
294.8 800 132 0.25 16.2 137.3
508 1100.5 110 0.22 15.2 133
1070 1775 92 0.14 13.2 131
1833 2607 81 0.04 13.1 122
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the existing LEAR beam energies @18#, correspond to mo-
menta 800 and 1100 MeV/c , respectively. Because the maxi-
mum energy of LEAR can reach the GeV region, we also
calculated the differential cross section at 1.07 and 1.83
GeV. Our prediction shows that as the incident energy in-
creases the diffraction patterns are more condensed. As the
detection techniques are improved these patterns will be ob-
served, at least in the region before the second or third mini-
mum. We have assumed the p̄-neutron and p̄-proton interac-
tions are the same. At the higher energies considered in this
paper, one may expect the Coulomb interaction to be small
and we omit it from the calculations.

Antiproton inelastic scattering to the 12C 4.43 MeV 21

state is treated in the framework of the usual rotational
model. As suggested from the analysis of proton inelastic
scattering @21# only a quadrupole deformation was taken into
account and no hexadecapole deformation was included. The
best fits so obtained are displayed as the solid curve in Fig. 6.
The experimental data are from Ref. @5#. Simultaneously the
theoretical results at higher energies are predicted.
To describe the 32 ~9.6 MeV! level, a calculation has

been done in the framework of the octupole vibrational
model. The results are displayed as the solid curve in Fig. 7
for the 179.7 MeV data; this corresponds to the parameters
given in Table II. The angular distribution of the 32 state is

FIG. 2. Differential cross section for p̄ elastic scattering on
12C. —– 179.7 MeV, - - - - 294.8 MeV, . . . .. 508 MeV, –.–.–.
1070 MeV, and . . . . . . . . . 1833 MeV.

FIG. 3. Differential cross section for p̄ elastic scattering on
16O. —— 178.4 MeV. The other curves have the same meaning as
in Fig. 2.

FIG. 4. Differential cross section for p̄ elastic scattering on
40Ca. The curves have the same meaning as in Fig. 3.

FIG. 5. Differential cross section for p̄ elastic scattering on
208Pb. —– 180.3 MeV. The other curves have the same meaning
as in Fig. 2.
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Abstract

We perform Glauber model calculations of the antiproton–nucleus elastic and quasielastic scattering and 
absorption in the beam momentum range ∼ 0.5 ÷ 10 GeV/c. A good agreement of our calculations with 
available LEAR data and with earlier Glauber model studies of the p̄A elastic scattering allows us to make 
predictions at the beam momenta of ∼ 10 GeV/c, i.e. at the regime of the PANDA experiment at FAIR. 
The comparison with the proton–nucleus elastic scattering cross sections shows that the diffractive minima 
are much deeper in the p̄A case due to smaller absolute value of the ratio of the real-to-imaginary part of 
the elementary elastic amplitude. Significant polarization signal for p̄A elastic scattering at 10 GeV/c is 
expected. We have also revealed a strong dependence of the p̄A absorption cross section on the slope pa-
rameter of the transverse momentum dependence of the elementary p̄N amplitude. The p̄A optical potential 
is discussed.
© 2016 Elsevier B.V. All rights reserved.

Keywords: p̄A and pA elastic and quasielastic scattering; p̄ polarization and absorption on nuclei; Glauber model

1. Introduction

The Glauber model (GM) is an extremely successful theoretical method to describe exclu-
sive and semi-exclusive interactions of the moderately relativistic (beam momentum plab ∼
1 ÷ 10 GeV/c) particles with nuclei. Since its formulation [1] the GM has been widely used 
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Fig. 2. Angular differential cross section of p̄ elastic scattering at 608 MeV/c on 12C, 40Ca, and 208Pb. Full GM 
calculation is shown by solid line. The dashed and dotted lines show, respectively, the results without recoil correction 
(Hcm(q) = 1, Eq. (54)) and without Coulomb correction (ξ = 0, Eq. (22)). The dot-dashed line shows the contribution 
of the spin–orbit amplitude G to the differential cross section, Eq. (44). Experimental data are from ref. [46].

on carbon, calcium and lead targets. Apart from the full GM calculation, also the effects of the 
various model ingredients are shown. As we see, the Coulomb scattering entirely dominates at 
small angles and is also important at diffractive minima for heavy nuclei. The c.m. (recoil) cor-
rection is important for light nuclei at large angles: it reaches ∼ 75% for 12C at 50◦. In agreement 
with ref. [32], we also see that the relative importance of the spin–orbit interaction grows with 
scattering angle, although it always provides orders of magnitude smaller contribution to the 
differential elastic scattering cross section as compared to the central interaction. The full GM 

A.B. Larionov, H. Lenske / Nuclear Physics A 957 (2017) 450–476 463

Fig. 2. Angular differential cross section of p̄ elastic scattering at 608 MeV/c on 12C, 40Ca, and 208Pb. Full GM 
calculation is shown by solid line. The dashed and dotted lines show, respectively, the results without recoil correction 
(Hcm(q) = 1, Eq. (54)) and without Coulomb correction (ξ = 0, Eq. (22)). The dot-dashed line shows the contribution 
of the spin–orbit amplitude G to the differential cross section, Eq. (44). Experimental data are from ref. [46].

on carbon, calcium and lead targets. Apart from the full GM calculation, also the effects of the 
various model ingredients are shown. As we see, the Coulomb scattering entirely dominates at 
small angles and is also important at diffractive minima for heavy nuclei. The c.m. (recoil) cor-
rection is important for light nuclei at large angles: it reaches ∼ 75% for 12C at 50◦. In agreement 
with ref. [32], we also see that the relative importance of the spin–orbit interaction grows with 
scattering angle, although it always provides orders of magnitude smaller contribution to the 
differential elastic scattering cross section as compared to the central interaction. The full GM 

A.B. Larionov, H. Lenske / Nuclear Physics A 957 (2017) 450–476 463

Fig. 2. Angular differential cross section of p̄ elastic scattering at 608 MeV/c on 12C, 40Ca, and 208Pb. Full GM 
calculation is shown by solid line. The dashed and dotted lines show, respectively, the results without recoil correction 
(Hcm(q) = 1, Eq. (54)) and without Coulomb correction (ξ = 0, Eq. (22)). The dot-dashed line shows the contribution 
of the spin–orbit amplitude G to the differential cross section, Eq. (44). Experimental data are from ref. [46].

on carbon, calcium and lead targets. Apart from the full GM calculation, also the effects of the 
various model ingredients are shown. As we see, the Coulomb scattering entirely dominates at 
small angles and is also important at diffractive minima for heavy nuclei. The c.m. (recoil) cor-
rection is important for light nuclei at large angles: it reaches ∼ 75% for 12C at 50◦. In agreement 
with ref. [32], we also see that the relative importance of the spin–orbit interaction grows with 
scattering angle, although it always provides orders of magnitude smaller contribution to the 
differential elastic scattering cross section as compared to the central interaction. The full GM 

Should we need a full microscopic approach?
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1. QCD symmetries are 
consistently respected

2. Systematic expansion 
(order by order you 
know exactly the terms 
to be included) 

3.Theoretical errors

4.Two- and three-body 
forces belong to the 
same framework

Phenomenological 
potentials

Chiral  
potentials

1. QCD symmetries are 
not respected

2. Expansion determined 
by phenomenology (add 
whatever you need).       
A lot of freedom 

3. Errors can’t be 
estimated

4. Two- and three-body 
forces are not related 
one to each other
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At the same time, from a theoretical point of 
view, it is important to constrain and to test 
the most recent chiral potentials

Convergence

Accuracy

Predictive power
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Method
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Nuclear reaction theory 
relies on reducing the 

many-body problem to a 
problem with few degrees 

of freedom:   
optical potentials.
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Nuclear reaction theory 
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Model
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T = V + V G0(E)T

The general goal when solving the scattering problem of a antinucleon 
(or a nucleon) from a nucleus is to solve the corresponding Lippmann-
Schwinger equation for the many-body transition amplitude T 

all two-body interactions

V =
AX

i=1

v0i

Green Function propagator

G0(E) =
1

E �H0 + i✏

where

H0 = h0 +HA

HA |�Ai = EA |�Ai

h0

target 
Hamiltonian

kinetic term 
of the projectile

for the nucleon-nucleus case see 
Vorabbi, Giusti and Finelli, Phys. Rev. C 93, 034619 (2016)
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Single Scattering

Double Scattering

Triple Scattering

2 Active

3 Active

4 Active
+

+

Nucleons

Nucleons

Nucleons

T = V + V G0(E)T

Vorabbi, Giusti and Finelli, Phys. Rev. C 93, 034619 (2016)

The general goal when solving the scattering problem of a antinucleon 
(or a nucleon) from a nucleus is to solve the corresponding Lippmann-
Schwinger equation for the many-body transition amplitude T 
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T = V + V G0(E)T
Spectator expansion 
two particle interaction  
dominates the scattering  
process

T =
X

i=1

T0i

Watson multiple scattering

The general goal when solving the scattering problem of a antinucleon 
(or a nucleon) from a nucleus is to solve the corresponding Lippmann-
Schwinger equation for the many-body transition amplitude T 
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T = V + V G0(E)T

T = U + UG0(E)PT

U = V + V G0(E)QU

Let’s introduce the optical potential U

P +Q = 1

[G0, P ] = 0

P =
|�Ai h�A|
h�A|�Ai

In the case of elastic scattering, 

P projects onto the elastic channel 

The general goal when solving the scattering problem of a antinucleon 
(or a nucleon) from a nucleus is to solve the corresponding Lippmann-
Schwinger equation for the many-body transition amplitude T 
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T = V + V G0(E)T

Tel = PUP + PUPG0(E)Tel

transition amplitude T for elastic scattering

we need to calculate PUP 
expressions for U are derived such that PUP can be calculated 
accurately without having to solve the complete many-body problem 

The general goal when solving the scattering problem of a antinucleon 
(or a nucleon) from a nucleus is to solve the corresponding Lippmann-
Schwinger equation for the many-body transition amplitude T 
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Tel = PUP + PUPG0(E)Tel

h�A|⌧i|�Ai = h�A|⌧̂i|�Ai � h�A|⌧̂i|�Ai

⇥ 1

(E � EA)� h0 + i✏
h�A|⌧i|�Ai

⌧̂i = v0i + v0iG0(E)⌧̂i

The general goal when solving the scattering problem of a antinucleon 
(or a nucleon) from a nucleus is to solve the corresponding Lippmann-
Schwinger equation for the many-body transition amplitude T 

2 CHAPTER 1. OPTICAL POTENTIAL

where |�Ai corresponds to the ground state of the target, satisfying the condition given in Eq. (1.7), and
fulfilling

HA |�Ai = EA |�Ai . (1.10)

With these definitions the transition operator for elastic scattering may be defined as Tel = PTP , in
which case Eq. (1.2) can be written as

Tel = PUP + PUPG0(E)Tel . (1.11)

Thus the transition operator for elastic scattering is given by a straightforward one-body integral equa-
tion, which requires, of course, the knowledge of the operator PUP . The theoretical treatment which
follows consists of a formulation of the many-body equation, Eq. (1.3), where expressions for U are
derived such that PUP can be calculated accurately without having to solve the complete many-body
problem.

Here we only assume the presence of the two-body forces. With this assumption the operator U for
the optical potential can be expressed as

U =

AX

i=1

Ui (1.12)

where Ui is given by

Ui = v0i + v0iG0(E)Q

AX

j=1

Uj , (1.13)

provided that

V =

AX

i=1

v0i . (1.14)

The two-body potential v0i acts between the projectile and the ith target nucleon. Through the introduc-
tion of an operator ⌧i which satisfies

⌧i = v0i + v0iG0(E)Q⌧i , (1.15)

we can rearrange Eq. (1.13) as

Ui = ⌧i + ⌧iG0(E)Q

X

j 6=i

Uj . (1.16)

This rearrangement process can be continued for all A target particles, so that the operator for the optical
potential can be expanded in a series of A terms of the form

U =

AX

i=1

⌧i +

AX

i,j 6=i

⌧ij +

AX

i,j 6=i,k 6=i,j

⌧ijk + · · · . (1.17)

This is the spectator expansion, where each term is treated in turn. The separation of the interactions
according to the number of interacting nucleons is not unique, due to the many-body nature of G0(E).
The finite series given in Eq. (1.17) together with the definitions of ⌧i, ⌧ij , ... given above constitute one
form of the spectator expansion in multiple scattering theory. The spectator expansion derives its name
from the underlying idea that in lowest order all target constituents but the initially struck one (particle
i) are “passive”. In the next order all target constituents but the ith and jth particle are passive, and so
on.
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U =
AX

i=1

⌧i +
AX

i,j 6=i

⌧ij +
AX

i,j 6=i,k 6=i,j

h�A|⌧i|�Ai = h�A|⌧̂i|�Ai � h�A|⌧̂i|�Ai

⇥ 1

(E � EA)� h0 + i✏
h�A|⌧i|�Ai

⌧̂i = v0i + v0iG0(E)⌧̂i

Expanding the propagator Gi(E) =
1

(E � Ei)� h0 � hi �Wi + i✏

⌧̂i = v0i + v0iGi(E)⌧̂i = t0i + t0igiWiGi(E)⌧̂i
t0i = v0i + v0igit0i

IMPULSE APPROXIMATION ⌧̂i ⇡ t0i

free t matrix

The general goal when solving the scattering problem of a antinucleon 
(or a nucleon) from a nucleus is to solve the corresponding Lippmann-
Schwinger equation for the many-body transition amplitude T 

Tel = PUP + PUPG0(E)Tel
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z
k k’

N
q

K
θ

Û(k0,k;!) = (A� 1) hk0,�A|t(!)|k,�Ai

q ⌘ k0 � k , K ⌘ 1

2
(k0 + k)

Û(q,K;!) =
A� 1

A
⌘(q,K)

⇥
X

N=n,p

tpN


q,

A+ 1

A
K;!

�
⇢N (q)

⌘(q,K) =
"

Eproj(0)Eproj(�0)Eproj()Eproj(�)

Eproj(k0)Eproj

�
�q

2 � K
A

�
Eproj(k)Eproj

�q
2 � K

A

�
# 1

2

First-order optical potential 
Kerman, McManus and Thaler, Ann. Phys. 8 (1959) 551 and many others

Optimum  
factorization  
factor

Møller factor
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Û(q,K;!) = Û c(q,K;!) +
i

2
� · q ⇥K Û ls(q,K;!)

Û c(q,K;!) =
A� 1

A
⌘(q,K)

⇥
X

N=n,p

tcpN


q,

A+ 1

A
K;!

�
⇢N (q)

Û ls(q,K;!) =
A� 1

A
⌘(q,K)

✓
A+ 1

2A

◆

⇥
X

N=n,p

tlspN


q,

A+ 1

A
K;!

�
⇢N (q)

First-order optical potential

Central component

Spin-orbit component
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12 CHAPTER 1. OPTICAL POTENTIAL

In the NN frame we use the variables (0
,) = (

0
,, cos�), where � is the angle between 0 and .

The structure of the NN t matrix is

t↵N(
0
,) = t

c
↵N(

0
,) + i� · n̂NN t

ls
↵N(

0
,) , (1.56)

where in terms of the partial wave components tSTJLL(0
,;!) of the NN t matrix we have for the central

part
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For the spin-orbit part we have
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where P
1
L(x) are the associated Legendre polynomials

P
1
L(x) =

p
1� x2

d

dx
PL(x) .

For antiprotons, the structure of the matrices is the same as for pn. Using Eq. (1.56), the optical potential
is then decomposed in a the central part
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and a spin-orbit part
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and a spin-orbit part
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Central component

Spin-orbit component
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 25Transition matrix

M(0,,!) = h0|M(!)|i = �4⇡2µ h0|t(!)|i

M = a+ c(�1 + �2) · n̂+m(�1 · n̂)(�2 · n̂)
+ (g + h)(�1 · l̂)(�2 · l̂) + (g � h)(�1 · m̂)(�2 · m̂)

apN =
1

fpN⇡2

1X

L=0

PL(cos�)
h
(2L+ 1)ML,S=0

LL

+ (2L+ 1)ML,S=1
LL + (2L+ 3)ML+1,S=1

LL

+ (2L� 1)ML�1,S=1
LL

i

cpN =
i

fpN⇡2

1X

L=1

P 1
L(cos�)

✓
2L+ 3

L+ 1

◆
ML+1,S=1

LL

�
✓

2L+ 1

L(L+ 1)

◆
ML,S=1

LL �
✓
2L� 1

L

◆
ML�1,S=1

LL

�

The only relevant components for  
0+ nuclei, for 1/2+ more 
amplitudes must be included



P-NUCLEUS OPTICAL POTENTIALS FROM CHIRAL FORCES PHYSICS AND ASTRONOMY DPT. - UNIVERSITY OF BOLOGNA

 26

Scattering observables

N δΩ

N ~ 
dσ
dΩ

δΩ
σ(θ) =

dσ
dΩ

∼ ⟨k′|U|ψk⟩

+θ

−θ

σ(+θ)=σ(−θ)

L

L
S

S

U (r) + L  S U (r)c so

σ(+θ)

σ(−θ)
L

L S<0−

+ S>0 Ay (θ) =
σ(+θ)−σ(−θ)

σ(+θ)+σ(−θ)

Arellano Bauge (U Chile & CEA/DAM/DIF) CNR*11 - The unabridged... 16 / 21

Scattering observables

It can be measured by sending a beam of polarised 
protons along +y and measure the total cross-section
at angles θ and -θ in the scattering plane 
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M(k0, ✓) = A(k0, ✓) + � · N̂ C(k0, ✓)

A(✓) =
1

2⇡2

1X

L=0

⇥
(L+ 1)F+

L (k0) + LF�
L (k0)

⇤
PL(cos ✓)

C(✓) =
i

2⇡2

1X

L=1

⇥
F+
L (k0)� F�

L (k0)
⇤
P 1
L(cos ✓)

FLJ(k0) = � A

A� 1
4⇡2µ(k0)T̂LJ(k0, k0;E)

d�

d⌦
(✓) = |A(✓)|2 + |C(✓)|2

Ay(✓) =
2Re[A⇤(✓)C(✓)]

|A(✓)|2 + |C(✓)|2

Q(✓) =
2Im[A(✓)C⇤(✓)]

|A(✓)|2 + |C(✓)|2

Differential cross section

Analyzing power

Spin rotation

Spin-flip amplitude

Rotation of the spin vector in the scattering plane, i.e. 
protons polarised along the +x axis have a finite 
probability of having the spin polarised along the ± z 
axis after the collision 

Scattering observables
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 28Inclusion of the Coulomb potential

A(k0, ✓) = F c
pt(k0, ✓) +

1

2⇡2

1X

L=0

e2i�L
⇥
(L+ 1)F̄+

L (k0) + LF̄�
L (k0)

⇤
PL(cos ✓)

F c
pt(k0, ✓) =

�⌘(k0) exp
⇥
2i�0 � i⌘(k0) ln(1� cos ✓)

⇤

k0(1� cos ✓)
⌘(k) =

µZ↵

k

Ū(k0,k;!) = hk0|Ū(!)|ki = h (+)
c (k0)|Û(!)| (+)

c (k)i

�L = arg�
⇥
L+ 1 + i⌘(k0)

⇤
Combine phase shifts from Coulomb and nuclear

The central amplitude include a Coulomb component

Sommerfeld 
parameter

R

u
00

L(r) =


L(L+ 1)

r2
+

2µ

~2 (V (r)� E)

�
uL(r)

uL(r) ⇠ Cf(H�
L , H

+
L ) Do not add 

nuclear and 
Coulomb 
separately!
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Densities



The basic idea of the NCSM is simply to treat all A  
nucleons in a nucleus as active: write down  
the Schrödinger equation for A nucleons and then  
solve it numerically.  

This approach avoids essentially all of the difficulties  
of the perturbative approaches (like problems related  
to excitations of nucleons from the core).  

Being a non-perturbative approach, there are no  
difficulties related to convergence of such an expansion.  
It may also be formulated in terms of an intrinsic  
Hamiltonian, so as to avoid spurious COM motion. 

Problems:  
(1) need for larger basis spaces  
(2) need for effective many-body forces, in order to treat all of the 

complexity of the excited-states.
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Motivated by limitations of the Bloch–Horowitz–Brandow perturbative approach to
nuclear structure we have developed the non-perturbative ab initio no core shell model
(NCSM) capable of solving the properties of nuclei exactly for arbitrary nucleon–nucleon
(NN) and NN + three-nucleon (NNN) interactions with exact preservation of all
symmetries. We present the complete ab initio NCSM formalism and review highlights
obtained with it since its inception. These highlights include the first ab initio nuclear-
structure calculations utilizing chiralNNN interactions, which predict the correct low-lying
spectrum for 10B and explain the anomalous long 14C �-decay lifetime. We also obtain the
small quadrupole moment of 6Li. In addition to explaining long-standing nuclear structure
anomalies, the ab initio NCSM provides a predictive framework for observables that are
not yet measured or are not directly measurable. For example, reactions between short-
lived systems and reaction rates near zero energy are relevant to fusion research but may
not be known from experiment with sufficient precision. We, therefore, discuss, in detail,
the extension of the ab initio NCSM to nuclear reactions and sketch a number of promising
future directions for research emerging from theNCSM foundation, including amicroscopic
non-perturbative framework for the theorywith a core. Having a parameter-free approach,
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3.1. Hamiltonian

The starting Hamiltonian of the ab initio NCSM is

HA = Trel + V =
1
A

X

i<j

(Epi � Epj)2

2m
+

AX

i<j

VNN,ij +

AX

i<j<k

VNNN,ijk, (1)

where m is the nucleon mass, VNN,ij is the NN interaction, and VNNN,ijk is the three-nucleon interaction. In the NCSM, we
employ a large but finite HO basis.

When soft NN potentials are used, it is often feasible to employ a sufficiently large basis to reach convergence with the
Hamiltonian (1), as discussed above.

On the other hand, if realistic nuclear interactions that generate strong short-range correlations are used in Eq. (1), we
perform similarity transformation(s) of the Hamiltonian, as will be discussed the following subsections.

We note that if the Slater determinant basis is to be used, we add the Lawson projection term [110] �(HCM �
3
2 h̄⌦) to the

Hamiltonian (1) to shift the spurious CM excitations. The center-of-mass Hamiltonian can be written as HCM = TCM + UCM,
where UCM =

1
2 Am⌦2ER2, ER =

1
A

PA
i=1 Eri, and ⌦ the HO frequency. Eigenenergies of physical states are independent of the

parameter � .

3.2. Basis

In the ab initio NCSM, we use a HO basis that allows preservation of translational symmetry of the nuclear self-bound
system, even if single-nucleon coordinates are utilized. This is possible as long as the basis is truncated by a maximal total
HO energy of the A-nucleon system. A further advantage is that the HO wave functions have important transformation
properties [111] that facilitate and simplify calculations. A single-nucleon HO wave function can be written as

'nlm(Er; b) = Rnl(r; b)Ylm(r̂), (2)

with Rnl(r, b), the radial HO wave function, and b, the HO length parameter related to the HO frequency ⌦ as b =

q
h̄

m⌦
,

withm the nucleon mass.
Because the NN and NNN interactions depend on relative coordinates and/or momenta, the natural coordinates in the

nuclear problem are the relative, or Jacobi, coordinates. For the present purposes we consider just a single set of Jacobi
coordinates (a more general discussion can be found in Ref. [73]):

E⇠0 =

r
1
A

⇥
Er1 + Er2 + · · · + ErA

⇤
, (3)

E⇠1 =

r
1
2

⇥
Er1 � Er2

⇤
, (4)

E⇠2 =

r
2
3


1
2

�
Er1 + Er2

�
� Er3

�
, (5)

. . .

E⇠A�1 =

r
A � 1
A


1

A � 1
�
Er1 + Er2 + · · · + ErA�1

�
� ErA

�
. (6)

Here, E⇠0 is proportional to the center of mass of the A-nucleon system. On the other hand, E⇠⇢ is proportional to the relative
position of the (⇢ + 1)-st nucleon and the center of mass of the ⇢ nucleons.

3.2.1. Antisymmetrization of Jacobi-coordinate HO basis
As nucleons are fermions, we need to construct an antisymmetrized basis. Theway to do this, when the Jacobi-coordinate

HO basis is used, is extensively discussed in Refs. [71–73]. Here we briefly illustrate how to do this for the simplest case of
three nucleons.

One starts by introducing an HO basis that depends on the Jacobi coordinates E⇠1 and E⇠2, defined in Eqs. (5) and (6), e.g.,

|(nlsjt; N LJ)JT i. (7)

Here n, l andN , L are the HO quantum numbers corresponding to the harmonic oscillators associated with the coordinates
(and the correspondingmomenta) E⇠1 and E⇠2, respectively. The quantumnumbers s, t, j describe the spin, isospin and angular
momentum of the relative-coordinate two-nucleon channel of nucleons 1 and 2, while J is the angular momentum of the
third nucleon relative to the center of mass of nucleons 1 and 2. The J and T are the total angular momentum and the total
isospin, respectively. Note that the basis (7) is antisymmetrized with respect to the exchanges of nucleons 1 and 2, as the

m is the nucleon mass VNN,ij is the NN interaction

VNNN,ijk is the three-nucleon interaction

• In the ab initio no core shell model we consider a system of A point-like 
non-relativistic nucleons that interact by realistic two- or two- plus 
three-nucleon interactions.  

• We employ NN potentials that fit nucleon–nucleon phase shifts with 
high precision up to a certain energy, typically up to 350 MeV.  

• In the NCSM, all the nucleons are considered active; there is no inert 
core like in standard shell model calculations. Hence, the ‘‘no core’’ in 
the name of the approach. 
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NCSM uses the harmonic-oscillator (HO) basis, truncated by a chosen maximal total HO energy 
(Nmax) of the A-nucleon system. The reason behind the choice of the HO basis is the fact that this is 
the only basis that allows for the use of single-nucleon coordinates without violating the 
translational invariance of the system.  
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3.1. Hamiltonian

The starting Hamiltonian of the ab initio NCSM is

HA = Trel + V =
1
A

X

i<j

(Epi � Epj)2

2m
+

AX

i<j

VNN,ij +

AX

i<j<k

VNNN,ijk, (1)

where m is the nucleon mass, VNN,ij is the NN interaction, and VNNN,ijk is the three-nucleon interaction. In the NCSM, we
employ a large but finite HO basis.

When soft NN potentials are used, it is often feasible to employ a sufficiently large basis to reach convergence with the
Hamiltonian (1), as discussed above.

On the other hand, if realistic nuclear interactions that generate strong short-range correlations are used in Eq. (1), we
perform similarity transformation(s) of the Hamiltonian, as will be discussed the following subsections.

We note that if the Slater determinant basis is to be used, we add the Lawson projection term [110] �(HCM �
3
2 h̄⌦) to the

Hamiltonian (1) to shift the spurious CM excitations. The center-of-mass Hamiltonian can be written as HCM = TCM + UCM,
where UCM =

1
2 Am⌦2ER2, ER =

1
A

PA
i=1 Eri, and ⌦ the HO frequency. Eigenenergies of physical states are independent of the

parameter � .

3.2. Basis

In the ab initio NCSM, we use a HO basis that allows preservation of translational symmetry of the nuclear self-bound
system, even if single-nucleon coordinates are utilized. This is possible as long as the basis is truncated by a maximal total
HO energy of the A-nucleon system. A further advantage is that the HO wave functions have important transformation
properties [111] that facilitate and simplify calculations. A single-nucleon HO wave function can be written as

'nlm(Er; b) = Rnl(r; b)Ylm(r̂), (2)

with Rnl(r, b), the radial HO wave function, and b, the HO length parameter related to the HO frequency ⌦ as b =

q
h̄

m⌦
,

withm the nucleon mass.
Because the NN and NNN interactions depend on relative coordinates and/or momenta, the natural coordinates in the

nuclear problem are the relative, or Jacobi, coordinates. For the present purposes we consider just a single set of Jacobi
coordinates (a more general discussion can be found in Ref. [73]):

E⇠0 =

r
1
A

⇥
Er1 + Er2 + · · · + ErA

⇤
, (3)

E⇠1 =

r
1
2

⇥
Er1 � Er2

⇤
, (4)

E⇠2 =

r
2
3


1
2

�
Er1 + Er2

�
� Er3

�
, (5)

. . .

E⇠A�1 =

r
A � 1
A


1

A � 1
�
Er1 + Er2 + · · · + ErA�1

�
� ErA

�
. (6)

Here, E⇠0 is proportional to the center of mass of the A-nucleon system. On the other hand, E⇠⇢ is proportional to the relative
position of the (⇢ + 1)-st nucleon and the center of mass of the ⇢ nucleons.

3.2.1. Antisymmetrization of Jacobi-coordinate HO basis
As nucleons are fermions, we need to construct an antisymmetrized basis. Theway to do this, when the Jacobi-coordinate

HO basis is used, is extensively discussed in Refs. [71–73]. Here we briefly illustrate how to do this for the simplest case of
three nucleons.

One starts by introducing an HO basis that depends on the Jacobi coordinates E⇠1 and E⇠2, defined in Eqs. (5) and (6), e.g.,

|(nlsjt; N LJ)JT i. (7)

Here n, l andN , L are the HO quantum numbers corresponding to the harmonic oscillators associated with the coordinates
(and the correspondingmomenta) E⇠1 and E⇠2, respectively. The quantumnumbers s, t, j describe the spin, isospin and angular
momentum of the relative-coordinate two-nucleon channel of nucleons 1 and 2, while J is the angular momentum of the
third nucleon relative to the center of mass of nucleons 1 and 2. The J and T are the total angular momentum and the total
isospin, respectively. Note that the basis (7) is antisymmetrized with respect to the exchanges of nucleons 1 and 2, as the
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As a downside, one has to face 
the consequences of the 
incorrect asymptotic behavior 
of the HO basis.
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two-nucleon channel quantumnumbers are restricted by the condition (�1)l+s+t = �1. It is not, however, antisymmetrized
with respect to the exchanges of nucleons 1 $ 3 and 2 $ 3. In order to construct a completely antisymmetrized basis, one
needs to obtain eigenvectors of the antisymmetrizer

X =
1
3
(1 + T (�)

+ T (+)), (8)

where T (+) and T (�) are the cyclic and the anti-cyclic permutation operators, respectively. The antisymmetrizer X is a
projector satisfyingXX = X.Whendiagonalized in the basis (7), its eigenvectors span two eigenspaces. One, corresponding
to the eigenvalue 1, is formed by physical, completely antisymmetrized states and the other, corresponding to the eigenvalue
0, is formed by spurious states. There are about twice as many spurious states as the physical ones [112].

Due to the antisymmetry with respect to the exchanges 1 $ 2, the matrix elements in the basis (7) of the
antisymmetrizer X can be evaluated simply as hXi =

1
3 h1 � 2P2,3i, where P2,3 is the transposition operator corresponding

to the exchange of nucleons 2 and 3. Its matrix element can be evaluated in a straightforward way (see e.g., Ref. [71])

h(n1l1s1j1t1; N1L1J1)JT |P2,3|(n2l2s2j2t2; N2L2J2)JT i = �N1,N2 t̂1 t̂2

8
><

>:

1
2

1
2

t1
1
2

T t2

9
>=

>;

⇥

X

LS

L̂2Ŝ2 ĵ1 ĵ2Ĵ1Ĵ2ŝ1ŝ2(�1)L

8
><

>:

l1 s1 j1
L1

1
2

J1

L S J

9
>=

>;

8
><

>:

l2 s2 j2
L2

1
2

J2

L S J

9
>=

>;

8
><

>:

1
2

1
2

s1
1
2

S s2

9
>=

>;
hn1l1N1L1L|N2L2n2l2Li3, (9)

where Ni = 2ni + li + 2Ni + Li, i = 1, 2; ĵ =
p
2j + 1; and hn1l1N1L1L|N2L2n2l2Li3 is the general HO bracket for two

particles with mass ratio 3, as defined, e.g., in Ref. [113]. The expression (9) can be derived by examining the action of
P2,3 on the basis states (7). That operator changes the state |nl(E⇠1), N L(E⇠2), Li to |nl( E⇠ 0

1), N L( E⇠ 0
2), Li, where E⇠ 0

i, i = 1, 2
are defined as E⇠i, i = 1, 2 but with the single-nucleon indexes 2 and 3 exchanged. The primed Jacobi coordinates can be
expressed as an orthogonal transformation of the unprimed ones, see e.g., Ref. [71]. Consequently, the HO wave functions
depending on the primed Jacobi coordinates can be expressed as an orthogonal transformation of the original HO wave
functions. Elements of the transformation are the generalized HO brackets for two particles with the mass ratio d, with d
determined from the orthogonal transformation of the coordinates, see e.g., Ref. [113].

The resulting antisymmetrized states can be classified and expanded in terms of the original basis (7) as follows:

|NiJT i =

X
hnlsjt; N LJ||NiJT i|(nlsjt; N LJ)JT i, (10)

where N = 2n + l + 2N + L and we have introduced an additional quantum number i that distinguishes states with the
same set of quantum numbers N, J, T , e.g., i = 1, 2, . . . , r with r the total number of antisymmetrized states for a given
N, J, T . The symbol hnlsjt; N LJ||NiJT i is a coefficient of fractional parentage.

3.2.2. Slater determinant basis
A generalization to systems of more than three nucleons can be done as shown, e.g., in Ref. [73]. It is obvious, however,

that as we increase the number of nucleons, the antisymmetrization becomes more and more involved. Consequently, in
standard shell-model calculations one utilizes antisymmetrized wave functions constructed in a straightforward way as
Slater determinants of single-nucleon wave functions depending on single-nucleon coordinates 'i(Eri). It follows from the
transformations of HO wave functions that the use of a Slater determinant basis constructed from single-nucleon HO wave
functions, such as,

'nljmmt (Er, � , ⌧ ; b) = Rnl(r; b)(Yl(r̂)�(� ))(j)m �(⌧ )mt , (11)

results in eigenstates of a translationally invariant Hamiltonian that factorize as products of a wave function depending on
relative coordinates and a wave function depending on the CM coordinates. This is true as long as the basis truncation is
done by a chosen maximum of the sum of all HO excitations, i.e.,

PA
i=1(2ni + li)  Ntotmax. In Eq. (11), � and ⌧ are spin and

isospin coordinates of the nucleon, respectively. The physical eigenstates of a translationally invariant Hamiltonian can then
be selected as eigenstates with the CM in the 0h̄⌦ state:

hEr1 . . . ErA�1 . . . �A⌧1 . . . ⌧A|A�JMTMT iSD = hE⇠1 . . . E⇠A�1�1 . . . �A⌧1 . . . ⌧A|A�JMTMT i'000(E⇠0; b). (12)

For a general single-nucleon wave function this factorization is not possible. The use of any other single-nucleon wave
function than the HO wave function will result in the mixing of CM and internal motion.

In the ab initioNCSM calculations, we use both the Jacobi-coordinate HO basis and the single-nucleon Slater determinant
HObasis. One can choosewhichever ismore convenient for the problem to be solved. One can alsomix the two types of bases.
In general, for systems of A  4, the Jacobi coordinate basis is more efficient, as one can perform the antisymmetrization

antisymmetrized states

Slater determinants for A greater than 3
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Ab initio NCSM calculations uses a truncated HO basis but the nuclear interactions 
act in the full space. As long as one uses soft potentials, such as the Vlowk and SRG 
NN, convergent NCSM results can be obtained (the similarity transformation softens 
the interactions and generates effective operators for all observables while 
preserving all experimental quantities in the low-energy domain). 

The situation is different when standard NN potentials that generate strong short-
range correlations are used. 
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Fig. 2. Illustration of how the SRG procedure [118–120,106] weakens the strong off-diagonal couplings of the 1S0 chiral N3LO NN potential [27,28] in
momentum space as the flow proceeds to smaller values of � (left to right panels).

This three-body effective interaction is obtained using full space solutions of the Hamiltonian h1 + h2 + h3 +V⌦,A
12 +V⌦,A

13 +

V⌦,A
23 + VNNN,123. We then define the three-body effective-interaction contribution from the NNN interaction as

VNNN
3eff,123 ⌘ VNN+NNN

3eff,123 � VNN
3eff,123. (28)

The three-body effective Hamiltonian used in the A-nucleon calculation is then

H⌦
A,eff =

AX

i=1

hi +
1

A � 2

AX

i<j<k

VNN
3eff,ijk +

AX

i<j<k

VNNN
3eff,ijk. (29)

As in the case of the two-body effective Hamiltonian (24), we subtract the HCM.
It should be noted that all the effective interaction calculations are performed in the Jacobi coordinate HO basis. As

discussed above, the two-body effective interaction is performed in the |nlsjti basis and the three-body effective interaction
in the |NiJT i basis (10). In order to perform the A-nucleon calculation in the Slater determinant HO basis, as is typically done
for A > 4, the effective interaction needs to be transformed to the single-nucleon HO basis. This is done with help of the HO
wave function transformations. The details for the three-body case, in particular, are given in Refs. [116,117].

It should also be noted that one may think of separating the two-body and the three-body parts of the VNN
3eff (25). This has

not been done in theNCSMcalculationswith theOLS effective interaction, as the current implementation (26) proved robust,
and attempts of the separationwere plagued by spuriousmodel-space effects. However, such a separation is straightforward
and of critical importance for successful applications of the SRG effective interactions, as discussed below.
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produce results that are model-space dependent (in both Nmax and A). While the SRG induces many-body forces as a
product of renormalization, these terms typically come in a hierarchy of decreasing strength, if a hierarchy is initially
present.

The SRG is a continuous unitary transformation of the free-space Hamiltonian H (1) (H ⌘ H�=1),

H� = U�H�=1UÑ
�, (30)

labeled by a momentum parameter � that runs from 1 toward zero, which keeps track of the sequence of Hamiltonians
(s = 1/�4 has been used elsewhere [102,118,120]). These transformations are implemented as a flow equation in � (in units
where h̄2 /M = 1),

dH�

d�
= �

4
�5 [[Trel,H�],H�], (31)
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being decoupled, which means softer and more convergent potentials [123]. This is evident in a partial-wave momentum
basis, wherematrix elements hk|H�|k0i connecting stateswith (kinetic) energies differing bymore than �2 are suppressed by
e�(k2�k02)2/�4 factors and, therefore, the states decouple as � decreases. (Decoupling also results from replacing Trel in Eq. (31)
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The derived ‘‘effective’’ interactions still act 
among all A nucleons and preserve all the 
symmetries of the initial or ‘‘bare’’ NN +NNN 
interactions.
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us note that the Nmax = 8 calculations for 12C and 16O were
obtained using importance-truncated NCSM basis [66,67].

In addition to nuclear density calculations with SRG-
evolved NN-N4LO(500)+3Nlnl interaction, we also computed
the 4He density with just the bare NN-N4LO(500) to achieve
the best consistency of the optical potential construction. See
Sec. IV for further discussion.

C. Nonlocal nuclear density

With the knowledge of the A-nucleon eigenstates it is
possible to compute the density matrix needed in Eq. (9).
In the current work we generalize the method of Ref. [57]
to generate nonlocal one-body density matrices and in the
following we provide the general formulas. For all the details
and the notation we refer the reader to Ref. [57]. We note that
the main difference between our approach and the recently
presented approach of Ref. [68] resides in the way we remove
the COM contribution, which in this work is done directly in
coordinate space, while in Ref. [68] the same is achieved by
first transforming the densities to momentum space, removing
the COM contributions there and transforming back if needed.

In coordinate representation, the nonlocal form of the
nuclear density operator is defined as

ρop(r⃗ ,r⃗ ′) =
A∑

i=1

(|r⃗⟩⟨r⃗ ′|)i =
A∑

i=1

δ(r⃗ − r⃗i)δ(r⃗ ′ − r⃗ ′
i ) . (13)

The matrix element of this operator between a general initial
and final state obtained in the Cartesian coordinate single-
particle Slater determinant (SD) basis is written as (compare
to Eq. (5) in Ref. [57] for the local density)

SD⟨Aλj JjMj |ρop(r⃗ ,r⃗ ′)| AλiJiMi⟩SD

=
∑ 1

Ĵf

(JiMiKk|Jf Mf )
(
Y ∗

l1
(r̂) Y ∗

l2
(r̂ ′)

)(K)
k

×Rn1,l1 (|r⃗ |)Rn2,l2 (|r⃗ ′|)

× (−1)l1+l2+K+j2+ 1
2 ĵ1ĵ2K̂

{
j2 l2

1
2

l1 j1 K

}

× (−1)

K̂
SD⟨Aλf Jf ||

(
a
†
n1,l1,j1

ãn2,l2,j2

)(K) ||AλiJi⟩SD.

(14)

In Eq. (14), the NCSM eigenstates (12) have the subscripts
SD denoting that we used the Slater determinant HO basis
that includes COM degrees of freedom as opposed to the
translationally invariant Jacobi coordinate HO basis [69].
The isospin and parity quantum numbers are suppressed for
simplicity. Further, η̂ =

√
2η + 1 and Rn,l(|r⃗|) is the radial

HO wave function with the oscillator length parameter b =√
h̄

m%
, where m is the nucleon mass. The one-body density

matrix elements are introduced in the second quantization,
SD⟨Aλf Jf || (a†

n1,l1,j1
ãn2,l2,j2 )(K) ||AλiJi⟩SD . Both r⃗ and r⃗ ′ are

measured from the center of the HO potential well. Conse-
quently, the density contains a spurious COM component.

We require the removal of the COM component from the
nonlocal density. This is enabled by the factorization of the

Slater determinant and Jacobi eigenstates,

⟨r⃗1 . . . r⃗Aσ⃗1 . . . σ⃗Aτ⃗1 . . . τ⃗A|AλJM⟩SD

= ⟨ξ⃗1 . . . ξ⃗A−1σ⃗1 . . . σ⃗Aτ⃗1 . . . τ⃗A|AλJM⟩φ000(ξ⃗0), (15)

with COM component, labeled in Eq. (15) as φ000(ξ⃗0), given
as the N = 0 HO state with ξ⃗0 proportional to the A-nucleon
COM coordinate. The translational invariance can be then
obtained by employing the same procedure outlined for local
densities in Ref. [57] on the COM contaminated nonlocal
density. The matrix element of the translationally invariant
operator, ρ trinv

op (r⃗ − R⃗,r⃗ ′ − R⃗), between general initial and
final states is then given by (compare to Eq. (16) in Ref. [57]
for the local density)

⟨Aλj JjMj |ρ trinv
op (r⃗ − R⃗,r⃗ ′ − R⃗)| AλiJiMi⟩

=
(

A

A − 1

) 3
2 ∑ 1

Ĵf

(JiMiKk|Jf Mf )

× (MK )−1
nln′l′,n1l1n2l2

(Y ∗
l (̂⃗r − R⃗) Y ∗

l′ (⃗̂r ′ − R⃗))(K)
k

×Rn,l

(√
A

A − 1
|r⃗ − R⃗|

)
Rn′,l′

(√
A

A − 1
|r⃗ ′ − R⃗|

)

× (−1)l1+l2+K+j2− 1
2 ĵ1ĵ2

{
j1 j2 K

l2 l1
1
2

}

×SD⟨Aλf Jf ||
(
a
†
n1,l1,j1

ãn2,l2,j2

)(K) ||AλiJi⟩SD, (16)

where

(MK )nln′l′,n1l1n2l2

=
∑

N1,L1

(−1)l+l′+K+L1

{
l1 L1 l
l′ K l2

}
l̂ l̂′

× ⟨nl00l|N1L1n1l1l⟩ 1
A−1

⟨n′l′00l′|N1L1n2l2l
′⟩ 1

A−1
. (17)

In Eq. (16), the Rn,l(
√

A
A−1 |r⃗ − R⃗|) is the radial HO wave

function in terms of a relative Jacobi coordinate, ξ⃗ =
−

√
A

A−1 (r⃗ − R⃗). The (MK )nln′l′,n1l1n2l2
matrix (17) introduced

in Ref. [57] includes generalized HO brackets of the form
⟨nl00l|N1L1n1l1l⟩d corresponding to a two-particle system
with a mass ratio of d, as outlined in Ref. [70].

The nonlocal density expressions presented here can be
related to the local density ones in Ref. [57] by setting

ρ(r⃗) = ρ(r⃗ ,r⃗) . (18)

For both the COM contaminated and translationally invariant
nonlocal density we recover the corresponding local density,
as expected. This procedure is detailed in the Appendix for the
case of the translationally invariant density. The normalization
of the nonlocal density is consistent with Ref. [57] such that
the integral of the local form,

∫
dr⃗ ⟨AλJM|ρop(r⃗ ,r⃗)|AλJM⟩ = A, (19)

returns the number of nucleons for both (14) and (16).
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Finally, let us note that the proton and neutron densities are
obtained simply by introducing ( 1

2 ± tzi) factors, respectively,
in Eq. (13), which then results in the creation and annihilation
operators aquiring a proton or neutron index as the COM
operators commute with isospin operators. The normalization
(19) then changes to Z and N for the proton and neutron density
respectively.

D. Nonlocal density in momentum space

In Sec. II C we presented the general expressions for the
nonlocal densities in coordinate space, but the evaluation of
Eq. (9) for the optical potential requires the knowledge of the
ground-state density in momentum space. In the following we
show how this was done. For the ground state of even-even
nuclei, considered in this work, the angular momenta Ji and Jf

in Eq. (14) and Eq. (16) are equal to zero: this gives k = K = 0
and consequently l′ = l. Thus, Eq. (14) and Eq. (16) can be
expressed in a general form as

ρ(r⃗ ,r⃗ ′) =
∑

l

ρl(r,r ′)(Y ∗
l (r̂) Y ∗

l (r̂ ′))(0)
0 , (20)

where ρl(r,r ′) is obtained summing the radial part over all
the other quantum numbers. The angular part can be easily
evaluated as

(Y ∗
l (r̂) Y ∗

l (r̂ ′))(0)
0 = (− 1)l

√
2l + 1
4π

Pl(cos ω), (21)

where Pl are the Legendre polynomials and ω is the angle
between r⃗ and r⃗ ′. In momentum space, the expression of the
density is given by

ρ(p⃗,p⃗ ′) = 1
2π2

∑

l

ρl(p,p′)(− 1)l
√

2l + 1Pl(cos γ ), (22)

where γ is the angle between p⃗ and p⃗ ′. The radial part ρl(p,p′)
is finally obtained as

ρl(p,p′) =
∫ ∞

0
drr2

∫ ∞

0
dr ′r ′ 2jl(pr)ρl(r,r ′)jl(p′r ′), (23)

where jl are the spherical Bessel functions.

III. NONLOCAL DENSITY RESULTS

In this section we show the results for the nonlocal den-
sities obtained from the NCSM wave functions and using
the approach described in Sec. II C. The SRG-evolved NN-
N4LO(500)+3Nlnl interaction was used in all results dis-
cussed in the section. As a test of the importance of COM
removal, we computed for 4,6,8He, 12C, and 16O the trans-
lational invariant and COM contaminated nuclear densities
given by Eq. (16) and Eq. (14), respectively. Figure plots of
the COM contaminated density are labeled “wiCOM” while
the translationally invariant density plots are labeled “trinv”.
The ground-state densities of the nuclei are shown with all
angular dependence factorized out for plotting.

To appreciate the significance of spurious COM removal in
light nuclei, consider the comparison between the wiCOM and
trinv nonlocal density of 4He shown in Fig. 1. An Nmax = 14
basis space is used with a flow parameter λSRG = 2.0 fm− 1.

FIG. 1. Ground-state 4He nonlocal neutron density calculated
with an Nmax = 14 basis space, an oscillator frequency of h̄& =
20 MeV, and a flow parameter of λSRG = 2.0 fm− 1.

The tremendous difference between the trinv density and the
wiCOM density is easily recognizable at small r and r ′. We
notice that the trinv density has sharper features at peaks and
tends to decay more rapidly than the wiCOM density. The
COM contamination appears to suppress the nuclear density
at small r and r ′ values.

In Fig. 2 we present the proton and neutron nonlocal
densities for 6He using a Nmax = 12 basis space with a
flow parameter λSRG = 2.0 fm− 1. As in the case of 4He, the
translationally invariant density behaves significantly different
from the spurious COM contaminated density. We still see that
the COM tends to smooth the density over larger r and r ′ values,
suppressing it for small r and r ′. However, we see a minor
reduction in peak amplitude and sharpness when compared
to the differences observed in 4He. Notably, the COM term
diminishes with A so we expect a reduction in the importance
of its removal as we go to higher A-nucleon systems. This
trend is further noticeable in Fig. 3, which shows results for
the nonlocal density of 8He using the same λSRG parameter and
a Nmax = 10 basis space.

FIG. 2. Ground-state 6He proton and neutron nonlocal densities
calculated with a Nmax = 12 basis space, an oscillator frequency of
h̄& = 20 MeV, and a flow parameter of λSRG = 2.0 fm− 1. Proton
densities are shown in blue and neutron densities are shown in red.
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Background: The nuclear optical potential is a successful tool for the study of nucleon-nucleus elastic scattering
and its use has been further extended to inelastic scattering and other nuclear reactions. The nuclear density of the
target nucleus is a fundamental ingredient in the construction of the optical potential and thus plays an important
role in the description of the scattering process.
Purpose: In this paper we derive a microscopic optical potential for intermediate energies using ab initio
translationally invariant nonlocal one-body nuclear densities computed within the no-core shell model (NCSM)
approach utilizing two- and three-nucleon chiral interactions as the only input.
Methods: The optical potential is derived at first order within the spectator expansion of the nonrelativistic
multiple scattering theory by adopting the impulse approximation. Nonlocal nuclear densities are derived from
the NCSM one-body densities calculated in the second quantization. The translational invariance is generated by
exactly removing the spurious center-of-mass (COM) component from the NCSM eigenstates.
Results: The ground-state local and nonlocal densities of 4,6,8He, 12C, and 16O are calculated and applied to optical
potential construction. The differential cross sections and the analyzing powers for the elastic proton scattering
off these nuclei are then calculated for different values of the incident proton energy. The impact of nonlocality
and the COM removal is discussed.
Conclusions: The use of nonlocal densities has a substantial impact on the differential cross sections and improves
agreement with experiment in comparison to results generated with the local densities especially for light nuclei.
For the halo nuclei 6He and 8He, the results for the differential cross section are in a reasonable agreement with the
data although a more sophisticated model for the optical potential is required to properly describe the analyzing
powers.

DOI: 10.1103/PhysRevC.97.034619

I. INTRODUCTION

The nuclear optical potential [1] is a successful tool for
the investigation of nucleon-nucleus (NA) elastic scattering,
allowing us to compute the differential cross section and the
spin polarizations in several regions of the nuclear chart and
for a wide range of energies. Its use has also been extended to
inelastic scattering calculations and to generate the distorted
waves that are used to compute the differential cross section in
other nuclear reactions.

Optical potentials can be obtained phenomenologically or
microscopically and they are both characterized by a real part
describing the nuclear attraction, and an imaginary part, which
takes into account the loss of the reaction flux from the elastic
channel into the other channels.

*mgennari5216@gmail.com
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‡navratil@triumf.ca

Phenomenological potentials assume a certain shape of
the nuclear density distribution, which depends on several
adjustable parameters that are functions of the energy and the
nuclear mass number [2– 4]. These potentials are properly set
up in order to optimize the fit to the experimental data of the NA
elastic scattering. Of course, due to the fit, these potentials work
very well in situations where experimental data are available,
but they lack predictive power.

On the contrary, microscopic optical potentials do not
depend on any adjustable parameters making them more
appealing for the investigation of new unstable nuclei where
experimental data are not yet available. The computation of
such potentials requires, in principle, the solution of the full
nuclear many-body problem that has to be solved using two-
and three-nucleon forces as the only input. Unfortunately, such
a goal is beyond our actual capabilities and thus some approx-
imations are needed in order to derive a suitable expression of
the optical potential. Several different approaches are currently
under development and a complete list can be found in Ref. [5].

In this paper we adopt the approach based on the nucleon-
nucleon (NN) t matrix, that was first theoretically justified
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The tremendous difference between the trinv density 
and the wiCOM density is easily recognizable at small r 
and r’.  We notice that the trinv density has sharper 
features at peaks and tends to decay more rapidly than 
the wiCOM density. The COM contamination appears 
to suppress the nuclear density at small r and r ' values. 

wiCOM: COM contaminated density 

trinv: translationally invariant density

Notably, the COM term diminishes with A so we expect 
a reduction in the importance of its removal as we go 
to higher A-nucleon systems. 
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 35An alternative: matter densities from DFT 
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FIG. 4. Charge density distribution for 16O. The experimental curve is from [De87]. The

Dirac–Hartree calculations for parameter set L2 yield the long-dashed curve, while those from set
NLC yield the dot-dashed curve.

energy/nucleon (e0 = −15.75 MeV), and bulk symmetry energy (35 MeV) are reproduced.6

The empirical equilibrium density is determined here from the density in the interior of
208Pb and corresponds to k0

F = 1.30 fm−1. We also fit the empirical rms charge radius of
40Ca (rrms = 3.482 fm), which is determined primarily by ms. This procedure produces the
parameters in the row labeled L2 in Table I, which are taken from [Ho81]. This parameter
set yields the same values for C2

s and C2
v as in Eq. (2.21), so that M∗/M = 0.541 and

K ≈ 545 MeV at equilibrium.
Once the parameters have been specified, the properties of all closed-shell nuclei are

determined in this approximation. For example, Figs. 4 through 6 show the Dirac–Hartree
charge densities of 16O, 40Ca, and 208Pb compared with the empirical distributions deter-
mined from electron scattering [De87]. The empirical proton charge form factor has been
folded with the calculated “point proton” density to determine the charge density.

In Fig. 7, the predicted energy levels in 208Pb are compared with experimental values
derived from neighboring nuclei [Bo69,Ra79]. The relativistic calculations clearly reveal
a shell structure; the level orderings and major shell closures of the nuclear shell model
are correctly reproduced. This successful result arises from the spin-orbit interaction that
occurs naturally when a Dirac particle moves in large, spatially varying classical scalar and

6The number of significant digits in the empirical input values is not intended to indicate how
accurately these quantities are known. We are merely reporting the precise values used in [Ho81]

to determine the model parameters.
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(1) 
depends on the spinor (P = $i ), scalar (4) and vector fields (A?), A:), A:)), 

( > 
respectively, with the field tensors 

F::“’ =&A?’ - &,A;‘, 

F(O) = apAp) _ &A(Q) 
PL” P ’ 

F(r) = &Al” - &A(Y). P’” P (2) 

As usual, we assume minimal coupling of the baryons to the mesons and the photons. 
The parameters of the model are the masses of the baryon m and the mesons m,,, m,, 
mp, the electromagnetic coupling constant e, and the baryon-meson couplings r,, To, 
r(,, which are assumed to be dependent on a functional of the baryon field. We assume 
a dependence of the couplings on the vector density 

e = m with j, = qy,P. (3) 

The field equations for the mesons and the photons are obtained in the standard way 
from the Euler-Lagrange equations [ 331. The Dirac equation for the baryons reads 

[yP (idp - Sp) - (M - X)] P = 0 (4) 

with the scalar self-energy 

,c = r,+ 

and the vector self-energy 

(5) 

The latter contains, besides the usual contributions, a “rearrangement” term 

(6) 

(7) 

In principle a scalar isovector (or &)meson could also be considered in the model. 
Then the scalar self-energies of protons and neutrons and therefore their effective masses 
m* = m - ,C would be different leading to shifts of proton and neutron single particle 
states against each other. However, this shift can be partially compensated by a change 
in the e-meson coupling. We found no substantial improvement in our calculations 
including a &meson, thus we neglect it in order to reduce the degrees of freedom. Effects 
of the &meson in RMFI of asymmetric matter are discussed, e.g., in Refs. [ 54,601. 
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Fig. I, Density dependence of the normalized couplings of the w-meson (top) and w-meson (bottom) in the 
density-dependent parametrization (solid line) compared to results of Dirac-Brueckner calculations (circles, 
Ref. 126 1. diamonds: Ref. 127 1. Bonn B potential). 

the “rearrangement” contributions become finite for zero density and do not diverge as in 
some other parametrizations. With these five restrictions there are only three independent 
parameters in our tit for the density dependence of the (T- and w-meson couplings. DB 
calculations for asymmetric nuclear matter indicate a strong density dependence of the 
e-meson coupling [54] with the couplings becoming very small at high densities. For 
simplicity we choose an exponential dependence 

I’!,(e) = r(,(esar) exp [-a,,(-~ - 1 I] (40) 

with only one parameter n,. In principle one can also think about a dependence of’ 
the couplings on the isospin density or the proton-to-neutron ratio but DB calculations 
of asymmetric nuclear matter show no strong dependence of the effective coupling 
constants on these quantities [54]. We also did some trial calculations within our model 
using these additional dependencies but found no substantial improvement of the results. 

In addition to the parameters for the density dependence the masses and coupling 
constants at saturation density enter our model. The nuclear mass is assumed to be 

DDME1 parametrization 
T. Nikšić, D. Vretenar, P. Finelli and P. Ring 

Phys. Rev. C 66 (2002) 024306

Density-dependent couplings



P-NUCLEUS OPTICAL POTENTIALS FROM CHIRAL FORCES PHYSICS AND ASTRONOMY DPT. - UNIVERSITY OF BOLOGNA

 36

NN potentials
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 37basic features of NN potentials
In the limit where the neutron-to-proton mass  

di︎fference can be neglected, as well as Coulomb  

corrections, the N ︎N system obeys isospin symmetry:  

• antiproton–neutron is pure isospin I =1 

• while p︎p and n ︎n, with I3 =0, are combinations of I =1 and I =0, namely 

so that the elastic and charge-exchange amplitudes are given by 

E. Klempt et al. / Physics Reports 368 (2002) 119–316 165

I = 1, while !pp and !nn, with I3 = 0, are combinations of I = 1 and I = 0, namely

| !pp⟩= |I = 1⟩+ |I = 0⟩√
2

; | !nn⟩= |I = 1⟩ − |I = 0⟩√
2

; (3.10)

so that the elastic and charge-exchange amplitudes are given by

T( !pp→ !pp) = 1
2(T

1
!NN +T0

!NN); T( !pp→ !nn) = 1
4(T

1
!NN −T0

!NN) : (3.11)

Otherwise, the !pn → !pn, !pp→ !pp and !pp→ !nn scattering processes should be treated in a formalism
where proton and neutron are di"erent particles.
Note that the relative sign in the above equations is a matter of convention. The choice adopted

here di"ers from the current way of writing a SU(n) singlet as |0⟩ ˙ u !u + d !d + s !s + · · · . For a
comprehensive discussion of isospin wave functions for antiparticles, see, e.g., Ref. [180].

3.2.2. Spin amplitudes, elastic case
The description of the reaction !NN → !YY′, where Y and Y′ are spin-1=2 baryons, involves 16

helicity amplitudes. Those are T±±±± =T(!1; !2; !′1; !
′
2), if one uses the notations of Fig. 3.1.

In the elastic case !pp→ !pp, symmetry considerations reduce this number to 5 amplitudes, as for
the well-studied cross-channel reaction pp→ pp. They can be chosen as

T1 =T++++ ;

T2 =T++−− ;

T3 =T+−+− ;

T4 =T+−−+ ;

T5 =T+−−− : (3.12)

There are many other sets of amplitudes, which are linear combinations of these Ti. One of them
is proposed by Lehar et al. [181]

a= (T1 +T2 +T3 −T4)(cos#cm)=2− 2T5 sin #cm;

b= (T1 −T2 +T3 +T4)=2 ;

c = (−T1 +T2 +T3 +T4)=2 ;

d= (T1 +T2 −T3 +T4)=2 ;

e = (−T1 −T2 −T3 +T4)(i sin #cm)=2 + 2T5 cos#cm : (3.13)

In the forward direction, one should satisfy T4 =T5 = 0, i.e.,

e(0) = 0; a(0)− b(0) = c(0) + d(0) : (3.14)

The amplitudes a; b; : : : can be de#ned directly as [181]

T= (a+ b)I + (a− b)"̃1 · n̂"̃2 · n̂+ (c + d)"̃1 · k̂"̃2 · k̂
+(c−d)"̃1 · p̂"̃2 · p̂+ e("̃1 + "̃2) · n̂ ; (3.15)
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Abstract

We present nucleon–antinucleon scattering experiments performed at the Low Energy Antiproton Ring
(LEAR) of CERN. The data are reviewed and the underlying physics is discussed, in particular by comparison
with the predictions of current models based on meson exchange and short-range absorption. A detailed
description is given of protonium, which gives information on the interaction at zero energy and is the initial
state when annihilation occurs at rest. c⃝ 2002 Elsevier Science B.V. All rights reserved.
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G-parity
G-parity is a multiplicative quantum number that results from the generalization of C-parity to 
multiplets of particles. The G-parity operator is defined as 

G-parity is a combination of charge conjugation and a π rad rotation around the 2nd axis of 
isospin space. Weak and electromagnetic interactions are not invariant under G-parity.

G = C e(i⇡I2)
<latexit sha1_base64="5yAto58al17FXczdEMxspPM0Rb8="></latexit>
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A model has been constructed for nucleon-antinucleon annihilation which is of short
range but is state (energy, spin, isospin, .. . ) dependent as dictated by the calculation of
annihilation diagrams. Thb model fulfills general theoretical requirements and, at the
same time, provides a good fit of the presently available pp experimental data, better
than the existing models which are state independent but effectively long ranged. The
present results contradict the generally accepted claim that fitting the PP data requires
an effective long-ranged annihilation potential.

PACS numbers: 21.30.+y, 24.10.Ht

The low-energy antiproton ring (LEAR) will be
in operation at CERN within a short time and
several proposals for high-statistics antiproton-
nucleon experiments on cross sections as well as
on polarization (or analyzing power) have already
been scheduled. ' It is hoped that these new gener-
ation experiments will (i) improve the accuracy
of the existing experimental data and (ii) provide
results on new observables such as spin-correla-
tion parameters, etc. In view of these prospects,
a careful study of the NA' interaction is very de-
sirable.
The interest in the study of the NK interaction

has also been revived during the last few years
by the experimental indication of narrow-width

bosons strongly coupled to the NN system, the
baryonia. Although more recent experiments'
seem to question the existence of these narrow
baryonium states, theoretical interest still re-
mains. On the one hand, a baryonium state can
be viewed as a state of two quarks and two anti-
quarks confined in a color singlet system, and
very narrow widths are predicted. ' On the other
hand, a baryonium state can in a more conventioo-
al way be viewed as aNN bound state or reso-
nance and a serous study of these states requires
an accurate knowledge of the NN interaction.
As we are concerned here mostly with the low-

energy region covered by LEAR, a simple and
appropriate approach to the KN interaction is

1319

VOLUME 48, NUMBER 19 P H YSICAL REVIEW LE TTI.'R S &0 MAY 1982

„de/dn (mb/sr )
35 0.9.

30
f Eisenhandler et al. yp cEr, ( b) Hamilton et al. (1980)

15

10

140 18000
0
0 20 40 60 80 100 120 140 160 'I80 100 200 300 400

e (deg)

FlG. 2. Differential elastic cross section at Tl
= 226.4 MeV.

TI b(MeV)Iab

FIG. 4. PP -nn cross section vs Tl, .

.. c;,(mb)250 f Chaloupka a al. (197')
I Hamilton a al. (1980)

200

150

100
100 P. OO 300 400

TI b(MeV)Iab

FIG. 3. Total elastic cross section vs 7'I. .

main 20 MeV ( 7'i ~ 370 MeV. We did not include
in our compilation data on integrated el.astic cross
sections o,&(Tz, ); these are usually obtained by in-

tegrating diff erential cross sections extrapolated
to the very forward angles, with the rel. ated am-
biguities in the treatment of Coulomb effects.
Anyway, rr„(Ti) are redundant whenever dv„/dQ
are given. In this work, elastic cross sections
and polarization are calculated including Coulomb

effects, while total and charge-exchange cross
sections are obtained from pure nucl. ear ampli-
tudes.
As our compilation covers experiments per-

formed between 1968 and 1981, some of them are
more accurate and hence more constraining than

others. The most accurate are those on the dif-
ferential elastic cross section at backward angles

(8, ~ = 174') measured recently by Al. ston-Garn-
jost et al. ' We found these data very constrain-
ing in the search for our solution. Our fit, dis-

played in Fig. 1, shows an excellent agreement
between theory and experiment with a y'/(number
of data) of 0.61. It is worth noting that if the spin-
orbit and tensor terms in Erl. (1) are dropped,
the X'/(number of data) climbs as high as 1.95.
For comparison, we also show. in Fig. 1 the re-
sults by Dover and Richard and by Dalkarov and

Myhrer as quoted in Bef. 8. Other measure-
ments'" of the differential elastic cross sections
were performed for 20 MeV ~ Ti & 369 MeV.
Again the agreement is good, yielding X'/(number
of data) of 2.87 for the whole set of data. An ex-
ample of our fit is shown in Fig. 2.
The total cross section rr„, (Ti) was measured

by different groups"'" and their results are not
fully consistent as can be seen in Fig. 3. We
chose to fit the data of Bef. 11 since they cover
a larger energy range, and we obtained a X'/
(number of data) of 0.96 for 65 MeV S:Ti( 370
MeV. Our total cross section was obtained via
the optical theorem.
In Fig. 4, our results for the total charge-

exchange cross section v«(T~) are compared
with the data of Hamilton et al." The X'/(num-
ber of data) is 3.25 while it is 2.41 for the few
available results' on der c~/dQ.
Our results (Fig. 5) reproduce the pol. arization

below 370 MeV" "very well fx'/(number of data)
=1]. The polarization is significant and very
sensitive to the values of our parameters, es-
pecially for angles above 90 . In view of this,
accurate polarization measurements are there-
fore very desirable.
In summary, we have produced a NK interac-

tion whose physical properties differ from those
of previous models and which fits the presently
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The NN potential can be decomposed as follows in 
three contributions V = US + UL -i W: 

• US, long-range and medium range part generated 
by G-parity transformation of the Paris potential 

• UL, the short-range component is described 
phenomenologically (quadratic function) 

• W an absorptive part that is short-range and 
energy dependent
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that using an optical potential. This has been
adopted in the past by many authors. They gen-
erally used the G-parity-transformed one-boson-
exchange NN potentials for the real. part, and for

. the imaginary part a phenomenological local and
state-independent (i.e. , central) potential of the
Woods-Saxon type. By fitting the experimental
data known at that time, or part of them, they
found the annihilation potential. to be effectively
long ranged, i.e. , still very strong even at large
distances (-150 MeV at r =1 fm). As a conse-
quence, the produced bound states and resonances
are extremely broad, and it was prematurely
concluded that narrow baryonium states cannot
be interpreted as NN bound states or resonances.
The present note reports on some results of

our KN study program. These provide the first
example of an NN annihilation potential which, in
contrast with earlier models, is of short range,
but state (energy, spin, isospin, angular mo-

mentum) dependent as given explicitly by the cal-
culation of annihilation diagrams. More in agree-
ment with general theoretical principles, ' our
model also fits the entire set of existing experi-
mental data very well and can serve as a guide
for future experiments at LEAR or at the P facil-
ities of Brookhaven National Laboratory and Na-
tional Laboratory for High Energy Physics (Ja-
pan).
Our model for the NN optical potential V»
=U» —i,W„„is as f-ol. lowe: (i) U„„is t-he G-parity
transform of the (Paris) NN potential of Lacombe
et al.s for the long- and medium-ranged parts (r
~ 0.9 fm). The short-ranged part (r ~ 0.9 fm) is
described phenomenologically, and for computa-
tional convenience we used a quadratic function
constrained to join the medium-ranged part
through two points in the neighborhood of r =1 fm,
the third parameter being adjusted to fit the data.
(ii) The absorptive part W» is of short range,
and energy and state dependent:

W„„(r)—=T(r,S (1+rf T )+rS r(1+rfrT„)rrrr+ SrS, + r r L S——4m2 g 4y

This form is suggested by detailed calculations'
of annihilation diagrams with two-meson (m', e,p,
(d) intermediate states which yield in momentum
space

! fective par ameters.
The parameters are adjusted to fit an up-to-

date set of 915pp data points in the energy do-

(2)

In the above formulas, m is the nucleon mass, s
= (p, +n, )' = 2m (T~ + 2m), t = (p, -p, )', and n,. are
the usual invariants (central, spin-spin, spin-
orbit, tensor, and quadratic spin-orbit).
Equation (1) is obtained from Eq. (2) in the fol-

lowing way: As we are concerned with the low-
energy region, we made a Taylor expansion of
the functions p, near threshold, s = 4m', and re-
tained only the first or the first two terms. The
t' dependence of the resulting coefficients is es-
sentially of the form 1f/[/, '(t' —4m')]' ' which in
turn gives rise to the modified Bessel function
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momentum to coordinate space. For simplicity,
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Antinucleon-nucleon potential
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A coupled-channels model for antinucleon-nucleon (NN) scattering is presented. The NN chan-
nels are coupled to effective two-particle annihilation channels. The neutron-proton mass difference
and the Coulomb interaction are taken exactly into account. This model gives a detailed fit to a set
of 977 NN scattering data up to Ti,b——482 MeV, with an overall g /data=1. 39. The potentials are
found to be long-ranged. A discussion of several experimental data sets and of the inAuence of the
Coulomb interaction is given.

INTRODUCTION

When the low-energy antiproton ring (LEAR) at
CERN comes into operation, the antinucleon-nucleon
(NN) system will be the subject of an extensive experi-
mental investigation. Meanwhile, at the end of this
"pre-I.EAR" era, one concludes that our knowledge of the
XX system is very incomplete. On the experimental side,
a large set of data points ' is available. However, these
are often of limited accuracy and sometimes not con-
sistent with each other. Measurements of observables
such as polarizations, spin correlations, etc., are (almost)
completely absent. On the theoretical side, several rather
phenomenological models exist' which give a fair
description of the available scattering data. Notably lack-
ing here is a coupled-channels model of XN scattering.
We will present a phenomenological coupled-channe1s
model which gives a rather good description of the
currently available low-energy XN scattering data up to
Tlab =482 MeV.
In order to get a feeling for the complexity of the NN

system we compare it for a moment with the rather well-
known XX system. In a single-energy proton-proton
phase-shift analysis one needs for each total angular
momentum J, on the average, 2.5 real parameters (phase
shifts 5q and coupling parameters eJ). In np scattering
one needs 5 real parameters for each J&0 and 2 for J=O.
To keep an np phase-shift analysis feasible, one fixes in
practice almost all the isospin I=1 parameters from the
pp scattering data. However, in NN scattering (experi-
mentally mainly pp, i.e., I=O and I= 1) there is no gen-
eralized Pauli principle which excludes in XX for each
isospin certain partial waves. Moreover, the phase shifts
become complex due to the presence of the strong annihi-
lation. These two features each double the number of re-
quired parameters. In XX scattering, 20 real parameters
are necessary for each J&0 and 5 for J=0.
Another feature is that the potentials are much stronger

in NN than in 1VÃ. Therefore, more partial waves are
contributing significantly to the cross sections at low ener-
gies. For example, at T&,b——50 MeV the percentage of the
total cross section due to the s, p, and d waves in np
scattering is 87, 7 and 6%, respectively, while in pp

scattering it is 50, 41, and 9%%uo, respectively. These total
cross sections are 164 and 235 mb for np and pp scatter-
ing, respectively.
The starting point of most theoretical descriptions of

NN scattering is a certain form of meson-theoretical NN
potential, which is 6-parity transformed to an NN poten-
tial. This 6-parity transformation reverses the signs of
the potential contribution of the odd-G-parity meson ex-
changes. In the XX potentials large cancellations occur
between the contributions of different mesons, e.g., be-
tween the repulsive co-meson contribution and the attrac-
tive e-meson contribution. In the XX potentials these
cancellations no longer occur and these potentials are, in
general, very attractive. This has led to speculations
about possible XX bound states and to experiments
designed to look for states below the pp threshold. '

The second ingredient in NN models is some kind of
annihilation mechanism. The annihilation cross section is
large (o.,„lo,~&2). The NN channels are coupled to very
many different annihilation channels, most of them mul-
tiparticle. The essential characteristic of the NN interac-
tion is that it is a many-coupled-channels problem.
Several different approaches for describing the annihi-

lation exist: One may apply a suitable boundary condi-
tion, ' ' use an optical potential, ' or do an actual
coupled-channel calculation. A fine example of a
boundary-condition model can be found in Ref. 17. This
simple model gives, even without including any XN po-
tential, a fair description of the total cross section ur and
of the elastic angular distribution do,~/dQ in the forward
hemisphere.
If the full coupled-channel problem is understood, one

can, in principle, derive an optical potential. ' However,
due to our limited knowledge large simplifications have to
be made. In practice, the optical potential is introduced
purely "ad hoc" or "derived" from some simplified an-
nihilation mechanism like nucleon-exchange. ' ' A suc-
cessful optical model was given by Bryan and Phillips. '
They added to the 6-parity-transformed Bryan-Scott NN
potential, a very strong imaginary potential. With only
two parameters a reasonable description of the scattering
data was obtained. The range R,~f to which their ima-
ginary potential is effective, is of the order of 1 fm. One
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The NN potential is generated by a G-parity-
transformed Nijmegen model-D potential plus a 
phenomenological short-range potential: ANTINUCLEON-NUCLEON POTENTIAL 1929

of the more recent optical models is that of Cote et al. , 2
who use a G-parity-transformed Paris potential, modified
in the inner region by a real potential and supplemented
by a short-range imaginary potential (R ff &0.7 fm). In
this model about 20 free parameters are used and a de-
tailed fit to the low-energy data is obtained
(X /data=2. 80). The third way to describe annihilation is
to use some kind of coupled-channels model. Because
multiparticle annihilation channels may, in principle, be
replaced by a weighted set of two-particle channels, we
will couple the NN channels only to "effective" two-
particle annihilation channels. Ultimately one would ex-
pect a coupled-channels description of the IVX system to
be closest to reality. From the coupled-channels equations
an optical potential can be derived ' which describes the
1VK sector. This optical potential is generally nonlocal
and, in a very specific way, energy- and L-dependent.
However, the coupled-channels method provides more in-
formation than the optical potential. For example, one
can calculate the annihilation cross section for scattering
to a specific decay channel. So the inverse process is im-
possible: one cannot uniquely deduce from an optical po-
tential the coupled-channels equations. Moreover, the re-
quired analytic properties and unitarity of the 5 matrix
are automatically guaranteed in a coupled-channels
scheme. One has to realize that the problem is far too
complicated to take rigorously into account all coupled
channels and it remains uncertain whether or not a "trun-
cated" coupled-channels approach is good enough as an
approximation. This also applies to the model presented
here. However, we show that already two effective decay
channels can give a good description of NX scattering.

THE MODEL

We will use separate pp and nn channels. In this way
we can take the Coulomb interaction and the np mass
difference exactly into account.
As diagonal potential in these XX channels we use the

G-parity-transformed Nijmegen-model-D potential, to
which we added a phenomenological shorter-range poten-
tial. This Nijmegen-model-D potential is a hard-core
baryon-baryon potential, which gives a good fit to the
nucleon-nucleon as well as the hyperon-nucleon data. Be-
cause of this hard core we must modify the model-D po-
tential in the inner region. We decided to apply a linear
cutoff to the model-D NN potential, such that

V„„,(r)=—VD(r, ) for 0&r &r,
lc

=VD(r) for r, &r .

Here VD is the 6-parity-transformed Nijmegen-model-D
potential and r, is a cutoff radius of the order of the dif-
ferent hard-core radii used in the BB potentials. Our
choice was r, =0.63 fm. The exchanged mesons with
their respective G parity are m. (—), g (+), g' (+),
p(+), ~(—), P(—), e(+).
Next to this model-D potential V„„, we introduce a

phenomenological potential of the form

Vph( ) VC+ Vss~ 1 ~2+ VT 12m

with

+ VsoL.S Vws(r)
e 7 d~

J

1Vws(r) = 1+exp(m, r)

(2)

(3)

V~' '(r)= V(i, I) 1+exp(m, r) (4)

In order to minimize the number of parameters we use the
same parameters V(i, I) for all NN partial waves (L,S,J)
and the same range parameter m, for all annihilation po-

As in the case of the linear cutoff applied to VD (1), here
too the choice for the tensor potential was motivated by
the requirement that the tensor potential should be zero at
the origin.
We have introduced in V~h for each isospin four pa-

rameters Vc, Vss, Vz, and Vso, which are fitted to the
data. The Woods-Saxon form Vws(r) for the phenomeno-
logical potential turned out to be preferred above rapidly
falling potentials. The range is determined by the mass
m„which we choose the same for isospin I=O and I=1.
The diagonal %X potential is thus parametrized by nine
real parameters.
The XX system is coupled to effective two-particle an-

nihilation channels. The effective particles in the annihi-
lation channel (i,I) are taken to have equal mass M; and
spin zero. The orbital angular momentum l in these ef-
fective two-particle channels we take therefore to be l =J.
For reasons of simplicity we do not assume any interac-
tion between these effective particles in the annihilation
channels. For each isospin I only two of these effective
annihilation channels are introduced, so i =1 and 2. The
threshold values of these two channels are not very criti-
cal, as long as one is low and the other high, but still
below the pp threshold. We have chosen these thresholds
at Ep' ——2MI ——1700 MeV and Ez-' ——2M2 ——420 MeV
(—3m ). It would, physically, not be reasonable if only
very specific values of Ez-" and Ez-' would allow a fit to
the data, since the two annihilation channels have to
represent in some average way the very many channels
that are actually present. More channels can be included,
but while introducing more free parameters, they give no
essential improvement of the fit.
The spin-singlet and spin-triplet SN channels with

L =J are each coupled to four annihilation channels (i,I).
For these L =J waves this leads to a 6-coupled-channels
problem. These channels are pp, nn, and (i,I) with i = 1,2
and I=0,1. The spin-triplet XX channels with L =J+1
are for each L coupled to four effective annihilation chan-
nels. This gives then a 12-coupled-channels system with
the channels pp (L =J—1), pp (L =J+ 1), nn
(L =J—1), nn (L =J+ 1), and (i,I L) with i=1,2,
I=0,1, and L =J+1.
The off-diagonal annihilation potential, which couples

the NN channels with the effective annihilation channels,
is parametrized as
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Background: There is a renewed experimental interest in antiproton-proton scattering with an intense, possibly
polarized antiproton beam. On the theoretical side, significant progress has been made in the understanding of
the nuclear force from chiral effective field theory.
Purpose: We provide a high-quality model-independent description of the available low-energy antiproton-proton
scattering data.
Method: We perform a new energy-dependent partial-wave analysis of all antiproton-proton elastic (pp →
pp) and charge-exchange (pp → nn) scattering data below 925 MeV/c antiproton laboratory momentum.
The Schrödinger equation is solved for the coupled pp and nn channels. The relevant long-range parts of
the electromagnetic and the one- and two-pion exchange interactions are included exactly. The short-range
interactions, including the coupling to the mesonic annihilation channels, are parametrized by a complex boundary
condition at a radius of r = 1.2 fm.
Results: The updated database, which includes significantly more high-quality charge-exchange data, contains
3749 scattering data. The fit gives χ 2

min/Ndf = 1.048, where Ndf = 3578 is the number of degrees of freedom.
We discuss the description of the experimental data and we present the antiproton-proton phase-shift parameters.
Conclusions: Chiral effective field theory provides an excellent long-range antinucleon-nucleon interaction. The
results of the PWA should serve as the starting point for future theoretical and experimental investigations of
low-energy antiproton-proton scattering.

DOI: 10.1103/PhysRevC.86.044003 PACS number(s): 13.75.Cs, 11.80.Et, 12.39.Fe, 21.30.Cb

I. INTRODUCTION

The antinucleon-nucleon (NN ) interaction at low energies
is of fundamental interest, but progress towards understanding
it has always been hindered by the lack of scattering data.
Major steps forward were taken at the Low Energy Antiproton
Ring (LEAR) at CERN in the 1980s and the early 1990s.
For the first time, good-quality data became available for the
total cross section and the total annihilation cross section
as functions of antiproton laboratory momentum (plab) for
the analyzing power in antiproton-proton elastic scattering
(pp → pp) and for the differential cross section and analyzing
power in charge-exchange scattering (pp → nn) at antiproton
momenta above about 200 MeV/c. Unfortunately, LEAR was
closed in 1996 and pp scattering experiments came to a halt.
However, the enormous physics potential of a low-energy
antiproton beam is clear, especially when it can be polarized,
and in recent years the interest to investigate pp scattering has
been revived, for instance, by the collaboration for Polarized
Antiproton eXperiments (PAX) [1].

The dominant feature of antiproton-proton scattering at low
energy is the annihilation into mesons, a complex multiparticle
process that is difficult to model. In pre-LEAR days, some
qualitative understanding was obtained by using simplified
prescriptions, such as a simple absorptive boundary condition
[2– 4] or a state-independent two- or three-parameter optical
potential [5– 12]. These models could describe the integrated
total, annihilation, and charge-exchange cross sections, but
not the differential observables. Motivated by the experiments
at LEAR, more sophisticated NN models were developed
to attempt a more quantitative fit to the data. Examples are
the Paris optical-potential model [13– 18] and the Nijmegen
[19,20] and Pittsburgh [21] coupled-channels models.

In Refs. [22– 24] an energy-dependent partial-wave analysis
(PWA) of all pp scattering data below plab = 925 MeV/c was
developed, to arrive at a model-independent description of the
NN interaction. The method of analysis was adapted from the
Nijmegen PWAs of the pp and np scattering data [25– 29].
These PWAs exploit as much as possible our knowledge about
the interaction in the description of the energy dependence of
the scattering amplitudes. The long-range interactions, which
are responsible for the rapid energy variations of the ampli-
tudes, are included exactly in the Schrödinger equation, while
the slow energy variations due to the essentially unknown
short-range interactions are parametrized phenomenologically
by a state- and energy-dependent boundary condition at
some radius r = b . In this way, an economic and model-
independent high-quality description of the scattering database
is possible. In the NN case [22– 24], one assumes that the
long-range potential is given by the charge-conjugated version
of a corresponding nucleon-nucleon (NN ) potential, and, by
implementing a complex boundary condition, one bypasses
with this strategy as well our lack of knowledge of the
short-range annihilation dynamics.

There are two important reasons to update the pp PWA of
Ref. [23]. The first and perhaps main motivation is the renewed
experimental interest in NN scattering. The second reason is
theoretical and is motivated by the progress reached in the last
two decades in the understanding of the NN interaction within
the framework of chiral effective field theory. In particular, the
pp and np PWAs have been updated by including, next to the
electromagnetic and the one-pion exchange (OPE) potential,
the long-range parts of the chiral two-pion exchange (TPE)
potential [28,29], instead of the heavy-boson exchanges of
the Nijmegen potential [30,31], thereby improving even more

044003-10556-2813/2012/86(4)/044003(28) ©2012 American Physical Society
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Background: There is a renewed experimental interest in antiproton-proton scattering with an intense, possibly
polarized antiproton beam. On the theoretical side, significant progress has been made in the understanding of
the nuclear force from chiral effective field theory.
Purpose: We provide a high-quality model-independent description of the available low-energy antiproton-proton
scattering data.
Method: We perform a new energy-dependent partial-wave analysis of all antiproton-proton elastic (pp →
pp) and charge-exchange (pp → nn) scattering data below 925 MeV/c antiproton laboratory momentum.
The Schrödinger equation is solved for the coupled pp and nn channels. The relevant long-range parts of
the electromagnetic and the one- and two-pion exchange interactions are included exactly. The short-range
interactions, including the coupling to the mesonic annihilation channels, are parametrized by a complex boundary
condition at a radius of r = 1.2 fm.
Results: The updated database, which includes significantly more high-quality charge-exchange data, contains
3749 scattering data. The fit gives χ 2

min/Ndf = 1.048, where Ndf = 3578 is the number of degrees of freedom.
We discuss the description of the experimental data and we present the antiproton-proton phase-shift parameters.
Conclusions: Chiral effective field theory provides an excellent long-range antinucleon-nucleon interaction. The
results of the PWA should serve as the starting point for future theoretical and experimental investigations of
low-energy antiproton-proton scattering.
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I. INTRODUCTION

The antinucleon-nucleon (NN ) interaction at low energies
is of fundamental interest, but progress towards understanding
it has always been hindered by the lack of scattering data.
Major steps forward were taken at the Low Energy Antiproton
Ring (LEAR) at CERN in the 1980s and the early 1990s.
For the first time, good-quality data became available for the
total cross section and the total annihilation cross section
as functions of antiproton laboratory momentum (plab) for
the analyzing power in antiproton-proton elastic scattering
(pp → pp) and for the differential cross section and analyzing
power in charge-exchange scattering (pp → nn) at antiproton
momenta above about 200 MeV/c. Unfortunately, LEAR was
closed in 1996 and pp scattering experiments came to a halt.
However, the enormous physics potential of a low-energy
antiproton beam is clear, especially when it can be polarized,
and in recent years the interest to investigate pp scattering has
been revived, for instance, by the collaboration for Polarized
Antiproton eXperiments (PAX) [1].

The dominant feature of antiproton-proton scattering at low
energy is the annihilation into mesons, a complex multiparticle
process that is difficult to model. In pre-LEAR days, some
qualitative understanding was obtained by using simplified
prescriptions, such as a simple absorptive boundary condition
[2– 4] or a state-independent two- or three-parameter optical
potential [5– 12]. These models could describe the integrated
total, annihilation, and charge-exchange cross sections, but
not the differential observables. Motivated by the experiments
at LEAR, more sophisticated NN models were developed
to attempt a more quantitative fit to the data. Examples are
the Paris optical-potential model [13– 18] and the Nijmegen
[19,20] and Pittsburgh [21] coupled-channels models.

In Refs. [22– 24] an energy-dependent partial-wave analysis
(PWA) of all pp scattering data below plab = 925 MeV/c was
developed, to arrive at a model-independent description of the
NN interaction. The method of analysis was adapted from the
Nijmegen PWAs of the pp and np scattering data [25– 29].
These PWAs exploit as much as possible our knowledge about
the interaction in the description of the energy dependence of
the scattering amplitudes. The long-range interactions, which
are responsible for the rapid energy variations of the ampli-
tudes, are included exactly in the Schrödinger equation, while
the slow energy variations due to the essentially unknown
short-range interactions are parametrized phenomenologically
by a state- and energy-dependent boundary condition at
some radius r = b . In this way, an economic and model-
independent high-quality description of the scattering database
is possible. In the NN case [22– 24], one assumes that the
long-range potential is given by the charge-conjugated version
of a corresponding nucleon-nucleon (NN ) potential, and, by
implementing a complex boundary condition, one bypasses
with this strategy as well our lack of knowledge of the
short-range annihilation dynamics.

There are two important reasons to update the pp PWA of
Ref. [23]. The first and perhaps main motivation is the renewed
experimental interest in NN scattering. The second reason is
theoretical and is motivated by the progress reached in the last
two decades in the understanding of the NN interaction within
the framework of chiral effective field theory. In particular, the
pp and np PWAs have been updated by including, next to the
electromagnetic and the one-pion exchange (OPE) potential,
the long-range parts of the chiral two-pion exchange (TPE)
potential [28,29], instead of the heavy-boson exchanges of
the Nijmegen potential [30,31], thereby improving even more
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FIG. 5. (Color online) Differential cross sections and analyzing powers for elastic scattering as functions of angle in the center-of-mass
system. The PWA result is given by the red line and the dotted blue lines indicate the 1σ uncertainty region. The fit has for Sakamoto et al. [59]
χ 2

min = 39.2 for 38 points dσ/d#; for Kunne et al. [70,71] χ 2
min = 25.1 for 26 points Ay; for Eisenhandler et al. [81] χ 2

min = 94.5 for 88 points
dσ/d#; for Bertini et al. [83] χ 2

min = 20.8 for 32 points Ay.

IV. THE LONG-RANGE ANTINUCLEON-NUCLEON
POTENTIAL

The potential tail for r > b includes the electromagnetic
and the strong (nuclear) interaction VN , where the electromag-
netic interaction is the one-photon exchange potential, that is,
the Coulomb potential and the magnetic-moment interaction
[32],

V = VC + VMM + VN. (16)

In contrast to the NN PWAs, we do not include the vacuum-
polarization potential, because its effects are negligible, except
for very low energies [25], where there are no pp scattering
data available. Two-photon exchange effects [36] are not taken
into account either.

The Coulomb potential acts only in the pp channel and is
given by the expression

VC(r) = −α′

r
, (17)

where α′ takes care of the main relativistic corrections to the
Coulomb potential. It is defined by the relativistic Coulomb

factor η = α′Mp/(2p). The magnetic-moment potential in the
pp channel is given by

VMM (r) =
µ2

p

4M2
p

α

r3
S12 + 8µp − 2

4M2
p

α

r3
L · S, (18)

where µp = 1 + κp = 2.793, with κp the anomalous
magnetic moment of the proton; the tensor operator
S12 = 3 σ 1 · r̂ σ 2 · r̂ − σ 1 · σ 2, with σ 1 and σ 2 the spin
operators of the two nucleons, L is the angular momentum
vector, and S = (σ 1 + σ 2)/2 the total spin. The spin-orbit
potential is due to the interaction of the magnetic moment of
one particle with the charge of the other particle and includes a
relativistic correction from the Thomas precession. The tensor
force is due to the interaction between the magnetic moments
of the two particles. The magnetic-moment interaction in the
nn channel contains only the tensor-force part of Eq. (18)
with µn = κn = −1.913 and Mn.

The nuclear potential VN contains the OPE and TPE
potentials for NN scattering. Because the strong interaction
is invariant under charge conjugation C, the NN potential
can be obtained from the NN potential by using the operator
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• Energy-dependent partial-wave analysis 
of all antiproton-proton elastic (pp → pp) 
and charge-exchange (pp → nn) 
scattering data below 925 MeV/c 
antiproton laboratory momentum.  

• The relevant long-range parts of the 
electromagnetic and the one- and two-
pion exchange interactions are included 
exactly, where the short-range 
interactions, including the coupling to the 
mesonic annihilation channels, are 
parametrized by a complex boundary 
condition at a radius of r = 1.2 fm.  

• They concluded that chiral effective field 
theory provides an excellent long-range 
antinucleon-nucleon interaction.



P-NUCLEUS OPTICAL POTENTIALS FROM CHIRAL FORCES PHYSICS AND ASTRONOMY DPT. - UNIVERSITY OF BOLOGNA

 40NN potentials from ChPT

J
H
E
P
0
7
(
2
0
1
7
)
0
7
8

LO

Q0

NLO

Q2

N2LO

Q3

N3LO

Q4

Figure 1. Relevant diagrams up-to-and-including N3LO. Solid and dashed lines denote antinu-
cleons/nucleons and pions, respectively. The square and diamond symbolize contact vertices with
two and four derivatives, respectively. The dots denote a leading πN vertex, while the filled circle
and the ring symbolize subleading and sub-subleading πN vertices, respectively. Q denotes a small
parameter (external momentum and/or pion mass). From the iterated diagrams at NLO and N3LO,
only the irreducible contribution is part of the potential.

structure of the N̄N interaction is practically identical to the one for NN scattering, the

potential given in ref. [38] can be adapted straightforwardly for the N̄N case. However,

for the ease of the reader and also for defining our potential uniquely we summarize the

essential features below and we also provide explicit expressions in appendix A.

2.1 Pion-exchange contributions

The one-pion exchange potential is given by

V1π(q) =

(
gA
2Fπ

)2 (
1− p2 + p′2

2m2

)
τ 1 · τ 2

σ1 · qσ2 · q
q2 +M2

π
, (2.1)

where q = p′−p is the transferred momentum defined in terms of the final (p′) and initial

(p) center-of-mass momenta of the baryons (nucleon or antinucleon). Mπ and m denote

the pion and antinucleon/nucleon mass, respectively. In our initial study [42] relativistic
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• Chiral EFT relies heavily on the 
approximate spontaneously broken chiral 
symmetry of QCD.  

• This symmetry/symmetry-breaking pattern 
of QCD strongly constrains the interaction 
of pions which play the role of the 
corresponding Goldstone bosons.  

• It also implies that pion- and pion-nucleon 
low-energy observables at external 
momenta Q∼Mπ can be computed in a 
systematic way via a perturbative 
expansion in powers of Q/Λχ

see Haidenbauer’s talk tomorrow
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structure of the N̄N interaction is practically identical to the one for NN scattering, the

potential given in ref. [38] can be adapted straightforwardly for the N̄N case. However,

for the ease of the reader and also for defining our potential uniquely we summarize the

essential features below and we also provide explicit expressions in appendix A.
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commonly accepted procedure is the introduction of a cutoff into the Lippmann-Schwinger

equation or (equivalently) to the potential, cf. above. The controversial issue is, however,

how one should then proceed in detail in order to achieve the desired cutoff independence

of the results see, e.g. [63–67]. In the present work, we refrain from touching this certainly

important question. Rather we focus on the practical aspects and we follow strictly the

procedure adopted by Epelbaum et al. [38] described above. As already outlined there, in

this case the cutoff parameter Λ that appears in the regulator is typically in the order of

Λ ≈ 500MeV. It is kept finite in the calculation. (Approximate) Cutoff independence is

achieved by going to higher orders in the perturbative expansion of the potential where the

sucessively arising contact terms allow one to absorb/remove the cutoff dependence more

and more efficiently.

3 Fitting procedure and estimation of the theoretical uncertainty

An important objective of the work of ref. [38] consisted in a careful analysis of the cutoff

dependence and in providing an estimation of the theoretical uncertainty. The reasoning

for making specific assumptions, and adopting and following specific procedures in order

to achieve that aim has been explained and thoroughly discussed in that paper and we

do not repeat this here in detail. However, we want to emphasize that whatever has been

said there for NN scattering is equally valid for the N̄N system. It is a consequence

of the fact that the general structure of the long-range part of the two interactions is

identical — though the actual potential strengths in the individual partial waves certainly

differ. Accordingly, the non-local exponential regulator employed in [37, 43] but also in

our N2LO study of N̄N scattering [42] will be replaced here by the new regularization

scheme described in section 3 of [38] in the evaluation of the one- and two-pion exchange

contributions. This scheme relies on a regulator that is defined in coordinate space and,

therefore, is local by construction. As demonstrated in that reference, the use of a local

regulator for the long-range part of the chiral interaction is superior at higher energies and,

moreover, produces a much smaller amount of artefacts over the whole considered energy

range. The contact interactions are non-local anyway, cf. eqs. (2.2)–(2.15). In this case we

use again the standard nonlocal regulator of Gaussian type. The explict form of the cutoff

functions employed in the present study is given by

f(r) =

[
1− exp

(
− r2

R2

)]n
, f(p′, p) = exp

(
−p′m + pm

Λm

)
. (3.1)

For the cutoffs we orientate ourselves by the range considered in ref. [38], i.e by

R = 0.8 fm to R = 1.2 fm. The cutoff in momentum-space applied to the contact in-

teractions is fixed by the relation Λ = 2R−1 so that the corresponding range is then

Λ ≃ 500, . . . , 300MeV. Following [38], the exponent in the coordinate-space cutoff func-

tion is chosen to be n = 6, the one for the contact terms in momentum space to be m = 2.
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Figure 2. Real and imaginary parts of various N̄N phase shifts at N3LO for cutoffs R = 0.7–1.2 fm.
The filled circles represent the solution of the p̄p PWA [32].
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Benchmarks 
nucleon-nucleus elastic scattering
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EKM = Epelbaum, Krebs, Meissner (N4LO) 
EMN = Entem, Machleidt, Nosyk (N4LO)
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Figure 7.1.: Di�erential cross section for 58Ni(p,p) measured in this experiment
(green) compared to a measurement by Sakaguchi et al. (black ) [10].

Cross section for p-58Ni scattering
A recent measurement of the differential cross section for elastic proton scatter-

ing on 58Ni in normal kinematics was published by Sakaguchi et al. in [10]. The
measurement was performed at the Research Center for Nuclear Physics (RCNP)
in Osaka, Japan. A 400 MeV proton beam impinged on a solid 58Ni target and
the scattered protons were detected with the Grand Raiden spectrometer. In the
58Ni experiment of this work, the equivalent proton energy for normal kinematics
would be 403 MeV which allows a direct comparison of the cross sections measured
in both experiments. In figure 7.1 the cross section for 58Ni with 1 mm slit is com-
pared to a subset of the data from [10]. In order to estimate the difference between
both cross sections better, the ratio between the two is evaluated in figure 7.2. For
this, it was necessary to interpolate linearly between the data points of this work’s
cross sections. Besides an offset factor of about 0.65 (1 mm slit aperture) and
0.71 (without slit aperture), the cross sections measured in this experiment are in

127

Nuclear matter
distribution of 56Ni
measured with EXL
Kerndichteverteilung von 56Ni gemessen mit EXL
Vom Fachbereich Physik der Technischen Universität Darmstadt zur Erlangung
des Grades eines Doktors der Naturwissenschaften (Dr. rer. nat.)
genehmigte Dissertation von Mirko von Schmid M.Sc. aus Fulda
2015 — Darmstadt — D 17

Fachbereich Physik
Institut für Kernphysik
AG Kröll

Phys. Rev. C 98 (2018) 064602
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Results 
elastic antiproton scattering off light nuclei 
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 54Light nuclei with DFT densities
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 55Heavier nuclei (only DFT)
preliminary
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Conclusions

Remarks

• For the first time, a full microscopic description of elastic antiproton 
scattering off light nuclei 

• In-medium contributions and many-body forces appear to be rather 
small

• Spin observables still to be fully calculated but they look like under 
control 

• To describe low-energy observables, the impulse approximation has to 
improved 

• Annihilation processes in the near future


