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Cumulants and phase structure  
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What we always see.... What it really means....

“Tc” ~ 160 MeV



Derivatives
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How to measure derivatives
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At µ = 0:

Cumulants of Energy measure the temperature derivatives of the EOS
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Cumulants of Baryon number measure the chem. pot. derivatives of the EOS



Simple model
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Close to µ=0
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T

µ

a ~ curvature of critical line

Needs higher order cumulants (derivatives)  
at µ ~ 0
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Compare Data with Lattice QCD
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Compare Data with Lattice QCD

• Lattice cannot calculated hadron abundances 
• Cumulants are well defined quantities 
• Compare cumulants !?
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number. In particular, while the freeze-out temperature
might be flavor-dependent [20], the chemical potentials as
a function of the collision energy should be the same for
all species. The present level of precision reached by lat-
tice QCD results, obtained at physical quark masses and
continuum-extrapolated, allows to perform this check for
the first time.

One more caveat is in order, since experimentally only
the net-proton multiplicity distribution is measured, as
opposed to the lattice net-baryon number fluctuations.
Recently it was shown that, once the e↵ects of resonance
feed-down and isospin randomization are taken into ac-
count [21, 22], the net-proton and net-baryon number
fluctuations are numerically very similar [23].

In this paper we show for the first time that it is possi-
ble to find a consistency between the freeze-out parame-
ters yielded by electric charge and baryon number fluctu-
ations. This is achieved by systematically comparing our
continuum-extrapolated results for higher order fluctua-
tions of these conserved charges [11] to the corresponding
experimental data by the STAR collaboration at RHIC
[7, 8]. We are using the newly published, e�ciency-
corrected experimental results for the net-charge fluctua-
tions and combine them with our lattice results presented
in Ref. [11]. We also extract independent freeze-out con-
ditions from the net-proton fluctuations and systemati-
cally compare the outcomes of the two. Details of the
lattice simulations can be found in [11].

The fluctuations of baryon number, electric charge and
strangeness are defined as

�BSQ
lmn =

@ l+m+n(p/T 4)

@(µB/T )l@(µS/T )m@(µQ/T )n
; (1)

they are related to the moments of the multiplicity distri-
butions of the corresponding conserved charges. It is con-
venient to introduce the following, volume-independent
ratios

�3/�2 = S� ; �4/�2 = �2

�1/�2 = M/�2 ; �3/�1 = S�3/M . (2)

The chemical potentials µB , µQ and µS are related
in order to match the experimental situation: the fi-
nite baryon density in the system is due to light quarks
only, since it is generated by the nucleon stopping in
the collision region. The strangeness density hnSi is
then equal to zero for all collision energies, as a conse-
quence of strangeness conservation. Besides, the electric
charge and baryon-number densities are related, in order
to match the isospin asymmetry of the colliding nuclei:
hnQi = Z/AhnBi. Z/A = 0.4 represents a good approxi-
mation for Pb-Pb and Au-Au collisions.

As a consequence, µQ and µS depend on µB so that
these conditions are satisfied. This is achieved by Taylor-
expanding the densities in these three chemical potentials

up to µ3
B [10]:

µQ(T, µB) = q1(T )µB + q3(T )µ
3
B + ...

µS(T, µB) = s1(T )µB + s3(T )µ
3
B + ... (3)

Our continuum extrapolated results for the functions
q1(T ), q3(T ), s1(T ), s3(T ) were shown in [11]. The
quantities that we consider to extract the freeze-out T
and µB , are the ratios RB

31 = �B
3 /�

B
1 and RB

12 = �B
1 /�

B
2

respectively, at values of (µB , µQ, µS), which satisfy the
pyhsical conditions discussed in the previous paragraph.
As shown in Ref. [11], the leading order in �B

3 /�
B
1 is

independent of µB , while the LO in �B
2 /�

B
1 is linear in

µB . This allows us to use RB
31 to extract the freeze-out

temperature; the ratio RB
12 is then used to extract µB

(notice that our results for RB
12 are obtained up to NLO

in µB).

We then independently extract µB from �Q
1 /�

Q
2 (which

is also linear in µB to LO), in order to check whether dif-
ferent conserved charges yield consistent freeze-out pa-
rameters. In Ref. [11], we compared the lattice results
for �Q

3 /�
Q
1 to the preliminary, e�ciency-uncorrected data

from the STAR collaboration, to extract an upper limit
for the freeze-out temperature. We then obtained the
corresponding chemical potentials by performing the
same kind of comparison for �Q

1 /�
Q
2 . The new, e�ciency-

corrected results for the moments of the net-charge mul-
tiplicity distribution from STAR show significant di↵er-
ences, compared to the uncorrected ones. This yields
di↵erent values for µB , compared to the ones obtained
in [11]. As for �Q

3 /�
Q
1 , the experimental uncertainty on

the corrected data is such that presently it is not possible
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FIG. 1. RB
31: the colored symbols show finite-Nt lattice QCD

results. The continuum extrapolation is represented by black
points (from Ref. [11]). The dark-orange band shows the
recent experimental measurement by the STAR collaboration
[7]: it was obtained by averaging the 0-5% and 5-10% data at
the four highest energies (

p
s = 27, 39, 62.4, 200 GeV). The

green-shaded area shows the valid temperature range.
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to extract a meaningful freeze-out temperature from this
observable.

In Fig. 1 we show the comparison between the lattice

results for �B
3 (T,µB)

�B
1 (T,µB)

and the experimental measurement

of Sp�3
p/Mp by the STAR collaboration [7]. The lat-

ter has been obtained for a 0-10% centrality, at the four
highest energies (

p
s = 27, 39, 62.4, 200 GeV). Since the

curvature of the phase diagram is small around µB = 0
[24], this average allows to determine the freeze-out tem-
perature. The green-shaded area shows the valid temper-
ature range: due to the uncertainty on the lattice results
in the low-temperature regime, it is only possible to ex-
tract an upper value for the freeze-out temperature: the
freeze-out takes place at a temperature Tf

<⇠ 148 MeV,
which is somewhat lower than expected from previous
analyses [25] (allowing for a two-sigma deviation for the
lattice simulations and the experimental measurements,
the highest possible Tf is 151 MeV). In Refs. [26, 27] we
have published the lattice determination of the transition
temperature from various chiral observables in the range
147-157 MeV. For the minimum of the speed of sound
we found 145(5) MeV in [28]. The discussed freeze-out
temperature is thus in the cross-over region around or
slightly below the central value.

We now proceed to determine the freeze-out chemical
potential µB , by comparing the lattice results for RB

12 and
RQ

12 (as functions of the chemical potential, and in the
temperature range (140  Tf  150) MeV) to the exper-
imental results for Mp/�2

p and MQ/�2
Q published by the

STAR collaboration in Refs. [7, 8, 29]. This comparison
is shown in the two panels of Fig. 2: the two quantities
allow for an independent determination of µB from elec-
tric charge and baryon number: the corresponding values
are listed in Table I, and shown in Fig. 3. Consistency
between the two values of baryon-chemical potential is
found for all collision energies (the non-monotonicity of
the lattice results for RB

12 at µB � 130 MeV does not
allow a determination of µB from this observable atp
s = 27 GeV). Let us now compare the chemical po-

tentials in Table I to those found earlier in statistical fits
[12, 14, 30]. Plotting the parametrization of Refs. [12, 30]
together with our values we find a remarkable agree-
ment (see Fig. 3). Note that, for the freeze-out tem-
perature, statistical models typically yield a somewhat
higher value: e.g. 164 MeV in Refs. [12, 31]. Towards
the lower end in temperature range we find Ref. [32]
with Tf = 155 ± 8 MeV with µB = 25 ± 1 MeV, atp
s = 200 GeV.

The comparison of our lattice results to the latest
e�ciency-corrected STAR data hints at a consistency of
the freeze-out chemical potential if we assume an agree-
ment in the temperature. This assumption was well mo-
tivated by the proton and charge skewness data. Let us
now take the assumption further: if the freeze-out can be
described by the same temperature and chemical poten-

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0  20  40  60  80  100  120  140  160  180  200

µB [MeV]

RB
12=MB/mB

2

STAR, 27 GeV

STAR, 39 GeV

STAR, 62.4 GeV

STAR, 200 GeV

T=140 MeV
T=145 MeV
T=150 MeV

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0  20  40  60  80  100  120  140  160  180  200

µB [MeV]

RQ
12=MQ/mQ

2

STAR, 27 GeV

STAR, 39 GeV

STAR, 62.4 GeV

STAR, 200 GeV

T=140 MeV
T=145 MeV
T=150 MeV

FIG. 2. Upper panel: RB
12 as a function of µB . The three

points correspond to the STAR data for Mp/�
2
p at collision

energies
p
s = 39, 62.4, 200 GeV and centrality 0-10%, from

Ref. [7] (the
p
s = 27 GeV point is also shown, but the non-

monotonicity of the lattice results at µB � 130 MeV does not
allow a determination of µB from it). Lower panel: RQ

12 as a
function of µB . The four points correspond to the STAR data
for MQ/�

2
Q at

p
s = 27, 39, 62.4, 200 GeV and centrality

0-10%, from Ref. [8]. In both panels, the colored symbols
correspond to the lattice QCD results in the continuum limit,
for the range (140  Tf  150) MeV. The arrows show the
extracted values for µB at freeze-out.

tials for charge and protons, then one can create a com-
bined observable: RQ

12/R
B
12 = [MQ/�2

Q]/[MB/�2
B ]. Here,

the volume factor of the charge and baryon (proton) mea-
surements cancel separately. Should our assumption be
correct, this ratio of ratios is the preferable thermometer:
it is far easier to obtain both for lattice and experiment
since it does not involve skewness or kurtosis. We have
lattice data available to ⇠ µ2

B order, which we use when
comparing our results to data. Such a comparison is
shown in Fig. 4. Contrary to the skewness thermometer,
here we see a clear monotonic temperature dependence
without the hardly controllable lattice errors at low tem-
peratures. This allows for the identification of a narrow
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where δNX = NX − ⟨NX⟩. To derive Eqs. (5)–(8), we have
used the fact that the sums over Np and Np̄ in Eq. (4) can
be taken separately with corresponding binomial functions,
e.g.,

∑
Np

NpB(Np; NB) = NB/2 and
∑

Np
N2

pB(Np; NB) =
N2

B/4 + NB/4.
Equation (3) also enables to represent the baryon number

cumulants by those of the net and total proton numbers as
〈
N

(net)
B

〉
= 2

〈
N (net)

p

〉
, (9)

〈(
δN

(net)
B

)2〉 = 4
〈(
δN (net)

p

)2〉 − 2
〈
N (tot)

p

〉
, (10)

〈(
δN

(net)
B

)3〉 = 8
〈(
δN (net)

p

)3〉 − 12
〈
δN (net)

p δN (tot)
p

〉
+ 6

〈
N (net)

p

〉
,

(11)

〈(
δN

(net)
B

)4〉
c

= 16
〈(
δN (net)

p

)4〉
c
− 48

〈(
δN (net)

p

)2
δN (tot)

p

〉

+ 48
〈(

δN (net)
p

)2〉 + 12
〈(

δN (tot)
p

)2〉 − 26
〈
N (tot)

p

〉
,

(12)

where we have used relations for mixed cumulants such
as ⟨δN (net)

B δN
(tot)
B ⟩ = 4⟨δN (net)

p δN (tot)
p ⟩ − 2⟨N (tot)

p ⟩, which are
obtained with Eq. (3). Since the RHSs of Eqs. (9)–(12) consist
of only N (net)

p and N (tot)
p , which are experimentally observable,

these are formulas that express baryon number cumulants
solely in terms of the experimental observables. We remind
that no specific form of F (NB, NB̄) is assumed in deriving
these results.

We remark that N (net)
B (N (tot)

B ) in Eqs. (5)–(12) are interpreted
to be the sum of all net (total) baryon numbers entering a
region in the phase space in the final state of each event. If
the diffusion of the baryon number in the hadronic stage is
slow [12,13], the information on the primordial fluctuations
remains in F (NB, NB̄) in Eq. (3) and, as a result, in baryon
number cumulants.

Next, let us inspect the validity of Eq. (3) in more detail.
First, we consider the conditions (i) and (ii) introduced above
Eq. (3). In the medium, the decay rate of " acquires the
statistical factor

[1 − f (EN )][1 + n(Eπ )], (13)

where f (E) = (e(E−µB )/T + 1)−1 is the Fermi distribution
function and EN and Eπ are the energies of the nucleon
and pion produced by the decay, respectively. The first term
in Eq. (13) represents the Pauli blocking effect. At RHIC
energy, the Boltzmann approximation is well applied to
nucleons below Tchem since T ≪ mN and |µB| ≪ mN . Thus,
the Pauli blocking effect can be almost ignored. The Bose
factor [1 + n(Eπ )] in Eq. (13), on the other hand, has a
non-negligible contribution since mπ ≃ Tchem. The density of
the pions, however, is more than one order larger than that
of the nucleons below Tchem. The Bose factor thus must be
insensitive to np and nn, while it leads to the enhancement
of the decay of " in the medium, which acts in favor of the
isospin randomization. The large pion density also means that
the mean time for a nucleon to form " is insensitive to np

and nn. Condition (i) is thus well satisfied below Tchem at
RHIC energy. The validity of condition (ii) is conjectured
from the success of the statistical model as follows. The

statistical model indicates that the pair annihilation of an N
and an N̄ terminates at Tchem. NN and NN̄ reactions are then
also expected to terminate there, because the elastic cross
section of NN̄ is significantly smaller than the inelastic one,
and the total cross section of NN behaves similarly to that
of NN̄ for Ec.m. < 1 GeV [20]. Condition (ii) thus should
also be satisfied for T < Tchem. Intuitively speaking, in a hot
medium the nucleons are so dilutely distributed that they do
not feel one another’s existence, while there are so many pions
which can be regarded as the heat bath when the nucleon
sector is concerned. The large pion density also enables to use
the binomial distribution independently of the initial nucleon
isospin density.

Second, while so far we have limited our attention to the
nucleon reactions mediated by ", other interactions can also
take place in the medium. It is also possible that " interacts
with a thermal pion to form another resonance before the
decay [22]. All these reactions with thermal pions, however,
proceed with a certain probability determined by the isospin
SU(2) symmetry as long as they are caused by the strong
interaction, and the reactions of a baryon make its isospin
random. Strange baryons, on the other hand, decay via the
weak or electromagnetic interaction outside the fireball. In
particular, $ and % are important among them. $ decays
into p and n with a branching ratio of 16 : 9. Provided that
the three isospin states of % are produced with an equal
probability in the medium, the ratio of probabilities that a
% decays into p and n is about 1 : 1.6 [20]. Although these
ratios are not even, because the abundances of $ and % are
small compared to the nucleons, to a first approximation it
is suitable for our purpose to regard these probabilities to be
equal and to incorporate nucleons produced by the decays of
$ and % in Np and Nn in Eq. (3). This promotes the nucleon
numbers to those of the baryons in Eq. (3). The treatment of
strange baryons, however, may require more detailed argu-
ments, especially on their quantitative effects on higher-order
cumulants, which will be addressed elsewhere. Inclusion of
higher baryonic resonances and light nuclei such as deuterons
will not affect our conclusions owing to their negligible
abundances.

While the factorization Eq. (3) is fully established for RHIC
energy, the binomiality will eventually break down as the
beam energy is decreased. At very low beam energy, pions are
not produced enough and nucleons will not undergo charge
exchange reactions sufficiently below Tchem. We deduce that
this happens when Tchem ! mπ . When the reactions hardly
occur, the isospin correlations generated at the hadronization
will remain until the final state. At low beam energy, also
the nucleon density becomes comparable with that of the
pions, and the latter can no longer be regarded as the heat
bath to absorb the isospin fluctuations of the former. From the√

s dependence of the chemical freeze-out line on the T -µB
plane [23], and considering the validity of these two conditions,
we deduce that Eq. (3) is well applicable to the range of beam
energy

√
s " 10 GeV.

In the argument to derive Eqs. (5)–(12), we have implicitly
assumed that the hadronic medium is isospin symmetric. While
the effect of nonzero isospin density should be well suppressed
for large

√
s where a large number of particles having nonzero

isospin charges are produced, at lower energies this effect gives

021901-3

Kitazawa and Asakawa, PRC85, 021901 (2012)

Possible to relate proton cumulants to baryon cumulants  
if fast isospin equilibration 

Doable but in general K(net�p)
m

K(net�p)
n

�= K(net�B)
m

K(net�B)
n
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Example: “Charge” susceptibility

Equivalence of Integrated coordinate space and momentum space  
correlation function

Experiment almost never integrates ALL of momentum space! 

Lattice (hopefully) does integrate over all coordinate space
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Correlations: Lattice vs Data

⟨(δN )2⟩
⟨N ⟩

=1+⟨N ⟩∫Δ/2

Δ/2
C ( y 1, y 2)dy 1 dy2

⟨n( y1)( n( y2)−δ( y1− y2) )⟩=⟨n( y1)⟩⟨n( y2)⟩ (1+C ( y1 , y2))

⟨(δN )2⟩
⟨N ⟩

Δ
σ

“Charge conservation”

“Lattice result”

C ( y1, y2)∼exp(
−( y1− y2)

2

2σ2
)

"12

Alice Charge Flucts

may not be responsible for the centrality dependence of the
D measure.

The measured fluctuations may get diluted during the
evolution of the system from hadronization to kinetic
freeze-out because of the diffusion of charged hadrons in
rapidity. This has been addressed in Refs. [8,9], where a
diffusion equation has been proposed to study the depen-
dence of the net-charge fluctuations on the width of the
rapidity window. Taking the dissipation into account, the
asymptotic value of fluctuations may be close to the pri-
mordial fluctuations. This has been explored for the
ALICE data points by plotting hNchi!corr

ðþ#;dynÞ and D as a

function of !" for three centrality bins, as shown in Fig. 3.
We observe that, for a given centrality bin, the D measure
shows a strong decreasing trend with the increase of!". In
fact, the curvature of D has a decreasing slope with a
flattening tendency at large !" windows. Following the
prescriptions of [8,9], we fit the data points with the func-

tional form, erfð!"=
ffiffiffi
8

p
#fÞ, which represents the diffusion

in rapidity space. Here, #f characterizes the diffusion at

freeze-out. The resulting values of #f are 0:41% 0:05,
0:44% 0:05, and 0:48% 0:07 for the 0%–5%, 20%–30%,
and 40%–50% centralities, respectively. The fitted curves
are shown as solid lines in Fig. 3. The dashed lines are
extrapolations of the fitted curves to higher !", which
yield the asymptotic values ofD. For the top 5% centrality,
the measured values of D are 2:6% 0:02ðstatÞ % 0:15ðsystÞ
for !"¼1 and 2:3%0:02ðstatÞ%0:21ðsystÞ for !" ¼ 1:6.
The extrapolated value of D is 2:24% 0:09ðstatÞ%
0:21ðsystÞ.

The evolution of the net-charge fluctuations with beam
energy can be studied by combining the ALICE data with

those of the STAR experiment [12] at RHIC. In Fig. 4, we
present the values of hNchi!corr

ðþ#;dynÞ (left axis) and D

(right axis) for the top central collisions from ALICE atffiffiffiffiffiffiffiffi
sNN

p ¼ 2:76 TeV and, for STAR, Au-Au collisions at
four different energies. The ALICE data points correspond
to !" ¼ 1 and 1.6, whereas, for STAR, the values
for !" ¼ 1 are shown. For the STAR data,
ðdNch=d"Þ!corr

ðþ#;dynÞ are plotted instead of hNchi!corr
ðþ#;dynÞ,

as the dNch=d" values are approximately equal to hNchi for
!" ¼ 1 at central rapidity. The theoretical predictions for
a HG and a QGP are indicated in the figure. In the absence
of any dynamic model, these predictions do not have a
dependence on the beam energy.
Figure 4 shows a monotonic decrease in the magnitude

of the net-charge fluctuations with increasing beam energy.
For the top RHIC energy of

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV, the mea-
sured value of fluctuation is observed to be close to the
HG prediction, whereas, at lower energy, the results are
above the HG value. At

ffiffiffiffiffiffiffiffi
sNN

p ¼ 2:76 TeV, we observe
significantly lower fluctuations compared to those of
lower energies.
In summary, we have presented the first measurements

of dynamic net-charge fluctuations at the LHC in Pb-Pb
collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 2:76 TeV in terms of !ðþ#;dynÞ and
their corrected values !corr

ðþ#;dynÞ (corrected for charge con-

servation and finite acceptance effects). The results for pp
collisions at the same center-of-mass energy are found to
be in agreement with hadron gas prediction. The values of
!ðþ#;dynÞ and !corr

ðþ#;dynÞ are seen to be negative in all cases,

indicating the dominance of the correlation of positive and
negative charges. A decrease in fluctuations is observed
while going from peripheral to central collisions. The D
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FIG. 3 (color online). hNchi!corr
ðþ#;dynÞ (left axis) and D (right

axis) as a function of the !" window for three different central-
ity bins in the Pb-Pb collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 2:76 TeV. The data
points are fitted with the functional form erfð!"=

ffiffiffi
8

p
#fÞ. The

dashed lines correspond to the extrapolation of the fitted curves.
The points are shifted minimally along the x axis for a clear
view. Both statistical (error bars) and systematic (boxes) errors
are shown.
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FIG. 4 (color online). Energy dependence of the net-charge
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and systematic (boxes) errors are plotted.
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• Kurtosis depends strongly 
on Rapidity window 

• Comparison with Lattice: 
- Lattice catches the full 

correlation length 
- need to expand rapidity 

window until signal 
saturates

X. Luo, EMMI Workshop, Nov. 2015

Nov. 2-6 23 / 29          Xiaofeng Luo,  EMMI Workshop 2015��GSI, Germany�

Acceptance Study: pT and Rapidity�

Significant pT and rapidity dependence are observed at low energies& 
Large acceptance is crucial for the fluctuation measurement.�
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Any comparison of Lattice to Data needs to assure that cumulants  
reach asymptotic value in experiment. 

So far this has NOT ben established for proton cumulants
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ADAM BZDAK AND VOLKER KOCH PHYSICAL REVIEW C 96, 054905 (2017)

FIG. 1. The cumulant ratio K4/K2 in central 0–5% Au +
Au collisions at

√
s = 7.7 GeV as a function of the number of

measured protons ⟨N⟩ for different acceptance windows in rapidity
and transverse momentum (in units of GeV). For all data points
pt > 0.4 GeV. The black solid line represents a prediction based
on a constant correlation function, see Eq. (17). The shaded band is
driven mostly by the large experimental uncertainty of K4. Based on
the preliminary STAR Collaboration data [42].

the couplings cn do not depend on rapidity and transverse
momentum either as can be seen from Eq. (8),

cn = c0
n. (18)

The multiparticle integrated correlation functions Cn =
⟨N⟩ncn and cumulants Kn, in turn, depend on the acceptance
only through their dependence on the number of protons ⟨N⟩,
see Eqs. (9)–(11). Therefore, in Fig. 1 we plot K4/K2 as
measured by the STAR Collaboration as a function of ⟨N⟩
for different rapidity and transverse momentum intervals.

The black solid line in Fig. 1 represents a prediction
based on a constant correlation function. In this calculation
we have three unknown parameters c0

2, c0
3, and c0

4. Since
these numbers do not depend on acceptance, we determine
them from the preliminary data for |y| < 0.5 (!y = 1) and
0.4 < pt < 2 GeV, that is, from the maximal acceptance
currently available. Here we use Eqs. (9)–(11) and the values
for ⟨N⟩, K2, K3, and K4 shown in Ref. [42].4 To determine
⟨N⟩ at a given acceptance region we assume the single-proton
rapidity distribution to be flat as a function of rapidity, i.e.,
⟨N⟩ = ⟨N!y=1⟩!y, and, for the transverse momentum single-
proton distribution, we take ρ(pt ) ∼ pt exp(−mt/T ) with
T = 0.27 GeV and mt = (m2 + p2

t )1/2 with m = 0.94 GeV.
Both these assumptions are well supported by experimental
data [52,53]. Having c0

n, we can predict the cumulants
or the correlation functions for any acceptance charac-

4We determine c0
n from the proton cumulants but compare to y and

pt dependences of the net-proton cumulants, which are the only data
currently available. Although at 7.7 GeV the number of antiprotons is
practically negligible, it results in a slight disagreement of the black
solid line with the blue star in Fig. 1.

terized by ⟨N⟩ whether in transverse momentum or in
rapidity.5

Interestingly we find that, except for one point at |y| < 0.5
and 0.4 < pt < 1.2 GeV, all the points follow within the
admittedly large experimental error bars one universal curve
consistent with a constant correlation function. The fact that the
rapidity dependence of the cumulant ratio K4/K2 is consistent
with long-range rapidity correlations already has been found
in Ref. [40]. That the transverse momentum dependence is
also consistent with long-range correlations is new. If correct,
it would, for example, imply that the cumulant ratio K4/K2
has roughly the same value (close to unity) for a transverse
momentum range of 0.8 GeV < pt < 2 GeV as the value
for the range of 0.4 GeV < pt < 0.8 GeV since, in both pt

windows, ⟨N⟩ is approximately the same. The result for the
pt range of 0.4 GeV < pt < 0.8 GeV has been published by
the STAR Collaboration in Ref. [5].

Of course, the error bars in the preliminary STAR Col-
laboration data are rather sizable and, therefore, a mild
dependence of the correlation function on rapidity (and
transverse momentum) cannot be ruled out. In addition, as
already mentioned in the Introduction, the preliminary, explicit
measurement of the two-proton correlation function [45,46]
does exhibit an increase with increasing rapidity difference of
a proton pair y1 − y2. To explore this further we next will allow
for some mild rapidity dependence of the correlation function.

B. Rapidity-dependent correlation

In the previous subsection we demonstrated that the STAR
Collaboration data for K4/K2 at 7.7 GeV are consistent with
a constant multiproton correlation function. Here we study
how sensitive the cumulant ratios and correlations are to a
certain (weak) rapidity dependence. To this end we consider
the leading correction to a constant correlation function, which
should be even in yi − yk . Thus we explore the following
Ansätze for the reduced correlation functions,

c2(y1,y2) = c0
2 + γ2(y1 − y2)2,

c3(y1,y2,y3) = c0
3 + γ3

1
3 [(y1 − y2)2 + (y1 − y3)2

+ (y2 − y3)2],

c4(y1,y2,y3,y4) = c0
4 + γ4

1
6 [(y1 − y2)2 + (y1 − y3)2

+ (y1 − y4)2 + (y2 − y3)2

+ (y2 − y4)2 + (y3 − y4)2], (19)

where γn measures the deviation from cn(y1, . . . ,yn) = const.
Note that we have constructed the correlation function such
that positive values of γn result in growing correlations with
rapidity separation between particles. We further note that the
above form for the two-proton reduced correlation function
c2(y1,y2) is supported by the preliminary STAR Collaboration
data [45,46] where γ2 > 0, that is, two protons do not want

5Based on the preliminary STAR Collaboration data for the
cumulants [42] we obtain c0

2 ≈ −1.1 × 10−3, c0
3 ≈ −1.7 × 10−4, and

c0
4 ≈ 7.3 × 10−5.

054905-4

Published Data

Preliminary Data

STAR data at 7.7 GeV consistent with σΥ >> 1

Large correlation length (σΥ >> ΔY=1): Kn=Kn(<N>)
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II. NET-BARYON MULTIPLICITY DISTRIBUTION

To illustrate how one can extract the multiplicity distribution, let us start with the fugacity
expansion of the pressure

P

T 4
=

1

V T 3
ln(Z) =

1X

k=0

pk(T ) cosh (kµ̂B) , (1)

where µ̂B = µB/T is the ratio of baryon chemical potential over temperature and pk are coe�cients
to be determined. Therefore, the partition function, Z, can be written as

Z = exp

"
V T 3

1X

k=0

pk(T ) cosh (kµ̂B)

#
. (2)

On the other hand the partition function can also be written as a sum involving all the N net-
baryon partition functions, zN , �1  N  1

Z =
1X

N=�1
zN eN µ̂B = z0 + 2

1X

N=1

zN cosh(N µ̂B). (3)

Here and in the following we denote the net-baryon number by N = nB � nB̄. In the previous
equation we made use of charge symmetry to relate zN = z�N . In the present paper we are
interested in the case of vanishing baryon chemical potential, where the cumualnts are measured
on the lattice up to the eighth order. Given the zN , the probability to have N net-baryons at
vanishing chemical potential, µ̂B = 0 is then given by

P (N ) =
zN

Z(µ̂B = 0)
. (4)

Therefore, the task at hand is to determine the N net-baryon partition function, zN . To this end
we equate the two expressions for the partition function, Eqs. (2) and (3), and divide both sides
by the partition function taken at µ̂B = 0,

exp
⇥
V T 3

P1
k=1 pk(T ) cosh (kµ̂B)

⇤

exp [V T 3
P1

k=1 pk(T )]
=

1

Z(µ̂B = 0)

 
z0 + 2

1X

N=1

zN cosh(N µ̂B)

!

= P (0) + 2
1X

N=1

P (N ) cosh(N µ̂B). (5)

We note that the normalization with Z(µ̂B = 0) removes the dependence of the left hand side on
the virial coe�cient p0 and thus the sums start at k = 1. Upon rotating to imaginary chemical
potential (see also [34]), µ̂B ! iµ̄B, the above equation turns into

exp
⇥
V T 3

P1
k=1 pk(T ) cos (kµ̄B)

⇤

exp [V T 3
P1

k=1 pk(T )]
= P (0) + 2

1X

N=1

P (N ) cos(N µ̄B), (6)

so that the N -net-baryon probabilities, P (N ), result from simple Fourier transform

P (N ) =
1

⇡

ˆ ⇡

0
dµ̄B cos(N µ̄B)

exp
⇥
V T 3

P1
k=1 pk(T ) cos (kµ̄B)

⇤

exp [V T 3
P1

k=1 pk(T )]
. (7)

Virial expansion:

Utilize of cluster expansion model of Vovchenko et al arXiv:1711.01261

Cluster model: 
p1, p2

<latexit sha1_base64="dmXxbA2a+AMNoVShowWVID6/0/M="></latexit><latexit sha1_base64="5oGsu9ZGFH/zlOItmTHDSisBOKk="></latexit><latexit sha1_base64="5oGsu9ZGFH/zlOItmTHDSisBOKk="></latexit><latexit sha1_base64="1RLm4r1c4xpQIPjZL69y4sFGYOk="></latexit>

pk = f(p1, p2); k > 2
<latexit sha1_base64="1qv0j+Vev7n3PAOWD2GSEy53lCQ="></latexit><latexit sha1_base64="1qv0j+Vev7n3PAOWD2GSEy53lCQ="></latexit><latexit sha1_base64="1qv0j+Vev7n3PAOWD2GSEy53lCQ="></latexit><latexit sha1_base64="1qv0j+Vev7n3PAOWD2GSEy53lCQ="></latexit>

Lattice QCD: Vovchenko et al, arXiv:1708.02852
V. Vovchenko et al. / Nuclear Physics A 00 (2018) 1–4 3
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Fig. 2. Temperature dependence of the net baryon susceptibilities (a) �B
2 , (b) �B

4 /�
B
2 , (c) �B

6 /�
B
2 , and (d) �B

8 , calculated within CEM-
LQCD (red stars). Lattice QCD data of Wuppertal-Budapest [20] and HotQCD [18, 19] collaborations are shown by the blue and green
bands/symbols, respectively.

3. Results

3.1. Baryon number susceptibilities
The baryon number susceptibilities �B

k = @
k�1(⇢B/T 3)/@(µB/T )k�1 in the CEM read

�B
k (T, µB) = � 2

27⇡2

b̂2
1

b̂2

n

4⇡2
h

Li2�k (x+) + (�1)k Li2�k (x�)
i

+ 3
h

Li4�k (x+) + (�1)k Li4�k (x�)
io

. (6)

Leading order baryon number susceptibilities at µB = 0 have recently been computed in lattice QCD [16,
17, 18, 19, 20]. A comparison with these lattice data can test the predictive power of the CEM.

Figure 2 depicts the temperature dependence of �B
2 , �B

4 /�
B
2 , �B

6 /�
B
2 , and �B

8 , calculated in CEM and
compared to the lattice data of Wuppertal-Budapest [20] and HotQCD collaborations [18, 19]. The CEM
calculations use the Wuppertal-Budapest data [11] for b1(T ) and b2(T ) as an input and are therefore labeled
CEM-LQCD in Fig. 2. CEM results are in quantitative agreement with the lattice data for �B

2 and �B
4 /�

B
2 .

The CEM is also consistent with the lattice data for �B
6 /�

B
2 and �B

8 , although these data are still preliminary
and have large error bars. One interesting qualitative feature is the dip in the temperature dependence of
�B

6 /�
B
2 , where this quantity is negative. It was interpreted as a possible signature of chiral criticality [21].

Given that this behavior is also present in CEM (see red stars in Fig. 2c), i.e. in a model which has no critical
point, we conclude that the negative dip in �B

6 /�
B
2 cannot be considered as an unambiguous signal of chiral

criticality.

3.2. Reconstructing the Fourier coe�cients b1 and b2 from susceptibilities
All baryon number susceptibilities at a given temperature are determined in the CEM by two parameters

– the leading two Fourier coe�cients b1 and b2. One can now consider a reverse prescription – assuming
the validity of the CEM ansatz one can extract the values of b1 and b2 at a given temperature from two
independent combinations of baryon number susceptibilities by reversing Eq. (6). We demonstrate this
by considering the lattice QCD data of the HotQCD collaboration for �B

2 and �B
4 /�

B
2 . The temperature

dependence of the b1 and b2 coe�cients, reconstructed from the HotQCD collaboration’s lattice data on
the basis of CEM [Eq. (6)], is shown in Fig. 3 by the green symbols. The extracted values agree rather
well with the imaginary µB data of the Wuppertal-Budapest collaboration, shown in Fig. 3 by the blue

Figure from: 
arXiv:1807.06472
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II. NET-BARYON MULTIPLICITY DISTRIBUTION

To illustrate how one can extract the multiplicity distribution, let us start with the fugacity
expansion of the pressure

P

T 4
=

1

V T 3
ln(Z) =

1X

k=0

pk(T ) cosh (kµ̂B) , (1)

where µ̂B = µB/T is the ratio of baryon chemical potential over temperature and pk are coe�cients
to be determined. Therefore, the partition function, Z, can be written as

Z = exp

"
V T 3

1X

k=0

pk(T ) cosh (kµ̂B)

#
. (2)

On the other hand the partition function can also be written as a sum involving all the N net-
baryon partition functions, zN , �1  N  1

Z =
1X

N=�1
zN eN µ̂B = z0 + 2

1X

N=1

zN cosh(N µ̂B). (3)

Here and in the following we denote the net-baryon number by N = nB � nB̄. In the previous
equation we made use of charge symmetry to relate zN = z�N . In the present paper we are
interested in the case of vanishing baryon chemical potential, where the cumualnts are measured
on the lattice up to the eighth order. Given the zN , the probability to have N net-baryons at
vanishing chemical potential, µ̂B = 0 is then given by

P (N ) =
zN

Z(µ̂B = 0)
. (4)

Therefore, the task at hand is to determine the N net-baryon partition function, zN . To this end
we equate the two expressions for the partition function, Eqs. (2) and (3), and divide both sides
by the partition function taken at µ̂B = 0,

exp
⇥
V T 3

P1
k=1 pk(T ) cosh (kµ̂B)

⇤

exp [V T 3
P1

k=1 pk(T )]
=

1

Z(µ̂B = 0)

 
z0 + 2

1X

N=1

zN cosh(N µ̂B)

!

= P (0) + 2
1X

N=1

P (N ) cosh(N µ̂B). (5)

We note that the normalization with Z(µ̂B = 0) removes the dependence of the left hand side on
the virial coe�cient p0 and thus the sums start at k = 1. Upon rotating to imaginary chemical
potential (see also [34]), µ̂B ! iµ̄B, the above equation turns into

exp
⇥
V T 3

P1
k=1 pk(T ) cos (kµ̄B)

⇤

exp [V T 3
P1

k=1 pk(T )]
= P (0) + 2

1X

N=1

P (N ) cos(N µ̄B), (6)

so that the N -net-baryon probabilities, P (N ), result from simple Fourier transform

P (N ) =
1

⇡

ˆ ⇡

0
dµ̄B cos(N µ̄B)

exp
⇥
V T 3

P1
k=1 pk(T ) cos (kµ̄B)

⇤

exp [V T 3
P1

k=1 pk(T )]
. (7)
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we equate the two expressions for the partition function, Eqs. (2) and (3), and divide both sides
by the partition function taken at µ̂B = 0,

exp
⇥
V T 3

P1
k=1 pk(T ) cosh (kµ̂B)

⇤

exp [V T 3
P1

k=1 pk(T )]
=

1

Z(µ̂B = 0)

 
z0 + 2

1X

N=1

zN cosh(N µ̂B)

!

= P (0) + 2
1X

N=1

P (N ) cosh(N µ̂B). (5)

We note that the normalization with Z(µ̂B = 0) removes the dependence of the left hand side on
the virial coe�cient p0 and thus the sums start at k = 1. Upon rotating to imaginary chemical
potential (see also [34]), µ̂B ! iµ̄B, the above equation turns into

exp
⇥
V T 3

P1
k=1 pk(T ) cos (kµ̄B)

⇤

exp [V T 3
P1

k=1 pk(T )]
= P (0) + 2

1X

N=1

P (N ) cos(N µ̄B), (6)

so that the N -net-baryon probabilities, P (N ), result from simple Fourier transform

P (N ) =
1

⇡

ˆ ⇡

0
dµ̄B cos(N µ̄B)

exp
⇥
V T 3

P1
k=1 pk(T ) cos (kµ̄B)

⇤

exp [V T 3
P1

k=1 pk(T )]
. (7)

Virial expansion:

P (N ) =
zN eµ̂BN

Z
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Z = exp

�
V T 3

��

k=0

pk(T ) cosh(kµ̂B)

�
= z0 + 2

��

N=1

zN cosh(N µ̂B)
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Multiplicity distribution:
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FIG. 1. LQCD-based multiplicty distribution at T = 155 MeV compared with the Skellam distrubution at
the same width for (a) V = 5280 fm3 and (b) V = 2100 fm3.

FIG. 2. The ratios (model over Skellam) of the distributions presented in Fig. 1 for (a) broad range of N
and (b) close to N ⇠ 0.

values for the temperature. The lower one, T = 155MeV, corresponds the chemical freeze-out
temperature extracted from hadron-yield systematics [39]. We also consider T = 180MeV, where
the cumulants are substantially di↵erent. For example K4/K2 = 0.725 ± 0.0529 at T = 155MeV
while K4/K2 = 0.273 ± 0.0189 at T = 180MeV [32]. This will give us an idea to which extent
the multiplicity distribution depends on the value of the cumulants. The values for the input
parameters b1, b2 are b1 = 0.113907, b2 = �0.00428816 for T = 155MeV and b1 = 0.298302,
b2 = �0.0697688 for T = 180MeV.

In Fig. 1 we show the multiplicity distribution, P (N ), for a system at temperature T =
155MeV. The left panel corresponds to the volume extracted for LHC and the right panel for that
at the top RHIC energy, corresponding to VLHCT 3 = 2560 and VRHICT 3 = 1020, respectively. Note
that we show the distributions only for positive N since it is symmetric with respect to N , �N .
In addition, as red circles we show the corresponding Skellam distribution

PSkellam(N ) = e�2⇤IN (2⇤), (11)

where IN is the modified Bessel function of the first kind. We adjust the parameter ⇤ such that
the Skellam distribution and the model distribution have the same variance,

�2 = K2 =
⌦
N 2

↵
, (12)
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Summary
• Fluctuations sensitive to phase structure:  

- measure “derivatives” of EOS 
• Cumulants contain information about correlations 
• Comparison with Lattice require some care 
• Net-baryon number distribution consistent with lattice 

- Deviation from Skellam is very small! 
- Measuring chiral criticality likely difficult
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FIG. 3. LQCD-based multiplicty distribution at T = 180 MeV compared with the Skellam distrubution at
the same width for (a) V = 5280 fm3 and (b) V = 2100 fm3.

FIG. 4. The ratios (model over Skellam) of the distributions presented in Fig. 3 for (a) broad range of N
and (b) close to N ⇠ 0.

that is ⇤ = �2/2 since for Skellam
⌦
N 2

↵
= 2⇤ (of course hN i = 0). Here K2 is the second order

cumulant, consistent with Lattice QCD. The di↵erence between the model distribution, P (N ),
which is consistent with the cumulants from lattice QCD, and the Skellam distribution, where all
cumulants are the same, K2n = K2, is barely visible. To show the di↵erence more clearly, in Fig. 2
we show the ratio of P (N )/PSkellam(N ). In the left panel we plot the ratio over the same range as
in the previous figure, and we see for the smaller volume this ratio drops faster. In the right panel
we zoom into the region where the ratio is approximately unity. We see that in both cases the ratio
exceeds one, however, only by less than 0.1%. Also, the maximum in case of the RHIC volume is
more pronounced. To see how things change with temperature, we show the resulting multiplicity
distributions also for a temperature of T = 180MeV in Figs. 3 and 4. We used the same volumes
used in Figs. 1 and 2 so that the factor V T 3 and thus the width of the distribution increase with
the temperature. Although the cumulants are quite di↵erent at T = 180MeV, comparing Figs. 2
and 4 we find that the deviation from the Skellam distribution does not change significantly. For
both temperatures we have observed a volume dependence of the multiplicity distributions, which
qualitatively is not surprising, as the width increases with the volume �2 = K2 ⇠ V . To remove
this rather trivial e↵ect, in Fig. 5 we plot the ratios P (N )/PSkellam(N ) as a function of N/�, where
� is respective width for each volume and temperature. Obviously the distribution does not simply
scale with the width.
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FIG. 5. The ratios of the distributions presented in Figs. 1 and 3 with N rescaled by the respective widths,
� (see Eq. (12)).

K4/K2 K6/K2 K8/K2

T = 155, V T 3 = 2560, (Fig. 1(a)) 86 (3.1⇥ 10�8) 118 (2.3⇥ 10�13) 137 (3.8⇥ 10�17)

T = 155, V T 3 = 1020, (Fig. 1(b)) 52 (1.6⇥ 10�7) 72 (2.6⇥ 10�12) 83 (1.5⇥ 10�15)

T = 180, V T 3 = 4010, (Fig. 3(a)) 161 (1.9⇥ 10�9) 211 (2.3⇥ 10�14) 249 (5.7⇥ 10�19)

T = 180, V T 3 = 1590, (Fig. 3(b)) 98 (8.7⇥ 10�9) 128 (2.7⇥ 10�13) 150 (2.4⇥ 10�17)

TABLE I. Value of the minimum number of net-baryon Nmin one needs to sum P (N ) over in order to obtain
Kn/K2 within 5% or less. If we demand 10% or less the numbers are reduced by N ⇠ 3. We also give the
values of P (Nmin) in parenthesis.

IV. DISCUSSION AND CONCLUSION

After having presented the multiplicity distributions which are consistent with the cumulants
determined from Lattice QCD a few points are worth discussing

(i) Our main finding is that the deviation of the LQCD-based multiplicity distribution from the
Skellam distribution with the same width (or same second order cumulant) is very small for
all cases considered. For the more realistic temperature of T = 155MeV and a value of the
probability as small as P (N ) ' 10�15 the di↵erence is at best 20% in case of top RHIC ener-
gies and less than 15% for LHC energies (see Figs. 1 and 2). Therefore, given the fact that the
direct measurement of a multiplicity distribution involves unfolding of e�ciency corrections
(see, e.g., [26]) it is very unlikely that a meaningful extraction of the true multiplicity dis-
tribution is possible in practice. In order to provide some guidance on what statistics would
be needed, in Table I we provide the minimum range Nmin one has to sum the multiplicity
distribution over in order to get a certain cumulant ratio within 5% of the correct value. We
also list the probability P (Nmin) at this point. For example in order to obtain K6/K2 within
5%, we need to sum until N = 118, where the probability is as low as 10�13 for the LHC at
the realistic freeze-out temperature of T = 155MeV (V T 3 = 2560).

(ii) Here we have discussed the multiplicity distribution of net-baryons. In experiment one is
usually restricted to the measurement of net protons. As discussed in [21], assuming fast
isospin exchange the net-proton distribution can be derived from the net-baryon distribution
by folding with a binomial distribution with Bernoulli probability of p ' 0.5. This, however,
brings the distribution even closer to a Skellam distribution [24].



Cumulants of (Baryon) Number
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Kn =
�n

�(µ/T )n
ln Z =

�n�1

�(µ/T )n�1
�N�

Kn � VCumulants scale with volume (extensive):

Volume not well controlled in heavy ion collisions 

Cumulant Ratios: K2

�N� ,
K3

K2
,

K4

K2

K1 = �N� , K2 = �N � �N��2 , K3 = �N � �N��3
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Preliminary Star data are consistent 
with long range correlations
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7.7 GeV 
central

STAR preliminary

19.6 GeV 
central

STAR preliminary


