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1 Introduction

2 π− → π+

3 nn → pp
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Motivation: 0νββ Decay
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Lattice Basics

Lattice QCD main idea: continous 4D space Ñ hypercubical lattice.

nt

ny
nx

Lattice spacing acts as a UV regulator

Quark Fields defined at Lattice points

Gluon Fields connect the Lattice points

Volume is finite
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Gluon Fields connect the Lattice points

Volume is finite

S “

Discretize version for the latticehkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkjż
d4x

ˆ
1
4

FµνFµν ´ ψ̄ pγµBµ `mqψ
˙

Z “
ż
DAµDψDψ̄e´S
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Contributing Diagrams
G. Prezeau, M. Ramsey-Musolf, and P. Vogel (2003). In: Phys. Rev. D68,
p. 034016. arXiv: hep-ph/0303205 [hep-ph]used Effective Field Theory to
Integrate out heavy modes and obtain the contributing operators are found to be:

Details in W. Dekens talk

Decay Operators
O

++
1+ = (q̄Lτ

+γµqL)(q̄Rτ
+γµqR)

O
++
2± = (q̄Rτ

+qL) (q̄Rτ
+qL) + (q̄Lτ

+qR)(q̄Lτ
+qR)

O
++
3± = (q̄Lτ

+qL)(q̄Lτ
+qL) + (q̄Rτ

+qR)(q̄Rτ
+qR)
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Two-point Functions
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Three-point Function and Ratio
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Three-point Function and Ratio
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LQCD Calculation
mπ ∼ 310 MeV mπ ∼ 220 MeV mπ ∼ 130 MeV

a(fm) V mπL V mπL V mπL
0.15 163 × 48 3.78 243 × 48 3.99
0.12 243 × 64 3.22
0.12 243 × 64 4.54 323 × 64 4.29 483 × 64 3.91
0.12 403 × 64 5.36
0.09 323 × 96 4.50 483 × 96 4.73

Table: List of HISQ ensembles used for the calculation.

The corresponding 3-point correlation functions are computed as follows:

π´

t0 ti

π` π´

t0tf ti

π` π´
O

t0tf ti

d̄γ5u 〉

H. Monge-Camacho (UNC at Chapel Hill) July 19, 2019 10 / 27



LQCD Calculation
mπ ∼ 310 MeV mπ ∼ 220 MeV mπ ∼ 130 MeV

a(fm) V mπL V mπL V mπL
0.15 163 × 48 3.78 243 × 48 3.99
0.12 243 × 64 3.22
0.12 243 × 64 4.54 323 × 64 4.29 483 × 64 3.91
0.12 403 × 64 5.36
0.09 323 × 96 4.50 483 × 96 4.73

Table: List of HISQ ensembles used for the calculation.

The corresponding 3-point correlation functions are computed as follows:

π´

t0 ti

π` π´

t0tf ti

π` π´
O

t0tf ti

d̄γ5u 〉
H. Monge-Camacho (UNC at Chapel Hill) July 19, 2019 10 / 27



LQCD Calculation
mπ ∼ 310 MeV mπ ∼ 220 MeV mπ ∼ 130 MeV

a(fm) V mπL V mπL V mπL
0.15 163 × 48 3.78 243 × 48 3.99
0.12 243 × 64 3.22
0.12 243 × 64 4.54 323 × 64 4.29 483 × 64 3.91
0.12 403 × 64 5.36
0.09 323 × 96 4.50 483 × 96 4.73

Table: List of HISQ ensembles used for the calculation.

The corresponding 3-point correlation functions are computed as follows:

π´

t0 ti

π` π´

t0tf ti

π` π´
O

t0tf ti

〈 d̄γ5u d̄γ5u 〉
H. Monge-Camacho (UNC at Chapel Hill) July 19, 2019 10 / 27



LQCD Calculation
mπ ∼ 310 MeV mπ ∼ 220 MeV mπ ∼ 130 MeV

a(fm) V mπL V mπL V mπL
0.15 163 × 48 3.78 243 × 48 3.99
0.12 243 × 64 3.22
0.12 243 × 64 4.54 323 × 64 4.29 483 × 64 3.91
0.12 403 × 64 5.36
0.09 323 × 96 4.50 483 × 96 4.73

Table: List of HISQ ensembles used for the calculation.

The corresponding 3-point correlation functions are computed as follows:

π´

t0 ti

π` π´

t0tf ti

π` π´
O

t0tf ti
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Ratio Results
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Non-perturbative Renormalization
A. Nicholson et al. (2018). In: arXiv: 1805.02634 [nucl-th]
C. C. Chang et al. (2018). In: Nature 558.7708, pp. 91–94. arXiv: 1805.12130
[hep-lat]
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a15m310 : SMOM γµ

a12m310 : SMOM γµ

a09m310 : SMOM γµ

a15m310 : SMOM /q

a12m310 : SMOM /q

a09m310 : SMOM /q

Method RI-SMOM:1
Three Lattice spacings:0.09,0.12,0.15fm

Projectors: γ and /q show agreement after MS conversion

Step scaling functions are used to handle reduced renormalization windows (0.15)
1C. Sturm, Y. Aoki, N. H. Christ, T. Izubuchi, C. T. C. Sachrajda, and A. Soni

(2009). In: Phys. Rev. D80, p. 014501. arXiv: 0901.2599 [hep-ph]
Henry Monge-Camacho (W&M, LBNL) July 24, 2018 8 / 14
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Renormalization Constants Running

Renormalization Group ⇒ cont. running Σ(µ1, µ2) = Z (µ1)Z (µ2)
−1

In the Lattice: Σ(µ1, µ2, a) = Σ(µ1, µ2)cont + ∆a2

Fit assuming smooth µ dependence to obtain Σ(µ1, µ2)cont

R. Arthur and P. A. Boyle (2011). In: Phys. Rev. D83, p. 114511. arXiv:
1006.0422 [hep-lat]
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LQCD

LQCD: Physics from numerical results

● Continuum and Infinite Volume 
extrapolation

● Physical pion mass limit

World

Physical Limit
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π´ Ñ π`: Chiral Expansion

Pion Fields are included through Σ:

Σ “ e
?

2iφ{F φ “
˜
π0?

2
π`

π´ ´ π0?
2

¸

Σ expansions tell us the relevant terms at a given order:

Σ “ 1`
?

2iφ{F
1!

`
´?

2iφ{F
¯2

2!
`

´?
2iφ{F

¯3

3!
` ¨ ¨ ¨

Oχ
1` “ Tr

`
Σ:τ`L Στ

`
R

˘
Onlo

1` “ TrpBµΣ:τ`L BµΣτ`R q
Λ2
χ0

Ops LO NLO
Σ:τ`L Στ

`
R +BµΣ:τ`L BµΣτ`R
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π´ Ñ π`: Chiral Expansion + Finite Spacing

Oχ
1` “ Tr

`
Σ:τ`L Στ

`
R

˘
Onlo

1` “
Tr

`BµΣ:τ`L BµΣτ`R
˘

Λ2
χ0

Ops LO NLO
Σ:τ`L Στ

`
R +BµΣ:τ`L BµΣτ`R

O1 “ β1Λ
4
χ

p4πq2
„
1` 7

3
ε2
π lnpε2

πq ` c1ε
2
π ` α1ε

2
a ` αp4q1 ε4

a ` cp4q1 ε4
π `m1ε

2
aε

2
π



O2 “ β2Λ
4
χ

p4πq2
„
1` 7

3
ε2
π lnpε2

πq ` c2ε
2
π ` α2ε

2
a ` αp4q2 ε4

a ` cp4q2 ε4
π `m2ε

2
aε

2
π



O3

ε2
π

“ β3Λ
4
χ

p4πq2
„
1` 4

3
ε2
π lnpε2

πq ` c3ε
2
π ` α3ε

2
a ` αp4q3 ε4

a ` cp4q3 ε4
π `m3ε

2
aε

2
π



Henry Monge-Camacho (W&M, LBNL) August 24, 2018 34 / 42

χPT Expansion

H. Monge-Camacho (UNC at Chapel Hill) July 19, 2019 17 / 27



π´ Ñ π`: Chiral Expansion + Finite Spacing

Oχ
1` “ Tr

`
Σ:τ`L Στ

`
R

˘
Onlo

1` “
Tr

`BµΣ:τ`L BµΣτ`R
˘

Λ2
χ0

Ops LO NLO
Σ:τ`L Στ

`
R +

BµΣ:τ`L BµΣτ`R
�

O1 “ β1Λ
4
χ

p4πq2
„
1` 7

3
ε2
π lnpε2

πq ` c1ε
2
π ` α1ε

2
a ` αp4q1 ε4

a ` cp4q1 ε4
π `m1ε

2
aε

2
π


`

�

O2 “ β2Λ
4
χ

p4πq2
„
1` 7

3
ε2
π lnpε2

πq ` c2ε
2
π ` α2ε

2
a ` αp4q2 ε4

a ` cp4q2 ε4
π `m2ε

2
aε

2
π


`

�

O3

ε2
π

“ β3Λ
4
χ

p4πq2
„
1` 4

3
ε2
π lnpε2

πq ` c3ε
2
π ` α3ε

2
a ` αp4q3 ε4

a ` cp4q3 ε4
π `m3ε

2
aε

2
π


`

�

Finite volume corrections are easy to add as well
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π´ Ñ ππ`ππ :̀ ππ`Extrapolation ππ`Results

Henry ππ`Monge-Camacho ππ`(W&M, ππ`LBNL) August ππ`24, ππ`2018 35 ππ`/ ππ`42

Notebook→ https://zenodo.org/record/1243313#.XTF-Ut-YVZY

Physical Results
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π´ Ñ ππ ` : Extrapolation Results
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Four Nucleon Contact Operators

Methods are well known for current insertions between meson states:

Bilinear current insertions between nucleon are known but more complex:

Four quark current insertions between nucleons even more challenging:

all x-to-all y propagators required

Henry Monge-Camacho (W&M, LBNL) August 24, 2018 37 / 42

nn → pp
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Four-quark Feynman-Hellman Method: π− → π+

Analog of method implemented for baryons and bilinear currents 2

∂λEλ = 〈n| Hλ |n〉 Sλ = λ
∫

d4xψ̄Γ1ψψ̄Γ2ψ = λ
∫

d4xJ (x)
∂λEλ

For a meson effective mass:

∂meff
∂λ

∣∣∣∣
λ=0

= −
∂λC(t + τ) + ∂λC(t − τ) − 2cosh(meff τ)∂λC(t)

2τC(t)sinh(meff τ)

For long enough t ∂meff
∂λ

∣∣∣∣
λ=0
≈ J00

2E2
0

∂λC(t)
Matrix element is pulled down with ∂λ

N(t) =
∫

d4x
〈
Ω|TO(t)J (x)O†(0)|Ω

〉
2C. Bouchard, C. C. Chang, T. Kurth, K. Orginos, and A. Walker-Loud (2017). In:

Phys. Rev. D96.1, p. 014504. arXiv: 1612.06963 [hep-lat]
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Lattice Implementation:

Brute force calculation on small Lattice:

π+∫
d4x

〈
Ω|TO(t)J (x)O†(0)|Ω

〉
=
∑

y0 ∈ V

π−
δ(y0 − y)Γ1

δ(y0 − y)Γ2

t 0

Hubbard-Stratanovich Transformation:

e´λ2 ş d4xpψΓψq2 “ α
8ż

´8
dσe´

ş
d4xtσ2

4 `λiσpψΓψqu

D. J. Gross and A. Neveu (1974). In: Phys. Rev. D10, p. 3235
R. L. Stratonovich (1957). In: Doklady Akad. Nauk S.S.S.R. 115,
p. 1097,J. Hubbard (1959). In: Phys. Rev. Lett. 3, pp. 77–80
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Lattice Implementation:
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Summary:

Contribution to π− → π+ was presented

A new method is proposed to compute contributions from four-quark
operators.

Next steps:
Reproduce π− → π+ calculation with the new method
Implement calculation using the Hubbard-Stratanovich transformation
Apply method to nn → pp calculation
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Thanks!
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