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Our observables:
T., Equation of state, Fluctuations



@ Lattice QCD and the sign problem
© Fluctuations
© Connecting to experiment

@ Looking for the critical point



Lattice QCD and the sign problem

Why LQCD?

1 _
EQCD = —ZF:VFQ’/J‘V + ’(/)(i’yuD‘u — m)¢

@ Because of the strong coupling and the self interaction of gluons
perturbation theory is not feasible

o Path integral quantization:

N A _fD¢($1~--q’5neide£
<0|T¢1¢)n|0>— fD¢eide£

First problem: There are many points in space-time D¢ = [[; do(x;)

Solution: Replace continuous space by a discrete 4d lattice



Lattice QCD and the sign problem

Why aren’t we finished yet?

@ Simulations take a lot of computer
time
o Not everything can be calculated
directly. For example:
o Only observables that can be
calculated in Euclidean space
o Only thermal equilibrium
e Only simulations at ¥ o oaoo

continuation
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Lattice QCD and the sign problem

The sign problem

The QCD partition function:
Z( V, T, /14) = \/’DU’DwD'l/_J e_SF(UﬂPﬂZ’)—ﬁSG(U)
= /DU det M(U)e=556(V)

o For Monte Carlo simulations det M(U)e=?%¢(Y) is interpreted as
Boltzmann weight

o If there is particle-antiparticle-symmetry det M(U) is real
o If 2 > 0 det M(U) is complex



Lattice QCD and the sign problem

The sign problem
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The x; are drawn from a uniform distribution in the interval [—100, 100]
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Lattice QCD and the sign problem

Importance sampling
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N _2). L
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The x; are drawn from a normal distribution




Lattice QCD and the sign problem

The sign problem
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Lattice QCD and the sign problem

Dealing with the sign problem

Reweighting techniques
Canonical ensemble
Complex Langevin
Lefshetz Thimble
Density of state methods
Dual variables

Taylor expansion — [Bazavov et al., Bazavov:2017dus],
[Bonati et al., Bonati:2018nut]

Imaginary p



Lattice QCD and the sign problem

Analytic continuation
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Common technique: [de Forcrand, Philipsen, deForcrand:2002hgt],
[Bonati et al., Bonati:2015bha], [Cea et al., Cea:2015cya],

[D'Elia et al., DElia:2016jgh], [Bonati et al., Bonati:2018nut] ...



Lattice QCD and the sign problem

Different functions

Analytical continuation on Ny = 12 raw data
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Lattice QCD and the sign problem

Different functions

Condition: xs < x4 — f(fig) = a+ b3 + cif + 2508

Analytical continuation on Ny = 12 raw data
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Fluctuations

Simulation details

FYleesoeeosocsoscsocccccccccoccs

Borsanyi et al., Borsanyi:2018grb, arXiv:1805.04445

Action: tree-level Symanzik improved gauge action, with four times
stout smeared staggered fermions

2+1+1 flavor, on LCP with pion and kaon mass

Simulation at us = pug =0

Lattice size: 483 x 12

8 — il with j=0,1,2,3,4,5 6and 7



Fluctuations

The fit function

Bas__OTHpITY
T (Oh) (0pQ) (Ofis)* T
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Ta=Xo T gxfﬂ% + Exfﬁ‘fs + 5><5ﬂ% + ngBﬂss + o1 X1ofls

From this we can calculate the derivatives that we can measure on the

lattice:
X (im) = XE s + i + g nEA% + S + g i
X (is) = XE + 5 xEid + 3k + o Eak + i
X (is) = X s + B + g BR% + T
X5 (B) = Xi + %x?ﬁ% + %Xssms + 61, XToA%



Fluctuations

The fit function

(Bi9S O™ (p/T*) Py
Wk (0ps) (0pQY (Ops)k T
p 1 1 1 1 1 5 .10

Ta = x5 + 2|X2M.‘3+ 4,X4NB+ 6|X6MB+ 8|X8MB+ 10,X10HB

From this we can calculate the derivatives that we can measure on the

lattice:
B _ Bn 13 1 s 1 B9
X2 (i8) = X2 fis + 37X4 i + giX6 B + 71X M1 + gyeoxa i
A 1 5. 1 5. 1 1 .8
Xz (BB) = X3 + 57X4 Pg + X6 A + —raxs A + zreoxs ig
2! 41 6! 8!
. . 1 5. 1 1
X3 (f18) = X4t + 37 X6 i + 11X B + 2y oxa i
A 1 5. 1 1
X3 (fi8) = X& + 2y X6 i + 471X fi + ¢reoxs i
where ¢; and ¢, are drawn randomly from a normal with = —1.25 and

o = 2.75 distribution.



Choosing the prior
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Fluctuations

X8, xB, x& and x&
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Fluctuations

The fit function
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where %35%; and %% are constrained by a prior, normally distributed with
71 91

u=—1.25and o = 2.75.

From this we can calculate the derivatives:
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Fluctuations
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Fluctuations
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Fluctuations

Error estimation

o Statistical error:
Jackknife method
o Systematic error:
Using different way of analysis, combining them in a histogram:
o including or discarding the data set with the highest value for ug
o 900 different values for €1 and e drawn from a Gaussian distribution
with mean -1.25 and variance 2.75.

This adds up to 1800 ways of analysis

0.025 0.030 0.035 0.040 0.045



Connecting to experiment

© Connecting to experiment



Connecting to experiment

Observables

Cumulants of the net baryon number distributions:

@ mean Mg

e variance 0

o skewness Sg: asymmetry of the distribution

@ kurtosis kg: “tailedness” of the distribution




Connecting to experiment

Calculating observables

We have derivatives with respect to fig, fig and fis of the pressure at

s = @ = 0. Notation: L I I ey
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We want ratios of the cumulants that are approxnmatel)h;e'm'gfé%éndent of
the volume at ug > 0, (ns) =0 and (ng) = 0.4(ng):
Ms _ x2(T,ps) _ . -3 B3
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[Bazavov et al., Bazavov:2017dus], [Karsch, Karsch:2017zzw]
plot: [STAR, Adamczyk:2013dal]



Connecting to experiment

Calculating observables Il

The ppg dependence can be written in terms of the Taylor expansion:
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for = ;\3/,55 and 530-23. [STAR, Adamczyk:2013dal]




Connecting to experiment

Measured observables

On each ensemble we measure the X?J-Qf up to the fourth derivative:
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Connecting to experiment
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Connecting to experiment
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Connecting to experiment

% [D'Elia et al,, DElia:2016jqh]
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Connecting to experiment

2

Extrapolation ko

Wuppertal-Budapest ~ STAR Preliminary data
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Connecting to experiment

2

Wuppertal-Budapest ~ STAR Preliminary data
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Extrapolation ko
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Connecting to experiment

2

Wuppertal-Budapest ~ STAR Preliminary data
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Connecting to experiment

2

Wuppertal-Budapest ~ STAR Preliminary data
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Extrapolation ko
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Connecting to experiment

2

Wuppertal-Budapest ~ STAR Preliminary data
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Connecting to experiment

2

Extrapolation ko

1.2 - - - -
Wuppertal-Budapest STAR Preliminary data
Ny =12 p: 0.4 <pr<2.0GeV, |y <0.5
11t g
1.0 E
T=150 MeV
So3 0.9 9
Y
0.8} i
0.7} E
0.6} i
0'50 50 100 150 200
KB




Connecting to experiment

2

Extrapolation ko
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Connecting to experiment

2

Extrapolation ko
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Connecting to experiment

2

Extrapolation ko
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Looking for the critical point

0 Looking for the critical point



Looking for the critical point

Convergence radius estimators

@ Ratio test for the pressure:

p(1) = po + p2fi® + pafi* + pefi® + . ..

; P _ [ pa
Ratio test — ry, = /52

@ Ratio test for the susceptibility:

Xa(1) = 2p2 + 12pafi® + 30psi* + . ..

2n(2n—1) p

. X e
Ratio test — ry; = @nrD)(2n+2) [2n



Looking for the critical point

Ratios for the radius of convergence
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Looking for the critical point

N; = 4 Toy model with critical endpoint
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Looking for the critical point

Toy model without critical endpoint

0.3
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o Start with some parametrization of the curve x2/ug at p =10

@ Assume that the only difference in the physics at finite p is a shift in
this curve

@ The inflection point of this curve is one possible definition of T, so
shift the curve by using the k values found in the literature

@ You now have a model prediction of xZ for any finite p, differentiate
it a few times at = 0 to get estimates of ¥, xZ and x&

NOTE: The model assumes no criticality



Looking for the critical point

Fluctuations in the toy model
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CURVE: The simple model described in the previous slide without
criticality



Looking for the critical point

Fluctuations in the toy model
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Looking for the critical point

Summary
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