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Three concepts of gauge boson mass
Stanis law D. G lazek

Institute of Theoretical Physics, Faculty of Physics, University of Warsaw

Three different concepts of gauge boson mass appear in the front form

of relativistic dynamics of field quanta. Identification of these concepts

is presented on examples rooted in the standard model: massive QED,

running gluon mass in QCD, and quark binding in mesons and baryons.
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Enumeration of mass concepts:

1. Lagrangian formal field theory - massive QED;

2. Hamiltonian renormalization - gluon mass running;

3. Solution quark binding in mesons and baryons,

hopefully helps in answering: Which type do I consider?
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1. Massive Abelian gauge field T. Kibble, D. Soper

L = Lψ + LA + LAφ − Vφ,

Lψ = ψ̄ [(i∂µ − gAµ) γµ −m]ψ ,

LA = −1

4
FµνF

µν

LAφ = [(i∂µ − g′Aµ)φ]
†

(i∂µ − g′Aµ)φ

Vφ = −µ2 φ†φ +
λ2

2
(φ†φ)2

gauge symmetry ψ → eigfψ Aµ → Aµ − ∂µf φ→ eig
′fφ
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Choice of field variables φ = ϕ eig
′θ/
√

2

Gauge symmetry in terms of ψ, Aµ, ϕ and θ

Lψ = ψ̄ [(i∂µ − gAµ) γµ −m]ψ

LA = −1

4
FµνF

µν

LAφ =
1

2
(∂µϕ)2 +

1

2
g′2(Aµ + ∂µθ)2ϕ2

Vφ = V(ϕ/
√

2)

ψ → eigfψ Aµ → Aµ − ∂µf ϕ→ ϕ θ → θ + f
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Gauge choice f = −θ

ψ = eigθψ̃ Aµ = Ã− ∂µθ ϕ = ϕ̃ θ = θ̃ + θ

Lψ = ¯̃ψ
[(
i∂µ − gÃµ

)
γµ −m

]
ψ̃

LA = −1

4
F̃µνF̃

µν

LAφ =
1

2
(∂µϕ̃)2 +

1

2
g′2Ãµ 2ϕ̃2

Vφ = V(ϕ̃/
√

2)

massive limit

ϕ̃ = ϕ = v + h v =
√

2 µ/λ →∞ λ→ 0 g′v = κ constant
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Massive limit

L = ¯̃ψ
[(
i∂µ − gÃµ

)
γµ −m

]
ψ̃

+ −1

4
F̃µνF̃

µν +
1

2
κ2Ãµ 2

+
1

2
(∂µh)2 − 1

2
(
√

2µ)2h2 − µ2

2λ2

current upper limit on the photon mass, or κ, is 10−18 eV/c2 [PDG]

no earthly data on h

astrophysical data stimulate searches for the DM and DE
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Gauge choice Ã+ = 0 Dirac’s front form, IMF ↔ CMS, vacuum

∂+f = A+

f (x) =
1

4

(∫ x−

−∞
−
∫ ∞
x−

)
dy−A+(x+, y−, x⊥)

Lψ = ¯̃ψ
[(
i∂µ − gÃµ

)
γµ −m

]
ψ̃

LA = −1

4
F̃µνF̃

µν

LAφ =
1

2
(∂µϕ̃)2 +

1

2
g′2(Ãµ + ∂µθ̃)2ϕ̃2

Vφ = V [ϕ̃/
√

2]
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Massive limit in gauge Ã+ = 0

Lψ = ¯̃ψ
[(
i∂µ − gÃµ

)
γµ −m

]
ψ̃

LA = −1

4
F̃µνF̃

µν

LAφ =
1

2
(∂µh̃)2 +

1

2
κ2(Ãµ − κ−1∂µB)2

Vφ = − µ2

2λ2
+

1

2
(
√

2µ)2 h̃2

B̃ = −κ θ̃
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Field equations[(
i∂µ − gÃµ

)
γµ −m

]
ψ̃ = 0

2Ãβ − ∂β∂αÃα = g ¯̃ψγβψ̃ − κ2 (Ãβ − κ−1∂βB̃)

κ2 ∂µ(Ãµ − κ−1∂µB̃) = 0

(2 + 2µ2)h̃ = 0

the front form x± = x0 ± x3 ∂± = 2 ∂
∂x∓ x⊥ = (x1, x2)

constraint on Ã−

−∂+∂αÃ
α = −∂+

(
1

2
∂+Ã− − ∂⊥Ã⊥

)
= g ¯̃ψγ+ψ̃ + κ∂+B̃
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Three polarizations return to gauge B̂ = 0

Aµ = Ãµ − κ−1∂µB̃

massive limit with fermion charge g = 0 (free fields)

Ã− =
2

∂+
∂⊥Ã⊥ − 1

∂+
2κB̃

Â⊥k =
k⊥

κ
iBk , Â+

k =
k+

κ
iBk , Â−k = −2κ

k+
iBk +

k⊥ 2 + κ2

κk+
iBk

εk =

(
k⊥ 2 − κ2

κk+
,
k+

κ
,
k⊥

κ

)
=
k

κ
− η κ

k+
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FF Hamiltonian gauge A+ = 0 A⊥ and B

T µν =
∑
i

∂L
∂∂µfi

∂νfi − gµνL

P− =
1

2

∫
d2x⊥dx− T+− =

∫
d2x⊥dx− H

H =
1

2
ψ̄γ+−∂⊥ 2 + m2

i∂+
ψ +

1

2
A⊥(−∂⊥ 2 + κ2)A⊥ +

1

2
B(−∂⊥ 2 + κ2)B

+ gψ̄ 6Aψ +
1

2
g2ψ̄γ+ψ

1

(i∂+)2
ψ̄γ+ψ + g2ψ̄ 6A γ+

2i∂+
6Aψ

+ gψ̄γ+ψ
1

i∂+
(−iκB) +

1

2
h(−∂⊥ 2 + 2µ2)h− µ4

2λ2

Massive gauge boson: third polarization plus scalar h SINGULAR H
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2. Gluon mass term in HQCD (long story made very short)

Wilsonian RG insufficient for Hamiltonians, Wegner’s equation etc.

→ renormalization group procedure for effective particles (RGPEP)

lowest-order solution (2nd) for the gluon mass term µ2

µ2 is a function of the gluon size s t = s4

H = Hf +HI

at = Ut a0 U †t → d

dt
H =

[
[Hf , H̃],H

]
initial condition at t = 0 is the FF canonical HQCD with counterterms
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Initial condition = FF Hamiltonian for point-like gluons

L = −1

2
trF µνFµν

T µν = −F aµα∂νAa
α + gµνF aαβF a

αβ/4

A+ = 0 A− =
1

∂+
2 ∂⊥A⊥ − 2

∂+ 2
ig [∂+A⊥, A⊥]

H =
1

2

∫
dx−d2x⊥ T +−|x+=0
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T +− = HA2 +HA3 +HA4 +H[∂AA]2

HA2 = −1

2
A⊥a(∂⊥)2A⊥a

HA3 = g i∂αA
a
β[Aα, Aβ]a

HA4 = −1

4
g2 [Aα, Aβ]a[Aα, Aβ]a

H[∂AA]2 =
1

2
g2 [i∂+A⊥, A⊥]a

1

(i∂+)2
[i∂+A⊥, A⊥]a

quantum theory

Aµ → Âµ =
∑
σc

∫
[k]
[
tcεµkσakσce

−ikx + tcεµ∗kσa
†
kσce

ikx
]
x+=0
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Regularization set in H = Hf +HI at t = 0

Hf =
1

2

∫
dx−d2x⊥ : HA2(Â) :

HI =
1

2

∫
dx−d2x⊥ : HA3(Â) +HA4(Â) +H[∂AA]2(Â) :

every a† and a in every term of HI is given a factor r∆δ(κ
⊥, x)

k = gluon momentum p = total momentum in the term

x = k+/p+ κ⊥ = k⊥ − xp⊥

for example r∆δ(κ
⊥, x) = xδθ(x− ε)e−(κ⊥/∆)2/x
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Calculation of the effective gluon mass term s� 1/ΛQCD

Hf =
∑
σc

∫
[k]

k⊥2

k+
a†kσcakσc

HI = g(Y + Y †) + g2Hµ + O(g2)

Y =
∑
123

∫
[123] δ̃12.3 y123 a

†
1a
†
2a3 Y → Ỹ y123 → p+ 2

3 y123

Hµ =
∑
σc

∫
[k]

µ2

k+
a†kσcakσc

expand
d

dt
H =

[
[Hf , H̃],H

]
in powers of g
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solution up to 2nd order in powers f g

d

dt
H =

[
[Hf , H̃],H

]
d

dt
g(Y + Y †) +

d

dt
g2Hµ + O(g2)

=
[
[Hf , g(Ỹ + Ỹ †) + O(g2)],Hf + g(Y + Y †) + g2Hµ + O(g2)

]
stglazek@fuw.edu.pl
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first order term

d

dt
(Y + Y †) =

[
[Hf , Ỹ + Ỹ †],Hf

]
d

dt
y123 = −M4

12 y123

M12 is the invariant mass of two intermediate massless gluons

y123 t = e−t M
4
12 y123 0

the initial condition from canonical HQCD

y123 0 = if c1c2c3
(
ε∗1ε
∗
2 · ε3κ− ε∗1ε3 · ε∗2κ

1

x2/3
− ε∗2ε3 · ε∗1κ

1

x1/3

)
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second order term - gluon mass squared

d

dt
Hµ =

[
[Hf , Ỹ + Ỹ †], Y + Y †

]
Hf

d

dt
µ2 = 4Nc

∫
[xκ]

[
1 +

1

x2
+

1

(1− x)2

]
κ2
(
−M2

12

)
e−2 t M4

12

This is negative - when the gluon size s grows, the gluon mass decreases.
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including quarks

M2
g 12 = κ2/[x(1− x)] andM2

q 12 = (κ2 + m2
q)/[x(1− x)]

µ2
t = µ2

0 + 2g2
0

∫
[xκ] Nc

[
x(1− x) +

1− x
x

+
x

1− x

] [
e−2 t κ4/[x(1−x)]2 − 1

]
+
∑
q

2g2
0

∫
[xκ]

[
x2 + (1− x)2

]
κ2 + m2

q

κ2 + m2
q

[
e−2 t (κ2+m2

q)2/[x(1−x)]2 − 1
]

the gluon part is divergent due to small x singularity

FF vacuum, recall ϕ = v + h and κ = g′v

the quark part is finite no matter how large is m2
q

µ2 decreases when t increases because of the RGPEP factor
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3. Gluon mass in solving QCD

SDG, M. Gómez-Rocha, J. More, K. Serafin, Phys. Lett. B 773, 172 (2017)

K. Serafin, M. Gómez-Rocha, J. More, SDG, arXiv:1805.03436

Kamil Serafin, Thursday 16:30

QCD of one heavy flavor of quarks

L = ψ̄(i /D −m)ψ − 1

2
trF µνFµν

RGPEP yields Ht order by order in powers of g

m� s−1 � ΛQCD

Ht = Ht0 + gtHt1 + g2
tHt2 + ...

solution for Ht up to 2nd order

stglazek@fuw.edu.pl



.

Talk at ECT*, Trento, Italy, September 19, 2018

Bound-state eigenvalue problem

Ht|Ψ〉 = E|Ψ〉

|Ψ〉 = |M〉 or |Ψ〉 = |B〉

|M〉 =
∣∣QtQ̄t

〉
+
∣∣QtQ̄tGt

〉
+
∣∣QtQ̄t 2Gt

〉
+ . . .

|B〉 = |3Qt〉 + |3QtGt〉 + |3Qt 2Gt〉 + . . .
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Mesons:
. . .

. Ht 0 + g2Ht2 gHt1

. gHt1 Ht 0 + g2Ht2




.

|QtQ̄tGt〉

|QtQ̄t〉

 = EM


.

|QtQ̄tGt〉

|QtQ̄t〉


Baryons:

. . .

. Ht 0 + g2Ht2 gHt1

. gHt1 Ht 0 + g2Ht2




.

|3QtGt〉

|3Qt〉

 = EB


.

|3QtGt〉

|3Qt〉


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Gluon mass and QQ̄ and 3Q eigenvalue problems

Ht 0 + µ2
M t gHt1

gHt1 Ht 0 + g2Ht2

  |QtQ̄tGt〉

|QtQ̄t〉

 = EM

 |QtQ̄tGt〉

|QtQ̄t〉


Ht 0 + µ2

B t gHt1

gHt1 Ht 0 + g2Ht2

  |3QtGt〉

|3Qt〉

 = EB

 |3QtGt〉

|3Qt〉


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〈l|Heff t|r〉 = 〈l|
[
Ht0 + g2Ht2

+
1

2
gHt1

(
1

El −Ht0 − µ2
t

+
1

Er −Ht0 − µ2
t

)
gHt1

]
|r〉

In heavy-quark QCD, the assumption of a gluon mass

leads to a harmonic oscillator potential among quarks

in quarkonia and baryons, with frequencies that

do not depend on the assumed value of the gluon mass.
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Of which type is your gauge boson mass ?
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