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Dark Matter is essential to our current understanding of the 
Universe evolution 

 Properties : 
★ Long-lived 
★ Electrically neutral
★ Interaction with the Standard Model are suppressed

Strongly Interacting Dark Matter 
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Lattice simulations provide insights in many strongly coupled 
theories  

The lattice can provide information on the dark sector in isolation: 
★ Low-lying spectrum
★ Matrix element relevant for direct detection
★ Production cross section ?
★ Self interactions ?

Price to pay: 
★The uv completion needs to be fixed.

Why the Lattice ?
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Our main original motivation: Composite Higgs / 
Technicolor framework [Cacciapaglia & Sannino 2014] 

Light asymmetric Dark Matter [Lewis et al.] 

SIMP mechanism [Hochberg  et al.] 

Motivations to study SU(2) with Nf=2 



SU(2) gauge theory with Nf = 2 Dirac fermions in the fundamental 
representation. 

 Pseudo-real irrep of SU(2): global flavour symmetry is upgraded to SU(4) : 

  Infinitesimal SU(4) transformation :  

 Generators that leaves the Lagrangian invariant satisfy : 

 Chiral symmetry breaking pattern : SU(4) -> Sp(4)          ( SO(6) -> SO(5) )        

 Wess-Zumino-Witten term allowed  ( 3->2 vertex in EFT)    
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Meson operators: 

Baryon operators: 

Large euclidean time behaviour : 

Hadronic operators

Since this vacuum expectation value has the same structure as the terms containing m

in the Lagrangian, the dynamical breaking would also be SU(4) ! Sp(4). According to

Noether’s theorem, the five broken generators would be accompanied by five Goldstone

bosons.

Of course this suggestion of dynamical symmetry breaking must be checked nonper-

turbatively using first-principles lattice simulations. As reported below, we have done

so and our lattice simulations provide direct verification of this dynamical symmetry

breaking.

There have been several previous lattice studies of SU(2) gauge theory with fermions

in the fundamental representation [26], mainly motivated by interest at nonzero chemical

potential, but all of these studies relied on the staggered action where the number of

fermions is a multiple of 4. Our minimal technicolor theory requires Nf = 2 and thus

we use the Wilson action instead of staggered fermions. When studying chiral symmetry

breaking scenarios with Wilson fermions attention must be paid to the presence, on a

lattice, of the unphysical Aoki phase. For fixed gauge coupling, the Aoki phase is entered

as the quark mass is reduced. An analytic discussion of the Aoki phase symmetries for

this theory is provided in [27], and three lattice studies are also available [28–30]. For our

present simulations, we avoid the Aoki phase and work exclusively in the physical phase.

There have been very few previous lattice results reported for SU(2) gauge theory with

2 fundamental fermions [30–32] and in each case the primary focus was on a di↵erent

action (either Nf > 2 or adjoint representation fermions). Our work is the first lattice study

focused on the mass spectrum of the two-color two-flavor theory, which is the familiar

technicolor template.

III. LATTICE HADRON OPERATORS AND EFFECTIVE FIELD THEORY

The creation operator for a meson is the Hermitian conjugate of its annihilation oper-

ator, and a set of local annihilation operators for mesons is

O
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5

where � is a chosen Dirac structure. In this work we consider � = 1, �5, �µ, or �µ�5. In

lattice simulations, meson masses are extracted from the time dependence of correlation

functions, for example
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where Tr[· · · ] denotes a trace over Dirac and color indices and we have dropped the

vacuum expectation values for the propagators as explained in Appendix A.

Perhaps surprisingly, local diquark (i.e. baryon) correlation functions provide no new

data in this theory. To understand why, notice that the available local diquark operators

are
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T · · ·D are identically zero.) The diquark corre-

lation function is therefore
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and this can be rewritten by using two properties of the charge conjugation operator: one

for a Dirac matrix,

�µT = �C�µC† , (13)

and the other for the Wilson fermion matrix,
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  Most notably : spectrum investigations at non vanishing fermions mass 
★Goldstone Bosons 
★Vector and Axial mesons
★Scalar and Pseudo-scalar mesons
★Pseudo-scalar decay constant

In this talk : 
★Review spectrum predictions 
★Goldstone Boson scattering and the vector meson resonance

Can we bring useful constraints in the context of : 
★Dark pion produced by through Dark vector mesons 
★SIMP mechanism 
★Self-interacting DM ?

What do we know ?



Benchmark results
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 Plaquette action + dynamical Wilson Fermions  
 Several volumes V=L3xT
 4 lattice spacings : a 
 Several fermion masses mf        mPS2

 Non-perturbative renormalisation
 HiRep code 

R. Lewis, C. Pica, F. Sannino, Phys.Rev. D85 (2012) 014504 [arXiv:1109.3513] 
A. Hietanen, C. Pica,  R. Lewis, F. Sannino, JHEP 1407 (2014) 116 [arXiv:1404.2794] 

A. Hietanen, C. Pica,  R. Lewis, F. Sannino [arXiv:1308.4130] 
R. Arthur, V.D, A. Hietanen, M. Hansen, C. Pica, F. Sannino   [arXiv:1602.06559]

)  extrapolate to infinite volume
)  extrapolate to the continuum limit

)  extrapolate to the chiral limit

L. Del Debbio, A. Patella, C. Pica, Phys.Rev. D81 (2010) 094503 

The setup
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 Continuum  χPT:     

 Range of applicability: unknown a priori
 In terms of                      the expressions are unchanged at NLO

 Assess discretisation effects:
Strategy I: 

-  modelling the discretisation effects and doing a global fit:

- Define four data subsets to control fit stability
Strategy II:   

- set                           to zero
- fit each lattice spacings independently
- study fit parameters as a function of the lattice spacing

Chiral behavior : GB sector
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J. Bijnens and J. Lu,  JHEP 11 (2009) 116, [arXiv:0910.5424]
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• Large cut-off effects
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R. Arthur, VD, A. Hietanen, C. Pica, F. Sannino   [arXiv:1602.06559]

Goldstone bosons : mass and decay constant
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• Vector meson stable in 
the regime of our 
simulations (mV < 2 mPS) 

• All 4 lattice spacings are 
consistent  

• mV=13.1(2.2) FPS
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R. Arthur, VD, A. Hietanen, C. Pica, F Sannino   [arXiv:1602.06559]
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• Axial meson stable in the 
regime of our simulations 
(mA < 2 mPS) 

• Significant cut-off effects 

• mA=14.5(3.6) FPS
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R. Arthur, VD, A. Hietanen, C. Pica, F Sannino   [arXiv:1602.06559]
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Scalar sector might be the way to discover new physics
In the real world : 

๏ mσ/fPS  ~ 5 and width is large
๏ The ratio depends a lot on the quark mass

 Here :
๏ 0++ is not light because of symmetry reasons
๏ Nc dependence is not know

Technical issues :
๏ Rigorous treatment of resonances on the lattice is 

expensive and  difficult (see later)
๏ Disconnected contributions are noisy 

General remarks

Very challenging !



J = ūu+ d̄d
C2pts(t) =

X

~x

hJ(t, ~x)J̄(0)i
Simplest fermionic interpolating field :                          (iso-singlet, σ)
Correlator : 
After integration over the fermions : 

 connected contribution : two-point function                        (iso-vector, a0)

Masses (II)
Forgetting about the fact that the σ is unstable

C2pts(t) =
X

~x

tr{S(x, 0)S(0, x)}+Nf

X

x̃

tr{S(x, x)}tr{S(0, 0)}

 =disconnected contribution
 « infinitely many gluons »  exchanged

x
x 0

0
 =connected contribution

J = ūu� d̄d



Disconnected contribution estimated using stochastic estimators 
(64 volume sources/conf.) 
Same calculation can be used to compute  η’  
Interpolating field                                    (iso-scalar)

not a GB because of the U(1)A anomaly

Masses (II)

J = ū�5u+ d̄�5d

results on 3 new states of the theory : σ,a0,η’ 
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R. Arthur, VD, A. Hietanen, C. Pica, F. Sannino   [arXiv:1607.06654]
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• Most chiral run: β=2.0, 
m=-0.958, V=324 

• σ is stable in our setup  

• mσ~mPS !

Effective mass : scalar channel

No need to consider the resonance analysis for the σ 



 20

R. Arthur, VD, A. Hietanen, C. Pica, F. Sannino   [arXiv:1607.06654]
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• Most chiral run: β=2.0, 
m=-0.958, V=324 

• η’  signal

Contribution from the disconnected diagrams is 
sizeable only for our lightest masses



• σ stable in our simulation  

• Polynomial global fit 
including 2 lattice spacings  

• mσ = 21.7(10.8) FPS
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• 2 lattice spacings 

• mη > mps only at our 
lightest fermion 
masses. 

• no cutoff effects are 
seen. 

• mη=14.6(4.7) FPS
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Summary and comparison with Nc=3

• Shifted upward 
compared to 
QCD ? 

• Neglects the 
decay of 
resonances
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New Results: improved setup
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Scattering
Scattering in composite Higgs models

We can predict the resonance spectrum in vector boson
scattering

This follows from Goldstone boson equivalence theorem: at
large energies, external vector boson states equivalent to
Goldstone boson states

e.g. ⇢ ! ⇡+⇡� corresponds to vector resonance in W+W�

scattering

E↵ective Lagrangian:

Le↵ = g⇢⇡⇡⇢µ
[ij ]

@µ⇡i⇡j

In QCD ⇢µ
[ab]

= fabc⇢
µ
c .

T. Janowski Scattering and resonances in composite Higgs models 16 / 37

 In the TC framework the Goldstone boson equivalence 
theorem : at large energies, external vector bosons states 
equivalent to Goldstone Boson states 

  e.g :                   corresponds to vector resonance in 
W+W- scattering 

Effective Lagrangian  

Scattering in composite Higgs models

We can predict the resonance spectrum in vector boson
scattering

This follows from Goldstone boson equivalence theorem: at
large energies, external vector boson states equivalent to
Goldstone boson states

e.g. ⇢ ! ⇡+⇡� corresponds to vector resonance in W+W�

scattering

E↵ective Lagrangian:

Le↵ = g⇢⇡⇡⇢µ
[ij ]

@µ⇡i⇡j

In QCD ⇢µ
[ab]

= fabc⇢
µ
c .

T. Janowski Scattering and resonances in composite Higgs models 16 / 37



 26

Wilson Clover fermions + Symanzik improved gauge

• Reduce cutoff 
effects  

• Or simulate at 
coarser lattice 
spacing with 
larger physical 
volumes…

b m0 L T Blk_size stat ampac dampac amps damps afps dafps amV damV
1.25 -0.6000 16 32 100 6500 0.2851 0.0004 1.303 0.002 0.233 0.0024 1.468 0.007
1.30 -0.6000 16 32 100 6500 0.2321 0.0005 1.154 0.002 0.203 0.0025 1.324 0.009
1.35 -0.6000 16 32 100 6500 0.1701 0.0006 0.956 0.003 0.168 0.0025 1.129 0.013
1.35 -0.7000 16 32 10 1666 0.0357 0.0009 0.423 0.006 0.105 0.0035 0.655 0.081
1.40 -0.6000 16 32 10 1500 0.0984 0.0006 0.686 0.003 0.124 0.0022 0.862 0.020
1.40 -0.6100 16 32 10 1392 0.0846 0.0008 0.632 0.005 0.118 0.0032 0.808 0.031
1.40 -0.6200 16 32 10 1218 0.0696 0.0009 0.567 0.006 0.109 0.0034 0.748 0.039
1.40 -0.6300 16 32 10 1621 0.0552 0.0007 0.503 0.005 0.102 0.0024 0.713 0.040
1.40 -0.6400 16 32 10 1795 0.0413 0.0007 0.433 0.005 0.093 0.0025 0.708 0.070
1.40 -0.6500 16 32 10 1585 0.0250 0.0010 0.343 0.010 0.081 0.0040 0.591 0.082
1.40 -0.6570 16 32 10 2779 0.0137 0.0008 0.262 0.010 0.067 0.0036 0.529 0.066
1.45 -0.5500 16 32 10 2000 0.0898 0.0005 0.619 0.003 0.105 0.0016 0.769 0.012
1.45 -0.5700 16 32 20 4156 0.0631 0.0005 0.510 0.003 0.093 0.0013 0.673 0.017
1.45 -0.5800 16 32 10 1791 0.0493 0.0007 0.445 0.005 0.085 0.0019 0.616 0.028
1.45 -0.5900 16 32 10 1602 0.0346 0.0009 0.376 0.007 0.077 0.0027 0.587 0.058
1.45 -0.6000 16 32 10 1766 0.0197 0.0010 0.286 0.010 0.064 0.0033 0.517 0.076
1.45 -0.6050 16 32 10 2371 0.0110 0.0011 0.236 0.013 0.051 0.0049 0.520 0.090
1.45 -0.6100 16 32 20 3424 0.195 0.015 0.541 0.083
1.50 -0.5000 16 32 10 1500 0.0869 0.0006 0.575 0.004 0.091 0.0019 0.703 0.013
1.50 -0.5100 16 32 10 1500 0.0731 0.0007 0.521 0.005 0.084 0.0019 0.650 0.017
1.50 -0.5200 16 32 10 1513 0.0600 0.0007 0.468 0.005 0.078 0.0018 0.611 0.019
1.50 -0.5300 16 32 10 1500 0.0459 0.0008 0.407 0.006 0.072 0.0019 0.557 0.027
1.50 -0.5400 16 32 10 1325 0.0330 0.0010 0.354 0.009 0.062 0.0026 0.545 0.058
1.50 -0.5500 16 32 10 1750 0.0190 0.0010 0.272 0.013 0.050 0.0028 0.453 0.048
1.50 -0.5525 16 32 10 2214 0.0141 0.0010 0.256 0.012 0.041 0.0028 0.555 0.115
1.50 -0.5550 16 32 20 4117 0.0120 0.0011 0.238 0.017 0.038 0.0035 0.465 0.066
1.60 -0.4000 16 32 10 1500 0.0993 0.0005 0.546 0.004 0.071 0.0012 0.617 0.008
1.60 -0.4500 16 32 10 1810 0.0407 0.0007 0.357 0.007 0.048 0.0013 0.480 0.014
1.60 -0.4700 16 32 10 2432 0.0162 0.0011 0.320 0.015 0.022 0.0015 0.502 0.023
1.60 -0.4800 16 32 10 2106 0.0018 0.0016 0.304 0.027 0.002 0.0020 0.501 0.046
1.60 -0.4900 16 32 10 2866 -0.0163 0.0006 0.290 0.012 -0.033 0.0020 0.322 0.021
1.80 -0.2500 16 32 5 500 0.1393 0.0004 0.566 0.004 0.053 0.0009 0.602 0.005
1.80 -0.3000 16 32 5 500 0.0893 0.0004 0.501 0.006 0.045 0.0010 0.548 0.007
1.80 -0.3500 16 32 10 2500 0.0333 0.0003 0.451 0.006 0.019 0.0003 0.464 0.008
1.80 -0.3850 16 32 10 1917 -0.0062 0.0005 0.429 0.007 -0.004 0.0003 0.461 0.007
2.00 -0.2000 16 32 5 500 0.1266 0.0002 0.533 0.004 0.048 0.0009 0.578 0.004
2.00 -0.2500 16 32 5 500 0.0757 0.0003 0.331 0.008 0.038 0.0011 0.365 0.008
2.00 -0.3000 16 32 5 500 0.0250 0.0006 0.234 0.013 0.034 0.0014 0.314 0.020
1.45 -0.5500 24 48 10 1828 0.0899 0.0003 0.621 0.002 0.106 0.0016 0.781 0.025
1.45 -0.5700 24 48 10 1684 0.0628 0.0004 0.509 0.002 0.093 0.0018 0.697 0.052
1.45 -0.5800 24 48 10 1485 0.0487 0.0004 0.444 0.003 0.085 0.0023 0.627 0.088
1.45 -0.5900 24 48 10 1020 0.0340 0.0009 0.369 0.007 0.078 0.0044 0.643 0.081
1.50 -0.5200 24 48 10 1225 0.0603 0.0005 0.465 0.004 0.079 0.0023 0.599 0.040
1.50 -0.5560 24 48 10 1673 0.0100 0.0007 0.188 0.009 0.048 0.0029 0.428 0.096
1.60 -0.4500 24 48 10 2693 0.0404 0.0002 0.319 0.002 0.051 0.0008 0.414 0.010
1.60 -0.4700 24 48 10 1991 0.0151 0.0005 0.195 0.007 0.036 0.0012 0.331 0.043
1.60 -0.4800 24 48 10 1758 0.134 0.012 0.367 0.085

Table 2: Summary mesons: Large volume.
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Phase diagram: bare parameters



 28

Decaying vector meson !



 29

ππ scattering 

 Consider the process : 

  In (2 flavour) QCD pion’s belong to ”3“, and the two pion 
operators can be classified according to  : 

In our case GB belong to “5”  dimensional irrep of  SP(4) : 

 There are still 3 channels 

⇡a⇡b �! ⇡c⇡d

3⇥ 3 = 1 + 3 + 5 (= 0 + 1 + 2)

5⇥ 5 = 1 + 10 + 14



 Differential cross-section in terms of scattering amplitude: 

Partial wave decomposition: 

 Phase shift definition:   

Relation with effective coupling and width 

Phase shift & cross section
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B Finite dimensional representation of classical groups 30

1 Motivations

The computation of the coupling g⇢⇡⇡ in any strongly interacting theories is of uppermost importance
to be able to constraint strongly interacting extension of the SM. Such a coupling would by modified
once embeded in the SM, but a first preleminary step is to know in isolation what would be g⇢⇡⇡.
The only reliable way to estimate it is to perform an ab initio calcultion on the lattice, and this is
what we describe in the following.
In lattice QCD g⇢⇡⇡ have been computed using finite size techniques (see for instance [1]). The
technique is based on the study of the two particle spectrum in a finite volume [2]. A first step in that
direction is to compute the I = 2 ⇡⇡ scattering length aI=2

⇡⇡ . In the context of BSM some explaratory
study have been performed in [3].

1.1 Phenomenology of the weak boson scattering in the Standard Model

1.2 Phenomenology of the weak boson scattering beyond the Standard Model

Concerning the pheno of WW scattering : [4, 5, 6]

2 Generalities : scattering

Mostly taken from Xu’s PhD and papers[7, 1]. Other QCD references [8].
See also some historical papers : [9, 10].

2.1 Scattering in infinite volume

Consider a scattering process (let say 2 bosons of mass m) and the effective potential V (r) that
describes the interaction between the two particles. Now assume that the potenial is short ranged, ie
that the V (r) = 0 for r > R where R is typical interaction range between the two particles.
The system is described by a Hamiltonian Ĥ = Hcin + V (r) and the wave function �(~r) taht desribes
the system can be expanded into two parts : the plain and spherical wave function. The large disctance
behaviour then reads :

�(~r) �! (2⇡)�3/2

⇢
ei~p·~r +A(p,⌦)

eipr

r

�
(1)

All the information due to the interaction is contained in the coefficent A(p,⌦) which is referred to as
the scattering amplitude. ⌦ denotes the solid ang of ~r. The differential cross section is related to the
scattering amplitude through :

d�

d⌦
= |A(p,⌦)|2 (2)

2

Now introducing the definition of the partial wave analysis, the wave function �(~r) can be expanded
in terms of spherical harmonics Ylm(✓,�). The partial wave amplitude Al are then defined as followos
:

A(p,⌦) =
X

l,m

4⇡Al(p)Y
⇤
lm(✓p,�p)Ylm(✓,�) (3)

where l is the angular momentum. Equivalently one can define the scattering phase �l(p) through the
relation :

Al(p) =
e2i�l(p) � 1

2ip
=

ei�l(p) sin �l(p)

p
(4)

We will see later on that the scattering phase can be computed on the lattice using finite size methods.
Now we still have to introduce the the scattering lengths which determine the leading low-energy
behaviour of the scattering phase in the case of the S-wave scattering. Solving the Schrodinger equation
in the regin where the potential vanishes and performing the matching with Eq. (1) allow to obtain
for each channel (labeled by l) a relation with the scattering phase �l(p).

�(r) =
X

l,m

bl,m(↵l(p)jl(pr) + �l(p)nl(pr))Ylm(✓,�) (5)

where blm are known constant (?) and jl and nl are spherical Bessel functions. Perfoming the mathcing
we get :

e2i�l(p) =
↵l(p) + i�l(p)

↵l(p)� i�l(p)
, or tan �l(p) =

�l(p)

↵l(p)
(6)

In the limit p ! 0 the scattering phase �l(p) can be expanded as :

�l(p) = ⌫l⇡ + alp
2l+1 +O(p2l+3) (7)

for some integer ⌫l which denotes the ambiguity in �l cite(55). The scattering phase in the S-wave
sattering cas, is then defined as :

p tan�1 �0(p) = a�1
0 +

1

2
re↵p

2 +O(p4) (8)

where the coefficient re↵ is the effective range parameter which determines the next leading order
behaviour of �0(p)

2.2 ⇡⇡ system

The pion states with 3�momentum ~p form an isospin triplet denoted |I, I3i. We will denote

|1,+1i ⌘ |⇡+i = ⇡+(~p, t)|⌦i (9)
|1, 0i ⌘ |⇡0i = ⇡0(~p, t)|⌦i (10)

|1,�1i ⌘ |⇡�i = ⇡�(~p, t)|⌦i (11)

with the operator ⇡a(~p, t) defined as :

⇡a(~p, t) =
1

L3/2

X

~x

e�i~p·~x � �5⌧a 
�
(~x, t), a = +, 0,� (12)

Considering first only isospin quantum number we have for a two-pion system :

|⇡⇡i = |⇡i ⌦ |⇡i = 2� 1� 0 (13)
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Moving frames

Phase shift formula depends on the frame and the representation:
frame representation tan �1

COM T�
1

⇡3/2
q

Z00(1;q
2)

MF1 A�
2

⇡3/2
q

Z00(1;q
2)+

2p
5q2

Z20

MF2 B�
1

⇡3/2
q

Z00(1;q
2)� 1p

5q2
Z20+i

p
3p

10q2
(Z22(1;q

2)�Z2(�2)(1;q
2))

Zlm(s, q
2) =

X

n2Z3

Ylm(n)

(q2 � n2)s

tan �1 =
g2

⇢⇡⇡

6⇡

p3

ECM(m2
⇢ � E 2

CM
)
, p =

q
E 2

CM
/4�m2

⇡
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II. METHOD

A. Scattering phase

In an elastic scattering system, the relativistic Breit-Wigner form (RBWF) for the scat-

tering amplitude al with a resonance at a center-of-mass (CM) energy MR and with a decay

width ΓR is [20]

al =
−
√
sΓR(s)

s−M2
R + i

√
sΓR(s)

, s = E2
CM ,

where ECM is the CM energy and al is related to the scattering phase of the lth partial wave,

δl, through al = (e2iδl − 1)/2i. The RBWF corresponding to δl is then

tan δl =

√
sΓR(s)

M2
R − s

. (1)

The ρ-resonance has quantum numbers IG(JPC) = 1+(1−−) and decays into two pions in

the P-wave. A description of the scattering phase as a function of the ECM is provided by

the effective range formula (ERF) [21]

tan δ1 =
g2ρππ
6π

p3

ECM(m2
ρ − E2

CM)
, p =

√

E2
CM/4−m2

π , (2)

which fits the experimental data well. In Eq. (2) δ1 is the P-wave pion-pion scattering

phase, gρππ is the effective ρ → ππ coupling constant and mρ is the ρ-meson mass. We

remark already at this point that we will use the ERF also for our lattice calculations to

fit the scattering phase, even when using pion masses that are larger than the physical one.

Comparing Eqs. (1) and (2), we find that the ERF is a particular case of the RBWF if the

parameters MR and ΓR(s) are chosen such that

MR = mρ , ΓR(s) =
g2ρππ
6π

p3

s
.

The rho decay width Γρ can then be computed in the following way,

Γρ = ΓR(s)

∣

∣

∣

∣

s=m2
ρ

=
g2ρππ
6π

p3ρ
m2

ρ

, pρ =
√

m2
ρ/4−m2

π . (3)

Thus Eqs. (2) and (3) allow us to extract mρ and Γρ by studying the dependence of the

pion-pion scattering phase δ1 on ECM .
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Lattice calculation in a nutshell

  Non interacting pions with momenta p and 0: 

In a finite box the energy levels are shifted by the 
interaction. The energy shift is related to the two-pion 
scattering phase shift 𝛿 in infinite volume. 

Total momentum:   

E0
1 =

q
m2

PS + p2 +mPS

E0
2 =

q
m2

V + p2

[Luscher, Rummukainen-Gottlieb,…]

3

In the laboratory frame, the total 3-momentum of two
noninteracting bosons in a cubic lattice of volume L3 and
periodic boundary conditions is

P = p1 + p2 =
2π

L
d (3)

and the energy is

E = E1 + E2 =
√

m2 + p2
1 +

√

m2 + p2
2

with pi =
2π

L
ni , ni ∈ Z

3 . (4)

The velocity v = P/E gives the relativistic boost fac-
tor γ = 1/

√
1− v2. In the center-of-momentum frame

(CMF) the total momentum vanishes and the bosons mo-
menta are

p∗
1 = −p∗

2 ≡ p∗ . (5)

The energy in the CMF is

ECM = 2
√

m2 + p∗2 = E/γ , (6)

and the momentum is related to the laboratory frame
through

p∗ =
1

2
γ−1
op (p1 − p2) , (7)

where the boost factor acts in direction of v,

γ−1
op p ≡ p∥/γ+p⊥ , p∥ = v(p ·v)/|v|2 , p⊥ = p−p∥ .

(8)
The relativistic 4-momentum squared is invariant, thus
the relation to the laboratory energy E is

E2
CM = E2 −P2 → p∗2 =

1

4
E2

CM −m2 . (9)

Due to the coarseness of the lattice we replace in our cal-
culations this continuum dispersion relation by the lattice
dispersions relation as suggested in [7], i.e.,

coshECMa = coshEa− 2
3

∑

k=1

sin2
(

Pka

2

)

, (10)

(

2 sin
a p∗

2

)2

= 2 cosh
ECMa

2
− 2 coshma . (11)

For the interacting case, the momenta p1,2 of individ-
ual pions in the laboratory frame are no longer multiples

of 2π/L. Assuming a localized interaction region one as-
sociates the outside region with that of two free bosons.
The observed energy levels En are shifted and related to
the scattering phase-shift. Expressed through the CMF
variable

p∗2 ≡
(

q
2π

L

)2

, (12)

one obtains relations of the form tan δ(q) = f(q) for tran-
scendental functions f(q).
We concentrate on the decay ρ → ππ where the two

pions are in p-wave (ℓ = 1). Details have been discussed
in the original papers [3, 4, 7–9, 13]. For completeness we
summarize here only the relevant final expressions, where
phase-shifts are expressed in terms of the generalized zeta
function defined by

Zd
ℓm(s; q2) =

∑

x∈Pd

Y∗
ℓm(x)

(x2 − q2)s
, (13)

Pd =

{

x ∈ R
3 | x = γ−1

op

(

m+
d

2

)

, m ∈ Z
3

}

,

Yℓm(x) = |x|ℓYℓm(x) ,

and Yℓm are the harmonic polynomials to the spherical
harmonics functions Yℓm. The zeta function has to be
analytically continued to s = 1. The simpler form for
d = 0 is given in [3]. A rapidly convergent expression for
nonvanishing d is derived in [9]. We numerically com-
pared the different representations of the zeta functions
of [8] and [9] and found agreement.
The symmetry groups of the sum appearing in

Zlm (13) are Oh, D4h and D2h respectively for
d = (0, 0, 0), (0, 0, 1) and (1, 1, 0). The JP = 1− states
appear in the specific representations of these symmetry
groups and the final expressions for the phase-shifts are:

Zero momentum P = (0,0,0)
(for irrep T−

1 in Oh) [3]:

tan δ(q) =
π3/2q

Z00(1; q2)
. (14)

Nonzero momentum P = (0,0,1)2πL
(for irrep A−

2 in D4h) [7]:

tan δ(q) =
γπ3/2q3

q2Zd
00(1; q

2) +
√

4
5 Zd

20(1; q
2)

. (15)

Nonzero momentum P = (1,1,0)2π
L
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√
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5 Zd

20(1; q
2)

. (15)

Nonzero momentum P = (1,1,0)2π
L

where p̄i = |p̄i| and p̄i denote the three-momenta of the pions, which satisfy the relations

p̄i = (2π/L)ni , ni ∈ Z
3 , p̄1 + p̄2 = P . (5)

In the MF, the center-of-mass is moving with a velocity of v = P/Ē. Using the standard

Lorentz transformation with a boost factor γ = 1/
√
1− v2, the ĒCM can be obtained as

ĒCM = γ−1Ē = 2
√

m2
π + p̄∗2 ,

with CM momenta

p̄∗ = |p̄∗| , p̄∗ = p̄∗
1 = −p̄∗

2 =
1

2
γ⃗−1(p̄1 − p̄2) . (6)

Here, we use the notation

γ⃗−1p = γ−1p∥ + p⊥ , p∥ =
p · v
|v|2

v , p⊥ = p− p∥ .

From inspecting Eqs. (5) and (6) it can be seen that the p̄∗ are quantized to the values

p̄∗ = (2π/L)n , n ∈ Pd =
{

n
∣

∣ n = γ⃗−1(m+ d/2) , for m ∈ Z
3
}

. (7)

In the interacting case, the ECM is given by

ECM = 2
√

m2
π + p∗2 , p∗ = (2π/L)q . (8)

From the energy shift between the noninteracting and the interacting situation, ECM −ĒCM

(or equivalently q2 − |n|2), one can compute the pion-pion scattering phase.

In the MF1 (d = e3), the energy eigenstates transform under the tetragonal group D4h.

The irreducible representations A−
2 and E− are relevant for the pion-pion scattering states

|ππ, l = 1⟩ in infinite volume with angular momentum l = 1. In this work, we calculate the

energies associated with the A−
2 sector. The formula converting the ECM in a finite volume

to the scattering phase in the infinite volume is given by Gottlieb and Rummukainen [10] as

tan δ1(ECM) =
γπ3/2q

Zd
00(1; q

2) + (2q−2/
√
5)Zd

20(1; q
2)

, for Γ = A−
2 , (9)

with the modified zeta function

Zd
lm(s; q

2) =
∑

n∈Pd

Y∗
lm(n)

(|n|2 − q2)s

6

P =
2⇡

L
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 Lattice approach, compute: 

with 

Large time behaviour: 

Solve the generalised eigenvalue problem:

Lattice calculation in a nutshell

condition. We set the system to the A−
2 representation of the rotation group on the lattice

(the tetragonal rotation group D4h), which represents the J = 1 spin state ignoring effects

from higher spin states with J ≥ 3. We consider the iso-spin representation of (I, Iz) = (1, 0),

the neutral ρ meson.
For non-interacting hadrons the dominant low energy states in the moving frame are the

two free pions with the momenta p and 0, and the ρ meson with the momentum p and a

polarization vector parallel to the momentum, ρ3(p). The energies of these states are

W 0
1 =

√

m2
π + p2 +mπ for the two free pions ,

W 0
2 =

√

m2
ρ + p2 for the ρ meson . (2)

Other states having higher energies are neglected. On our full QCD configurations the

invariant mass of the two free pions takes
√
s = 0.97×mρ, which is closer to mρ than that

given by (1) for the system having the zero total momentum.

The hadron interaction shifts the energy from W 0
n to Wn (n = 1, 2), and the energies

Wn are related to the two-pion scattering phase shift δ in the infinite volume through the

Rummukainen-Gottlieb formula [4], which is an extension of the Lüscher formula [7] to the

moving frame. The formula for the A−
2 representation and the total momentum p = pe3

reads
1

tan δ
= Z(1; kL/(2π)) , (3)

where k is the momentum defined from the invariant mass
√
s as

√
s =

√

W 2 − p2 =

2
√

k2 +m2
π. The function Z is an analytic continuation of

Z(x; q) =
1

2π2qγ

∑

r∈Γ

1 + (3r23 − r2)/q2

(r2 − q2)x
, (4)

which is defined for Re(x) > 5/2, where γ = W/
√
s is the Lorentz boost factor and the

summation for r runs over the set

Γ =

{

r | r1 = n1 , r2 = n2 , r3 =

(

n3 +
p

2

L

2π

)

/γ , n ∈ Z
3

}

. (5)

Z(1; q) can be evaluated by the method described in Ref. [8].

B. Extraction of energies

In order to calculate the two energies Wn (n = 1, 2) we construct a matrix of the time
correlation function,

G(t) =

(

⟨0| (ππ)†(t) (ππ)(tS) |0⟩ ⟨0| (ππ)†(t) ρ3(tS) |0⟩
⟨0| ρ†3(t) (ππ)(tS) |0⟩ ⟨0| ρ†3(t) ρ3(tS) |0⟩

)

, (6)

where ρ3(t) is an interpolating operator for the neutral ρ meson with the momentum p =

(2π/L)e3 and the polarization vector parallel to p, and (ππ)(t) is an interpolating operator

3

for the two free pions,

(ππ)(t) =
1√
2

(

π−(p, t)π+(0, t)− π+(p, t)π−(0, t)
)

. (7)

These operators belong to the A−
2 and the (I, Iz) = (1, 0).

To extract Wn (n = 1, 2) we construct a matrix,

M(t, tR) = G(t)G−1(tR) , (8)

with some reference time tR [9]. The two eigenvalues λn(t, tR) (n = 1, 2) of the matrix

M(t, tR) behave as

λn(t, tR) = e−Wn·(t−tR) , (9)

for a large t, if the two lowest states dominate the correlation function. The two energies

Wn can be extracted by a single exponential fit to λn(t, tR).

In order to construct the meson state with a non-zero momentum we introduce U(1)

noise ξj(x) in three-dimensional space, which satisfies

NR
∑

j=1

ξ∗j (x)ξj(y) = δ3(x− y) for NR → ∞ , (10)

where NR is the number of the noise representation taken to be 10 in the present work. We

calculate the quark propagator,

QAB(x, t|q, tS, ξj) =
∑

y

(D−1)AB(x, t;y, tS) ·
[

eiq·yξj(y)
]

, (11)

where A and B refer to color and spin indices. The square bracket in (11) is taken as the

source term in solving the propagator. The two point function of the meson with the spin

content Γ and the momentum p can be constructed from Q by

NR
∑

j=1

∑

x

e−ip·x
〈

γ5Q
†(x, t|0, tS, ξj)γ5Γ†Q(x, t|p, tS, ξj)Γ

〉

, (12)

where the bracket means the trace with respect to the color and the spin indices; hereafter

we take this convention for the brackets.

The contractions of the quark field for the components of G(t) are shown in Fig. 1. The
vertices refer to the pion or the ρ meson with the momentum specified in the diagrams. The

time runs upward in the diagrams. The function Gππ→ππ(t) for the first diagram in Fig. 1 is

calculated by introducing in addition another U(1) noise ηj(x) having the property identical

to that of ξj(x) as in (10),

G[1st]
ππ→ππ =

NR
∑

j=1

∑

x,y

e−ip·x
〈

Q†(x, t|0, tS, ξj)Q(x, t|p, tS, ξj)
〉〈

Q†(y, t|0, tS, ηj)Q(y, t|0, tS, ηj)
〉

.

(13)

4

GEVP

The correlation functions are given by

Cij(t) ⌘ h0 |O†
i
(t)Oj(0) |0i =

X

n,m

h0 |O†
i
|ni(e�Ent�mn)hm |Oj |0i

U and V are square matrices assuming higher-energy states don’t
contribute.
Then

C�1

ij
(t0)Cjk(t) = V�1

in
diag

⇣
e�En(t�t0)

⌘

nm

Vmj

The spectrum can be extracted from the eigenvalues of
C�1(t0)C (t).
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C(t) =
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Wick contractions
Contractions

C11(t) =

p p

00

�

p 0

p0

+

p 0

p0

+

p 0

p0

�

p p

00

�

p p

00

C12(t) = �C ⇤
21(t) =

p

p

0

�

p

p

0

C22(t) = p p
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 For the time being, we  use  

 We plan two use one or two more moving frames
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Benchmark ensemble
Our ensemble

Wilson clover fermions + Symanzik improved gauge action

� 1.45
m0 -0.6050
csw 1.0
am⇡ 0.2114(8)

amnaive
⇢ 0.444(9)

am0
pcac 0.01110(7)
af⇡ 0.0564(3)

# trajectories 1600
# analysed 140

T. Janowski Scattering and resonances in composite Higgs models 29 / 37

p =
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Energy levels
E↵ective mass plots

Eigenvalue �i (t) = exp (�Ei (t � t0)), t0 = 10.
E↵ective mass Ei (t) = ln�i (t)/�i (t + 1)
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Preliminary: phase shift

Extracting g⇢⇡⇡ and M⇢

Fitting central values only (for now) PRELIMINARY:

g⇢⇡⇡ = 5.527

M⇢ = 0.440
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Summary & Conclusions
•Lattice as a laboratory to explore non-perturbative dynamics of gauge theories 

• Prediction of the spectrum for a range of underlying fermion mass
• Decay channels are often closed for kinematic reasons (scalar, vector, axial are 
stable in most of our simulations)

•Benchmark predictions in the chiral limit for spin-1 resonances:
★ mV/FPS =13.1(2.2) ; mA/FPS = 14.5(3.6)

• Preliminary results in the spin-0 sector :
★mσ/FPS  = 21.7(10.8)
★mη/FPS = 14.6(4.7)

• Ongoing/Outlook :

★Update results on the spectrum
★Preliminary results on the vector meson resonance 
★Generalisation to other resonances? 


