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From Quarks and Gluons to Nuclear Forces and Structure




Nuclear lattice effective field theory
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Exact equivalence of lattice formulations

We show the exact equivalence between the lattice path integrals and
transfer matrix operators.

Grassmann path integral Transfer matrix

exp[—S(c*, c)] - M

We discuss the case of fermionic particles, however the case for
bosonic particles is also handled by giving the fermions fictitious
labels to make them distinguishable and then symmetrizing over the
fictitious labels.

For simplicity we discuss the example of two-component fermions on
the lattice with contact interactions



Grassmann path integral

The path integral formulation is perhaps the most general framework
for quantum fields. This is the formalism which extends rigorously to

gauge fields. Convenient for the simple derivation of exact
conservation laws, Noether currents, and Feynman diagram rules.

Let us consider anticommuting Grassmann fields for two-component
fermions on a spacetime lattice

cr (1, ), ¢y (11, ne), (11, e ), € (77, e )
The Grassmann fields are periodic in the spatial directions

Cz(ﬁ+ Liant) — Cz(ﬁ—l— Léant> — Cz<ﬁ+ Lgant) — Ci(ﬁ7 nt)
ci(i 4 L1,ny) = ¢ (A + L2,n;) = ¢ (7 + L3,ny) = ¢ (1, ny)



and antiperiodic in the temporal direction

Ci(ﬁa ng + Lt) — —C; (ﬁa nt)

cr(n,ng + Ly) = —ci (11, nyg)

Why antiperiodic? Answer to this question will be an exercise. We use
the standard definition for the Grassmann integration

[ dei(fi,ng) = [ dei (i, ne) =0,

[ de; (T, ne)e; (M, ne) = [ det (i, ne) e (7, ny) = 1

(no sum on 1)

We note the equivalence of integration and differentiation with respect
to a Grassmann variable

[dei(ing) = 5y S dei(ne) = gy



We use the following shorthand notation for the full integration measure over

all Grassmann variables

DeDe* =115, .4 dei(,ne)de; (1, ny)

Define the local Grassmann spin densities

and the total Grassmann density

C

pc*,c(,ﬁ’ 'n't) — pfr*((ﬁﬂ nt) _|_ pi* (ﬁ '7l-t_,>

Define the lattice kinetic energy “hopping” coefficients

wo, Wy, W2, W3, ** -



These are defined to give a quadratic kinetic energy as function of
momentum

wo — W1 COS g + w2 o8 2q — w3 cos3q + -+ = L [1+ O(g7"1?)]
We can take different order of lattice improvement for the kinetic energy

O(CLO) : w():l, wlzl, CUQ:O, CU3:O
2 . _ 5 _ 4 _ 1 _
O(®):wy=19%, wi=3, wr=r75, w3=0
3
2

Oa*): wog =%, wi =

49 1
367

Wo =

In our simulations of nucleons, we typically use fourth-order improvement
for the kinetic energy, but for illustrative simplicity we continue the
discussion with the simplest case,

O(CLO)ZWOZ]., (,Ul:l, WQ:O, W3:0
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We use lattice units where everything is divided or multiplied by powers
of the spatial lattice spacing to make it dimensionless. We also define
the ratio of temporal to spatial lattice spacings

ap = ag/a

The free nonrelativistic particle lattice action in its simplest form is

X

2m

Sfree(C*a C) —

Zﬁ,nt ) 21:1,2,3

Sk C)(,

Z'fi,?’z‘.t,i C;‘ (,_[‘ n"t) [(?(,_i" ng + 1) o C,(ﬁ, 'Tl.t)]

ci (1, ne) [C,;(ﬁ +1, ne) — 2¢; (1, ng) + ¢ (1 — [, 'n..t)]

— c* 9%¢;

1 ('?;:I:;?

12



With a contact interaction between the two components, the lattice
action is

S(c*,¢) = Spee(c™ ) + Cay Y py " (1,me) p) (77, m4).

We are interested in the path integral of the exponential of the action

Z = j DeDce* exp [—S (¢*, ¢)]
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Second quantization and the transfer matrix

Consider now fermion annihilation and creation operators. For the
moment we consider just one operator each

{a,a} = {aT,aT} =0
{a,aT} =1

For any function of the annihilation and creation operators
f (a',a)

we note that the quantum-mechanical trace of the normal-ordered
product satisfies the following identity relating it to a Grassmann integral

Tr|: f (a',a):] = [dede*e® ¢ f(c*, c)
Creutz, Found. Phys. 30 (2000) 487
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The pedestrian proof consists of testing all four linearly independent
functions of the annihilation and creation operators

fla®,a) = { 1,a,al, aTa.}

Tr[:f (a',a):] = [dede*e® ¢ f(c*, )

Tr [Z f ((LT, (1..) : ] j dCdC*GQC*(‘:f(C*’ C.?)
1 2 = [dedc*(1 4 2¢*c) f(c*, ¢)
a |0 = () (5%) (L +2c ) f(c", )
a' 0
a'a | 1 1 5
& 0
c* 0
cfe | 1
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Let us rewrite the identity in a fancy form that starts to resemble the
lattice Grassmann path integral

Tr|:f(a',a):] = [ de(0)dc* (0)ec” (D@ =cI £ [¢*(0), ¢(0)]
c(1) = —¢(0)

This identity can be generalized to any sequential product of normal-ordered
functions of the annihilation and creation operators.

Tr{: fr,—1(a%,a):- -+ fo(a,a): }
= [ DeDc* exp {Zi’:;é 7. € () [e(ng) — e(ne + 1)]}
Xfr,—1[c"(Ly —1),¢(Ly — 1)] -+ fo [¢*(0), ¢(0)]

c¢(Ly) = —c(0)
DeDce* = de(Ly — 1)de*(Ly — 1) - - - de(0)de* (0)
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Let us prove this result. Let the state with no fermion be written as
0)
and the state with one fermion be written as
1) = a'|0)

Then the set of matrix elements for all possible functions are listed as
follows:

(il : f(at,a) < |j) = fiy

1 0i.j

a 0;,004,1
a' | 8;10;0
a'a 03,1051
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Notice that we get exactly the same matrix elements with the following
Grassmann variable operations:

(o) e e (e c) (2) = fi
c=c*=0()
1 0;
C (5;,'4g05j31
c* (57;,15;]"0
c*c (5‘-1',,1(5]',1

Let us define
fle*,e) = e “f(c*, c)

We now have the following trace formula:

c=c*=(

We can also connect this trace formula with a Grassmann path integral:

18



—

Yicon fii = Licon (a2) Fler ) (£)
| c=c*=0
= [ dede* (1 + C*C)JZ(C*v c)
= [ dedc* e f(c*, ¢)

We also note the following matrix product contraction formula:

— $

S o Fofie = im0 (3%) P, ) () () Fler o) (L)

= e of 5 ()

We connect this matrix product contraction formula with a Grassmann
path integral. We first note that

A

Yo () (5% ) (52 )5.
= (=1) [dc'de* f'(c* )(1—66)f( c)
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And therefore we get

N «
Z f/ ]l _ (—l) ( 0 )’ J Z'/ lo* ;1 odx 1 — ¢ IN £ % N[O k
—>{ A <

_ (_l) (():%)1 ] d(;’(l(:*f,((i,*: C/)e—(:*(g’f((:*’ (_f) (%)A

c=c'* =0

Putting everything together we can get an expression for the trace of a
product of several matrices

Zi()....,im1:(),1[](.[4'1‘1]7?(17?[4,—1 [f[ar=2]‘ir‘,—1'ilz,—2 o [f()]'ilin

in terms of Grassmann integrals involving functions

Jr,—1(c"(Ly —1),¢e(Ly — 1)), fr,—2(c"(Ly — 2),¢(Ly — 2)), -+ fo(c™(0),¢(0))

These functions can involve coefficients that are also Grassmann variables.

We will assume that every term has an even number of Grassmann
variables.



D igrensin, —1=0,1 LS Le—1livie, -1 [fLi—2)in, —viz,—o - [folivio =

= [de(0)de* (Ly — 1)ec (Le=1)e(0)
'6("*(Lt—1)("(Lt_1)th_1(C*(Lt o 1),(3(Lt L 1))
(=1)de(Ly — 1)de* (L, — 2)e—c Li=De(Li=1)

(=1)de(1)dc* (0)e=c (0)eD)
6,c"‘(O)c(())fo((* (O).. ((0))

(contraction and
antiperiodic boundary)

(matrix element)

(contraction)

(contraction)

(matrix element)

We now collect the integral measure terms and can reorder as

de(0)de*(Ly — 1)(=1)de(Ly — 1)dce*(Ly — 2) -+ - (—1)de(1)dce*(0)
= de(Ly — 1)dc*(Ly — 1) - - - de(0)dce* (0)
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We conclude that

Tr {: fr,—1(a’,a):---: fo(al, a): }
=D ioyiz, 1=0,1/Le—1lioi, 1 [fLe—2lir, —vir, o -+ [folirio
= [ DeDerexp { 25 Yy () [e(me) — e(ny + 1)) |
X fro—1[c*(Ly — 1), ¢(Le = 1)] -+ fo [¢*(0), ¢(0)]
c¢(Lt) = —¢(0)

An exactly analogous proof can be applied to the case with more fermionic
degrees of freedom. For any number of fermion annihilation and creation
operators residing on the spatial lattice sites, we have
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Tr {; fr. [aj, ("), a...,;(ﬁ:)] e fo [a‘f(ﬁ) a,,i(-ﬁ:)] ; }
— [ DeDe* exp{zf;;;g i CE( ) e (7, mg) — e, my + 1)]}

Xth.—l [C;'k’ (T—i,a Lt _ 1)% (,(ﬁ, Lt - 1)] T fO [C;{' (’—i, O)« C;(ﬁ~ 0)]

with antiperiodic time boundary conditions

¢i(n, Lt) = —c¢;(n, 0)
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We now define the free nonrelativistic lattice Hamiltonian in its simplest

form

Hivee = =54 St Yicr o afad (7) | @i + 1) — 2a5(7) + ai(7 —

So now the same Grassmann path integral we had defined before

Z = j DeDce* exp [—S(c*, ¢)]
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can be rewritten in terms of the quantum-mechanical trace of the
product of normal-ordered transfer matrices

Z =Tr (M)

M =:exp | —Hpeeorr — Cay ) - p1(7)p (7)) :

This demonstrates the exact equivalence of the two lattice formulations
for any spatial and temporal lattice spacings.

Grassmann path integral Transfer matrix
exp[—S(c*, c)] - M




Homework for July 25

1. Prove this step from Lecture 17, Page 19:

—_—

Z~z::0,1 Jis = Zi:O,l (o(T))yf((’*c)(d(_)c)]
= [dedc*(1 4+ c¢*c) fle*,e)

c=c*=0
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Homework for July 25

2. Prove this step from Lecture 17, Page 19:

ijo,l .f'(c'*ad)(a(zf)"](ai*) -

= (1) 2 —01 | dcde* f'(¢*, ) (1 — e*¢)

7

(

c*

, C)
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Homework for July 25

3. Show what equivalent expression we get in the transfer matrix

operator formalism if we take periodic boundary conditions in time:

c(Ly) = 4¢(0)

| DeDe* exp {Zfi:;é 7.1 C () [e(ng) — e(ng + 1)]}
Xfr,—1[c*(Ly — 1),¢(Ly — 1)] -+ fo [¢*(0),¢(0)] =7
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Homework for July 26

Write a code that expresses as a matrix, the lattice Hamiltonian for one
free non-relativistic particle:

Hivee = — 52 30 S 05 al () |a(ii + 1) — 2a(7) + a(ii — i‘)]

Find the energy spectrum of this matrix for a cubic periodic box of
length 8 lattice units and mass m equal to 1 in lattice units.

Derive analytic expressions for these energies, and check that the first
33 energies agree with the analytic expressions for these energies.
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