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Discretization effects

To improve discretization effects we can add irrelevant 
operators changing discretization effects but not the 

continuum limit
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Systematic? YES! Symanzik improvement



Symanzik improvement
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Energy spectrum

Matrix elements

Close to the continuum limit
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Symanzik improvement
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contain the fundamental fields,  
derivatives, quark masses

Classify and reduce



Symanzik improvement
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Clover fermions
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X
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i
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�
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Symanzik improvement

hO(x)O(y)i = 1

Z

Z
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⇥
U, , 
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Transform under the  
lattice symmetries as O(x)  

hO(x)O(y)ilatt
e↵ective�����!
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Symanzik improvement

Aa
µ(x) =  (x)�µ�5

�a

2
 (x)
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redundant

Axial current  
normalization

⇥
Aa

µ(x)
⇤
= Aa

µ(x) + cA(g0)a
1

2

�
@µ + @⇤µ

�
 (x)�5
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2
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Wilson fermions Platt = PQCD + aP1 + . . .

Platt = PQCD + a2P2 + . . .

J. Kogut, L. Susskind: 1975

K. Symanzik: 1982-1983


B. Sheikholeslami, R. Wohlert:1985

D. Kaplan: 1992

Y. Shamir: 1993


Narayanan, Neuberger: 1993

M. Lüscher, S. Sint, R. Sommer, P. Weisz:1995

R. Frezzotti, P. Grassi, S. Sint., P. Weisz: 2001


A. S.: Phys.Rept. 461 (2008) 37-110

Non-perturbative clover-fermions

Wilson twisted mass fermions


Domain-wall fermions

Staggered fermions

Overlap fermions

Continuum limit
K. Wilson: 1974



Signal-to-noise
N

Proton

Variance ⇠
⌦
C C†↵� |hCi|2

N†

N

π

π

π

For a nucleus A Lepage

Signal ⇠ hCi / e�MP x0

noise ⇠
q
hC C†i / e�

3
2M⇡x0

noise

signal
/ e(MP� 3

2M⇡)x0

noise

signal
/ eA(MP� 3

2M⇡)x0



Renormalization
The difficult task is a->0 (Continuum limit)

�R = lim
a!0

Z�(a)�(a) mR = lim
a!0

Zm(a)m(a) gR = lim
a!0

Zg(a)g(a)

lim
x!y

�(x)�(y) = ???

Divergences amount to redefinitions of the parameters and fields in the action 

Short-distance singularities 

Symmetries of the regulated theory dictates the mixing pattern 

[Oi]R = lim
a!0

Zij(a)Oj(a)



Gradient flow Lüscher 2010-2013

Scale setting
Lüscher: 2010


BMW:2012

Energy-momentum tensor Continuous form of stout-smearing
Morningstar, Peardon: 2004Del Debbio, Patella, Rago:2013

@tfBµ(x, tf ) = D⌫(tf )G⌫µ(x, tf )
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Quasi-PDF

Narayanan, Neuberger:
2006 Lüscher, Weisz 2011



Gaussian damping at large momenta


Smoothing at short distance over a range 

Bµ(x, t) =

Z
d4y K(x� y; t)Aµ(y)

p
8t

Bµ(x, t) t > 0 finite

No additional renormalization
Lüscher, Weisz: 2013 

@tBµ = @⌫@⌫Bµ

K(x; t) =

Z
d4p

(2⇡)4
eipxe�tp2

=
e�x2/4t

(4⇡t)2



Steepest descent

D⌫,tG⌫µ,t ⇠
�S

�Bµ,t

�x

�t
= ��S

�x
) x1 = x0 ��t

�S

�x

����
0

S(x1) = S(x0)��t

✓
�S

�x

����
0

◆2



S[A] � 8⇡2

g20
|Q[A]|

q(x, tf ) =
1

32⇡2
✏µ⌫⇢�tr {Gµ⌫(x, tf )G⇢�(x, tf )}
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LatViz

Pederiva, Vege: 2018 



From lecture 1



Quarks and glue

mu ' 2� 3 MeV

md ' 4� 5 MeV

lim
mu,md!0

mP ' 900 MeV



“Be wise...discretise”

Discretise space time 

on finite lattice with 

spacing a and finite size L

Kac

L

a



Functional integral

D [�] =
Y

xµ

d�(x) =
Y

xµ

d�xµ xµ = anµ

AAAARRRRRGGGGHHHH!!!!!

Statistical approach => importance sampling

64⇥ 64⇥ 64⇥ 64 = 224

Z
dy1 dy2 · · · dy224

Not factorizable.         terms in the sumsn224

{�i} hOi =
1

Ncf

NcfX

i=1

O [�i] +O(
1

p
Ncf

)



Lattice QCD 

Large computing resources needed to generate

representative ensembles and compute observables 

hOi =
1

Z

Z
D
⇥
Aµ, , 

⇤
O
⇥
Aµ, , 

⇤
e�SF [Aµ, , ]�SG[Aµ]

SF =

Z
d4x  (x)DW [Aµ] (x)

hOi =
1

Z

Z
D [Aµ]O [Aµ] e�SG[Aµ] {det (DW [Aµ])}

Nf

Capability

Capacity

hOi = lim
Ncf!1

1

Ncf

X

gauge cf

O [Aµ]



Hadron masses

Create three 
quarks at source 
and annihilate 
three quarks at 
sink


Ensembles add 
virtual gluons and 
quark loops


Only correct 
quantum numbers 
propagate

Gluontime

C(t) =
X

n

Zn e�Enx0 �!
x0!1

Z0 e�E0x0

Effective mass



Shaw



Thank you!

Tonight pizza at 8pm. 
“Antico Pozzo”


