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General motivation for fu QFT

Any Lactic gauge theory study is performed in a finite

volume with a set of boundary conditions on the fields
.

An important question is then how Large the volume effects

are and how can one correct for them .

It turned out that

there one two district situations when it Comes to volume

effects in a lattice QCD calculation :

it volume effects are contaminating the values

of  observables and they must be either

identifiedand subtracted away analytically, or by

the use of an extrapolation to the infinite
volume limit with multiple calculations

performed numerically at a range of volumes .

This is often the case in the single -
hadron

sector or in special cases in multi - hadronobservablessuch as binding energies .

ii ) The infinite -
volume limit of observables is

of no use ! Here , in fact the volume dependence

of observables allow the determination of certain



dynamical quantities such as scattering and

transition amplitudes in the multi - hadron

sector . so understanding the FU QET is not

just for the sake of connecting small

connectionsin quantities of interest , but instead

to also enable otherwise cinpossibledeterminationsfrom lattice QCD .

As a result , it is important
to learn how GET behaves

in a finite volume with given Bcs , whether to enable

precise determination of hadronic quantities , or to eat -

end the range of applicability of LQ to multi -

hadron

Physics . This module contains three lectures to cover

this important aspect of QCD Studies in high - energy

and nuclear physics. The first lecture introduces features

of quantum electrodynamics CGED) in a Fu , and shows

how to mitigate a serene IR problem and how to

Computethe volume dependence of observables in the single -

hadron sector .  The following two lectures covers fu GCD

and moves an to the FV formalisms for few - bodyobservables.



In all subsequent lectures , I will be assuming a

continuumQFT .  The strategies an how to mitigate discretization

effects and how to take the continuum limit of  a law

QCD calculation are / will be covered in other lectures .

QED in a FV : formulation with PBG and associated

pathologies
Consider a cubic volume of spatial length L with periodic

boundary conditions Cp Bcs , an the fields ,
which is the

common
Bcs in lait ice calculations . It turned out that QED

enclosed in such a volume with such Bcs is quiteproblematic
. There are a few way to see this issue ,

all of

which sharingthe same origin :

is Gauss
'

law is incompatible with QED in a fu with

PBG . Charged particles can not he enclosed in such

a volume !

proof : This is not hard to see .

According to Gauss
'

Law : EG ) e 9
ECG

f. voteda =↳Iindie = EG
FT

b b

=  o with PBCS To
This incompahility arises from the photon aero mode

.



To see this consider QED action

saej-fdtfd3nflgfm.FM
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Classical equations of motion L Eam ) anise from
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Therefore Gauss
'

law anise from k - o term of the sum,
Corresponding to the zero mode of the photon . This must

not be
surprising . only with a force that is infinite

range ,
the

information
on the surface of a volume

far at

infinity
can result in the knowledge of

the eminence of a charge suiting at  origin , hence the

Guass '
Law .

ii. I Laplacian is hat invertible an a finite volume wish

PB Csi

proof : Consider the QED action this time in the Feynman

gauge
and without matter field .

In infinite volume
.

.

Scaffden

ft
Few F Mt tyrant )



= - t Idan ArimaAnca)

In momentum space , this becomes :

SCAN = tzfdfzh-ykzq.cn#kiT
where the Fourier modes At are defined as :

Ftfkn

fdke-iknnn.mu

,

sowe see that the photon propagator must be :

Dudu
- ok - 1225

'
sea - y , saw . fdgzkqasmqeik.ca

- H

should we worry
about k=o term above ? The answer

is no ! The hero mode constitutes a set of measure

hero , hence the integral above is finite .

Now Consider the fu counterpart of above .

with

periodic Bcs an an hypercube of spatial extent L

and temporal extent  T , the momentum modes one

discretized as : kµ=2KYI , nee Ed , and the Fourier

decomposition of Au becomes :

"

An 'm - I Aim
↳

i aimeEneieianksek
"

with

this
, the actin of the theory now is :



SCAM = Ife § WECANkN
M

And the propagator is : Dmca
- yi-faqeq.am-hzek.KZ?

Now this form is cleanly problematic . he  o term is

a singular term in the sum , causing the propagator
to become ill

- defined .

A deeper look into this problem reveals that

this issue is quite
similar to the issue of gauge

redundancy

in QED in infinite volume .
Thine again

the photon propagator was ill - defined and a

Fadaeeu - Popov gauge firing scenario removed

the undesired singularity . The question is what

is the gauge redundancy that
appears

to have

been re - appeared in the QED formulation in a

Fu with PBCS ? The answer lies in the
"

shift

symmetry of the action , the fact that :

Apia, → AYE Amm t
BI = Area)+3µm )

TL
3

leaves the action invariant . Nate that in Fourier Space :



AIM → AIK) +

ihnpck
, +

ZIYI
, n - in , 3

M y
ed' L mug , µ=  o

× Sh
, o

periodic part of gauge
with integer m

µ
. Note that this will ensure

that the transferred matter fields satisfy PBG :

Y lui →
eieanca,

Yul
Since : Ma ) = spent 2¥ I (Mj t  t mini ) i maimE- TL

Mami

Two comments ane in order : first shifttransformationis not a symmetry of the infinite - volume

theory as An fields must vanish at infinite

boundary , and second, becauseof the shift

symmetryof the Fu theory with PB Cs , there are infinite

number of identical field configurations that

are different by a constant shift , making the

Laplacian of the theory non - invertible .

so what we saw from these two diagnostics ,
the originof

the pathologies with the fu QED with PBCS is the photon

hero mode . Therefore , it is not hard to guess that
any



remedy must be modifying the aero made and its

contributions .
Here , me briefly mention four such remedies .

solutions
to zero mode problem :

QED
The

: AI9=07 =  o

Well
, the first solution is to remove the zero mode all

together from the dynamics .
This solution is a direct

outcome of performing a Fade er - popov gauge firing .

Exercise 't : By inserting the condition : fdbsff.dkAhead - I
A

into the path integral of QED in a Fu with PB Cs ,

show that the photon propagator becomes well defined,

and is given by : PIYA - y , =
she

'

asif Eh " - H
,

where I means the k= o turn of the sum is removed
.

Now consider the gauge fields coupled to fermions through

Sint - f din jum Anca )

obviously , this term is not invariant under Are A } , and

the treatment above breaks down unless we make a



modification to the current as well such that the new

interacting action is :

Sint
'

= folk Aim Ghai - ¥1 day 2%7

what does this mean ? Well , it just means that the

removal of the photon zero mode is accomplished by

introducing a uniform change density over the spacetime

volume . This also makes itdear why such a process

restore Gauss
'

Law . One introduces a change that Cancels

out the embedded charge in the volume , making every

thing consistent with PBG imposed!

what ane the issues with this ? obviously non - Locality !

If If Fray for example, equation above means that

Ay at a Lauples to fermions at all paint in the

spacetimevolume
.

White this non - Locality gees away

as Tea , ↳ a , the finite volume theory Lacks a

well defined " reflection - positive transfer matrix
"

which vitroduce subtleties , an example of which



we will mention when we consider fu corrections to

the mass of charged particles in this theory -

QED
The

: AI9=o) =  o

Alternatively , we can avoid non - Locality in time and

only remove the spatial zero made of the photon -

This means that we are only firing the shift

Symmetryassociated with :

AuntAtfleas =Areas tbh
This give rise to the same photon Propagator as in

QEDT, except now only Tito Fourier component is fired
.

Here , the interacting action is :

Sint
= Idea Aunty Mcm - ÷fd3yVcyD -

should we still worry about non - Locality in space ? Bath

Yes and not
. no because such non - Locality goes away

anyway as to , and yes because quantum corrections

can get affected by the IR physics the constant charge

density , and it will be difficult to decouple w and

IR physics , see for example the discussionsregarding



the careful construction of an effective field theory for
such a non -

Local theory in Ref . arXiv : 1810.05923 .

I

QEDc* : PBC , → C
't

BCS

Since the anigeoi of zero made problem is p Bcs , one

can came
up

with alternative Bcs that naturally dint

give rise to a zero mode for the photon . charge Can -

jugate Bcs are one example . All the fields here undergo

a charge conjugation at the boundary and the photon

field therefore obeys anti - periodic Bcs :

Apink ) = AtNM =-Afm

Exercise 2 : show that with the It Bcs , the photons

will hat have any hero mode . Write dawn the

Fournier decomposition of the photon propagator .

This
, on surface may appear a minor modification to

the theory . However , such a boundary condition has

Profound consequences on charge and flavor Conser -



rations , and in fact partially breaks them ! The

origin of this is not hard to understand since

the fields change charge and flavor number as

they go around the boundary . such violation of

Conservation Laws are however exponential cis the

volume and can be ignored in numericalsimulations
. In shout,

while QED # provides a local formulation

of QED in a FV ,
It is a much more completeconstructthan Q EDT ,

or QEDL .

QED
m

: My f- 0

obviously if the photon had mass , there would be no

hero modes and QED interactions would be effectively

cutoff at distances of the order af Compton wavelength

of the photon . A non - hero mass for the photon breaks

gauge invariance ,
and imply no Guass ' Law . Tt is also

a local formulation for QED cis a FU with any Bcs .

One can compute observables in such a theory and once



the infinite volume is taken , perform an

extrapolation
to mrt o . Nate that for this method to

be useful , m
,

am
,

where m is the mass of the

lightest hadron in the theory so that there ci a

clear separation between w and In in the theory .

Computingobservables with QEDL

For simplicity , and given the popularity of QED , for the

remainderof discussions ,
we consider only this formulation .

The generalization of the analysis
below to other

formulation
below is straightforward upon replacing the Platon

Propagator with the corresponding form in each formulation .

A charged sphere

How does the sett energy of a classical charged sphene

gets modified if enclosed in a cubic Volume with PBC ?

This can serve as a warm - up example .
It also teaches

us about the nature of QED Fu corrections and shares



similar features with corrections to masses of fields
in quantum field theory .

Exercise 3 -

- Consider a charge
eoisphene with radius R and charge

L

ed
spread uniformly inner its

.

volume . By performing a Y, enpansion , show that at

leading orders , the self energy of the sphene is

given by :

ur , his eYz+ e.IE#R-pc,-ieiIn-lk- it . . .

*
where :

Cp ( §, fd3n ) ÷ = - 2.83729

i
for n E Z ?

Note that in GED ,
the coulombs potential can be

→ → e I

written as : v I-7 , = egg E eik . w - r '
zin

.

If
'

k -

I
.

The result of this calculation impliesthat fu comedians

due to QEDL are polynomial in YL , which is a

strongervolume dependence than exponential and can

not be ignored .
Further

, as we will see , the o CYe )

* for  a derivation of Fu sums , see. : Hasenfratz ,
but wyler

( 1989 ) .



volume correction is the same as that to the mass of

any particle in QFT . The underlying reason for this

being
that FV effects one Ir physics that dint probe

the short -
distance detail of system at leading order

.

Mass of hadrons

From a quantum theory perspective, the reason the mass

of a composite or elementary field is sensitive to the

Fu and Bcs is that it can , for example ,
emit a photon

,

the photon can then go around the
" world " and come back

and be reabsorbed by the field . As the propagating

photon sees the boundary ,
and as such a radiative

correction is the leading -
order correction to the self

energy of the particle in field theory , the mass of

the particle receives FU corrections .

As an example, let's consider the case af a scalar

fundamental particle that interacts with photons

through : fusain #05%01
-

m
' 0+0



where ' - D
,

¢ = 2,0

tie
I And .

Then the feynman rules

for this theory are simply :  a- =

m
PI  mhic

p # pl =
-

iieocptp
')

µ

pi# p ,

= 2ie I gm
r - I  infected?fIgg

The self energy of field ¢ at OH ) can be obtained from :

f
k bk

- i £01
Lp, = -p#+ 7€

Pt k

= Is Ey

.tl#i4p+hiTmIc.tieoiic2Pth2nIIecie2oi5-i-gfjk2+iC

Exercised
: By performing an

expansion
in small % , show

that -

-

- is ipso, = - ie2§-§
that

- - J -

- kfo
Note that '

- thein, n E TL .

Naw since the self energy modifies the bare mass of

the field , i . e . , m2 → m2 + Eep km2 ) , at 0cal , are get
'

-

Sm
'

=
e :#:c ,at ⇒ t - - -



Note that the first term is the same as the leading -
order

connection to the self energy of  a charged sphere !
Take the charged sphere as m → a limit of  a particle
and

you can already see why the oc corrections are

equal ! Further , there is a rigorous proof for the

universalityof the ol eye , eyed terms : They are independent

of the spin and structure of the particles considered!

Exercises
.

.
Evaluate the self energy of the a paint -

like charged Particle in QED Cspin -Yzelectronfor example ) , and Shaw that the GED

FV corrections to the mass at o Cekgeye )

are the same as for Spin - o particles we

just considered .

fan may
now ask what would have happened if we

removed allE- o modes of the photon instead of Teo

only ? one can show that in QED #
the corrections to

the self energy of a scalar paint - like particle is :

Sm =e2 cilltmllfgc
,

+ . - -

This expression is clearly problematic if one attempt to



take the Ten limit first .
This is a clear symptomof

non - locality of the theory in time . of course if Th

is hat large in a LQCD calculation but mL 771 , such

a

problematic

term can be numerically small, justifying
Iacp + QED calculations that have implemented this scheme

in the past , but for high - precision calculations , QED
,

is

a better formulation, see e. g. ,
the precise calculation of

proton - neutron mass difference in arXiv '
. 1406.4088 a

Muon magnetic moment

Different formulations of QED in a fu can be used to

assess the size of volume corrections to a

range of
quantities

. An interesting example is the muon magnetic
moment .

-

Enercise 6 : Review the derivation of the anomalous

magnetic moment of muon in GED

.atOH =
e

. Then perform the samecalculationthis time in QED ,
to show that-8r

Hitting -101M¥
what volume is needed to reach l ppm precision

in this quantity ?
BONUS



Note that current precision calculations with LQCD are based

on indirectmethods that isolates the hadroniccontributionsonly andhence do 'nt suffer from such a large

fu effect .

prospect
of LQCDTQED calculations

Finally , to Conclude this lectures we note that all theformulationsof QED in a FV mentioned here are already

implemented in LQCDTQED Computation of variousobservablessuch as hadron masses and hadronic vacuumpolarization
I mesonleptonicdecays , etc .

Thine is also extensive

research on how to extract  observables such as charged -

particle scattering , decayHransction amplitudes with initial

final charged State , etc . Tf you
are interested in such

formal

developments
, this is a great

time to getinvolved
and contribute !



lecture Ii QCD in a finite volume

To be covered in today 's lecture :

General features of Qcp in a finite
volume with PB Cs

arXiv : 1409.1966

Finite - Volume corrections to single -
hadron

observables :

An original paper : buescher 1986

Example I : Nucleon mass

arXiv : 0403015

Example 2 : Nucleon axial change
arXiv -

.
0403015



General features of QCD in a finite
volume with PB Cs

Quantum chromodynamics lQCD) is an interesting theory -

Despite QED

where we had the issue with the propagation of massless photons
,

in QCD the States that go on shell and propagate ane not the

masslessgluons , but instead confined massive objects : mesons ,

baryons , or even genets alls ! This is the

statement
that acts

has a mass gap
. This means that we don't really have to

reformulate the theory in a FV to make it well - defined,

since there is no Gauss
'

law to satisfy : there is no charged under

SUCH charged ) quarks or gluons at confinement scale ar lower
,

which we are interested in
. Since the lightest hadronic States

in the theory ane pions , they are the ones setting
the size

of finite volume connections to a range of quantities.

Further , since the Fu correction Concern effect at theboundaries
, these are considered IReffects and hence to

determine

them, we don'tneed to know all details of short - distance

physics.
This is great , since the reason are perform Lacalculations

is that me dint home the analgesic dependence

af quantities Such as masses on the parameters of the



short - distance theory , in this case QCD .

The fact that

FV effects are IR physics,
means that we can use effect .

tire descriptions of the theory at Low energy
'

so
with which

we can analytically calculate observables in at everything! )

and estimate leading Fu effects . Here ,
we wonk out an example

of this method to calculate volume Corrections to the mass of
the nucleon , and in an exercise you

'd be applying the same

techniquesto the nucleon 's axial change.

Finite - Volume corrections to single -
hadron observables :

Here we focus of nucleon 's properties ,
but with the night Efts ,

one can Look at other single -
hadron  observables too .

Example I : Nucleon mass

In  order to estimate the fu corrections to the mass af

the nucleon ,
a nice framework is chiral perturbation

theory HPT) . Yau will learn all about in subsequent lectures

from Prof . Epdbaum , so here I simply State the form of

Lagrangian at leading order in the enpansion parameter

of the theory Play mtyµ , where p is a typical momenta ,

ma is the mass of the pion , and Ax is the scale of chiral

symmetry baking . since nucleons are heavy , a more can -



enient formulation of the Lagrangian is what is called

"

heavy baryon XPT
"

. In this formulation , the mass of

the nucleon is subtracted from the dynamics , leaving
a NR two - component nucleon field . Expressing nucleon

( o )
momentum as : Pµ=M~Nµtlµ

where u

µ
is a velocity four ,

vector ,
which is

up 4 , o , a , o )

in the nest frame of the nucleon . Lu is a residual

momentumthat carnies the rest of momentum not

associatedwith the mass .
The kinetic energy Lagrangian

is :

Ln= Fling . u ) N + n'YIN + . . .

Here ,
N is a two - Component vector in hath spin and c'so -

spin spaces : vetted , e- Lhp ) .

The relevant interations of the nucleons for our purpose
ane those with the pions , and can he described at Lo by :

how -
- 9I⇐JE. Isn

Here 8=6
, , q , o , ) are pauli matrices in spin space

and

I
= Lei , er , Es ) ane Pauli matrices in isasp.in Space . 8ft -27

is the nucleon arrival charge and fat 130 men is the pion



decay constant .

The feynman miles relevant for us ane :

- =

Pov - mjIIe
¥3 =

- 44M£ with c
,

= -0.93 to. to Get
"

aj k=8f÷kiqejEbroninsertions of quark mass matron

Now we home all the ingredients to carryout. the calculation of Fu effects to the nucleon mass .

Note first that the " radiative corrections to the mass of

the nucleon arise from interactions with pions . The nude -

on mass can then by obtained from fully dressed nucleon

propagator !

upset
-  is

Dµ= 7 7 14 ) I % > % >

= is "

"p÷iE ' .
is "  

It .  . I
= - = IX

P . u - MY'
-

DIP4-it p . v - mice
Here , mum is the bare nucleon mass and £154 is the one -

Particle ivnidncibk self - energy function - The pole of the

fully dressed propagator gives the mass of the nucleon :

GP2) GP2)
p . u = M

,
⇒ fp.ir- mi "

- E ) so  ⇒ Mn -
- Mi "

-18 Ip
.u=mntf. V = MN



now we have to identify in the theory the leadingdiagramsContributing toEUPZ )
, They are :

*
- = - 4C

,
mi E

- i Ew
o

→

( k , k )
.

.  

e-
 . i

=

forty-SIX
-3147¥,Ii¥mic(Mmk) Ininth,'t'T fa fa 2 ka - it -

z - IENLO

where we have chosen to wonk at rest frame of the nucleon Since

we are interested in the corrections to the mass .

→ 2

Exercise 7 : Den .ve/zustifythe factor of34kin the loop

expression above . Note that : I. I = Fat

To get one
step closer to evaluating this integral , are can

perform integration over hi : f why
= TIME )

I - Zai )
→

2 a
3 I - k who

- isao - ¥ldczthpzawhlzwhl'*, ,
2 → 2 X

=sister,
wi - it

<

First , you may mate that this uitegral is ur divergent, cintra -

during a dependence an the scale that must be nenarmaliud -



However , we are not

interested

in deriving this known

result here .
what we are interested in is to obtain the

finite and infinite volume difference in this quantity . such

a w divergence is present in a finite volume and cancels

ant in the difference - Note

that
for this discussions we

have assumed that the time extent of the spacetime volume

it infinity , so that the only finite - size corrections are in

the spatial directions
, again in a finite cubic volume with

Periodic boundary conditions, such that : ko continuous↳ZIP , n EE

Therefore :

83=214
- Eld )

= @cd4 - Erdal ) t

Know
- Endon) t - . -

Its
.

Titi - - .

Btm b

higher orders
A powerful relation is the Poisson hesummatian formula .

.

Fetch = 3193279
, for , eihml

b b

k = tiny , ne
ME 23



using
this , we already see that the first term cis the sum

is the infinite volume value
, leaving a purely finite

volume contributions in the difference :

so
=  - 3sg÷¥.lk?.%aEIm...einik

I ilnlkl Loose

= - 381g
cqypfd.kti-kfgkcosose-f.azinfo I '

+ MI
=

Fey
. HE -ceilmhh .

e-
 inningKtm kl

= i

Ey.

dh milk

a
Cheikh

16 link .

- a
L Lk

xima=
3ga2 e-

IMT Mal y ,lifeEt x
- ima

=
3gal

m :[e-m x set - - I = Smn = Much - Mia )

Exercise 8 : write down explicitly the contributions from
terms up to and including a

tem
't ) in Smn - plot

as a function of mat Contributions from each

f- these terms , and compare with the exact

evaluation . use a fmri for for the range of plot .



This example cleanly demonstrates that Fu corrections

to the mass of

stable

hadrons, such as nucleons , are

exponentiallysuppressed in volume . It also serves as an

exampleon how the knowledge of a low - energy effective field

theory allows to determine leading volume effects.
It turned

out that volume correctionsto other properties of single
hadrons are also enponentially suppressed in volume .

Enerciseg
: Consider the following chiral perturbation
theory Lagrangian :

home Inn ftp.oqr-imn-qugst 's
that describes the magnetic moment of the

nucleon through coupling to the electromagnetic

field strength tensor at lowest orders .

Fine 2µA u
- Juan Here ,

omg
¥ Gm and nucleons

are in relativistic four - Component spinorrepresentation
- fro and µ ,

ane two low - energy Const .

and get' = 'tlgtcgtgtcg, with .
. g e⇐f÷

.

show that at Olga
'

1ft ) , the Fu corrections to



the magnetic moment of nucleon is -

-

strut - meat -nm-nqjy.mg#Ie-mTm
"

BONUS
.

An interesting paint regarding the expressions we just

derived is that these can be used to simultaneously

entrap alate bath in volume and in the pion mass . If

a lactic QCD calculation is performed at a larger

quark mass , then as long as the associated pion mass

is not too high such that XPT can be still applicable,

one can use the expressions obtained to extrapolate to  m§Y'
'

.

This is another example of the benefits of an EFT Study

of observables .


