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Motivation

Lattice results at zero density: 1st or 2nd order transition?

Finite density



For              : QCD symmetric under rotations in flavor space 

Confinement + spontaneous symmetry breaking: 

Responsible for visible mass in the Universe 

   QCD at high temperature/density: change of dynamics

chiral condensate , Cooper pairs

Chiral symmetry:          broken                                        (nearly) restored

Phase transitions?

� = h ̄ i 6= 0

Extreme conditions: 

-Heavy-ion collisions 
-Early Universe 
-Compact stars

proton neutron

mq = 0

The order of the p.t., arbitrary quark masses  

chiral p.t.
restoration of global symmetry in flavour space

µ = 0

deconfinement p.t.: 
breaking of global          symmetry  

SU(2)L � SU(2)R � U(1)A

Z(3)

anomalous

chiral critical line

deconfinement critical line

Order of p.t., arbitrary quark masses  

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0  0.01  0.02  0.03  0.04

am
s

amu,d

Nf=2+1

physical point

ms
tric - C mud

2/5

deconf. p.t.

ch
ir

al
 p

.t.

physical point: crossover in the continuum                   Aoki et al 06

chiral critical line on                                                   de Forcrand, O.P. 07

consistent with tri-critical point at 

But:              chiral O(4) vs. 1st still open               Di Giacomo et al 05, Kogut, Sinclair 07  
            anomaly!                                                  Chandrasekharan, Mehta 07

Nt = 4, a � 0.3 fm

mu,d = 0, mtric
s � 2.8T

Nf = 2
UA(1)

µ = 0

Cossu et al. 12, Aoki et al. 12

phys.
point

0
0

N  = 2

N  = 3

N  = 1

f

f

f

m s

sm

Gauge

 m   , mu

1st

2nd order
O(4) ?

2nd order
Z(2)

2nd order
Z(2)

crossover

1st

 d 

tric

∞

∞

Pure

chiral critical line

Order of p.t., arbitrary quark masses  

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0  0.01  0.02  0.03  0.04

am
s

amu,d

Nf=2+1

physical point

ms
tric - C mud

2/5

deconf. p.t.

ch
ir

al
 p

.t.

physical point: crossover in the continuum                   Aoki et al 06

chiral critical line on                                                   de Forcrand, O.P. 07

consistent with tri-critical point at 

But:              chiral O(4) vs. 1st still open               Di Giacomo et al 05, Kogut, Sinclair 07  
            anomaly!                                                  Chandrasekharan, Mehta 07

Nt = 4, a � 0.3 fm

mu,d = 0, mtric
s � 2.8T

Nf = 2
UA(1)

µ = 0

Cossu et al. 12, Aoki et al. 12

phys.
point

0
0

N  = 2

N  = 3

N  = 1

f

f

f

m s

sm

Gauge

 m   , mu

1st

2nd order
O(4) ?

2nd order
Z(2)

2nd order
Z(2)

crossover

1st

 d 

tric

∞

∞

Pure

chiral critical line

no continuum extrapolation

The nature of the phase transition at the physical point Fodor et al. 06

...in the staggered approximation...in the continuum...is a crossover!

The nature of the transition for phys. masses Aoki et al. 06

u
u

d

u
d

d

Chiral symmetry breaking and restoration



The QCD phase diagram

No Monte Carlo of Lattice QCD:  sign problem!



Theory: how to calculate p.t., critical temperature

= crit. exponent



The nature of the QCD thermal transition
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The nature of the QCD thermal transition

Universality and Columbia plot Philippe de Forcrand
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Figure 2: Nf = 3 comparison of mc
p

/Tc as a function of the lattice spacing a2, between standard staggered
fermions [8] and non-perturbatively improved Wilson fermions [5]. The Nt = 4 and 6 Wilson fermion data
would mistakenly suggest small lattice artifacts. The Nt = 10 Wilson point was presented at the Lattice
conference [11]. The numbers along the y-axis indicate the results of linear extrapolations in a2.

down to arbitrarily small quark masses! In contrast, with Wilson fermions Ref. [5] finds a critical
“pion” mass of about 300 MeV after extrapolating from Nt = 6 and 8.

Thus, one is led to mistrusting the staggered simulations for two reasons: they indicate a very
small critical “pion” mass, consistent with zero; and they disagree strongly with Wilson fermion
results, both at finite lattice spacing and after continuum extrapolation.

One plausible culprit for these two puzzles might be rooting. With staggered fermions, the
Dirac determinant is raised to the power 3/4 to mimic Nf = 3 degenerate flavors. The danger of
this procedure has been pointed out [14]: the consensus is that danger appears when the chiral limit
is approached first, before the continuum limit is taken. This is potentially the case here, since the
quark masses needed for criticality quickly approach zero as Nt is increased.

To eliminate a possible issue with rooting, we have studied the case of Nf = 4 degenerate
flavors: no rooting is required, and the thermal transition in the chiral limit is expected to be
first-order as for Nf = 3. Actually, a naive counting of the degrees of freedom suggests that the
first-order transition will be stronger for Nf = 4 than for Nf = 3, so that the critical “pion” mass
will be heavier, thus reducing the computing cost of the simulations.

2. Results: Nf = 4

As argued above, we have simulated standard staggered fermions with Nf = 4 flavors and Wil-
son plaquette action, in order to bypass potential harmful effects of rooting and to keep computing
costs down. The numerical simulations have been performed using a code running on GPUs [15].
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…has horribly large cut-off effects!
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de Forcrand, talk @ LAT2017
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Lattice results on the anomaly…Why bother ?

• Because it is unsettled problem !  
• fate of U(1)A lattice  

• HotQCD (DW, 2012)                                           broken 
• JLQCD (topology fixed overlap, 2013)                restores 
• TWQCD (optimal DW, 2013)                               restores ? 
• LLNL/RBC (DW, 2014)                                       broken 
• HotQCD (DW, 2014)                                           broken 
• Dick et al.  (overlap on HISQ, 2015)                    broken 
• Brandt et al. (O(a) improved Wilson 2016)           restores 
• JLQCD (reweighted overlap from DW, 2016)       restores 
• JLQCD (current:  see Suzuki et al Lattice 2017)  restores 
• Ishikawa et al (Wilson, 2017)                       at least Z4 restores

Y.  Aoki, talk @ xQCD2018 



Statistical system with “continuous Nf”

2

(a) First order scenario in the pms,mu,dq-plane (b) Second order scenario in the pms,mu,dq-plane

Figure 1. Two possible scenarios for the order of the QCD thermal phase transition as a function of the quarks masses.

based on the fact that a first-order transition in the chiral
limit on a finite system represents a 3-state coexistence
(with the chiral condensate being positive, negative or
zero). If a continuous parameter is varied such as to
weaken the transition, like increasing the strange quark
mass ms in Figure 1b, the 3-state coexistence may termi-
nate in a tricritical point, which governs the functional
behavior of the second-order boundary lines emanating
from it by known critical exponents. Thus, if such a
boundary line can be followed into the tricritical scaling
regime, an extrapolation becomes possible. This kind
of approach has been successfully tested varying imagi-
nary chemical potential. There is compelling numerical
evidence [14–17] that, whatever the realized scenario for
the Columbia plot at µ “ 0, the chiral first order region
widens in mu,d as soon as a nonzero imaginary chemical
potential is switched on, which makes it easier to map
out its second order critical boundary. Using unimproved
staggered fermions on N⌧ “ 4 lattices, tricritical scal-
ing is observed and an extrapolation yields a first-order
transition in the chiral limit [4]. A different analysis [18]
also finds the chiral first-order region to become larger
both with increasing chemical potential and additional
Nf heavy flavors considering p2 ` Nfq-flavor QCD.

In this paper we investigate to which extent we can
alternatively exploit the dependence of the chiral tran-
sition on the number of light degenerate flavors Nf as a
means to perform controlled chiral extrapolations. To
this end, we treat Nf as a continuous real parameter as
explained in Section II and sketched in Figure 2. Starting
from Nf “ 3, where there is a first-order chiral transition
region for finite quark masses, we then follow its bound-
ary line to smaller m and Nf until we indeed observe an
apparent onset of tricritical scaling. The extrapolation
to the chiral limit with known exponents can then de-

cide between the two scenarios in the figure, depending
on whether the tricritical value of Nf is larger or smaller
than 2. The problem is analogous to that of determining
the order of the phase transition of q-state Potts models
in d dimensions, which can be either first- or second-order
separated by a tricritical line in pq, dq-space. In particu-
lar, for d “ 3 the transition is first order for q “ 3 and
second order for q “ 2. In [19] an analytic continuation
to non-integer values of q leading to simulable models
was presented, for which a tricritical value qtric « 2.2
was determined [20].

In Section III our numerical analysis using staggered
fermions on N⌧ “ 4 lattices is explained. Section IV is
dedicated to a study of the finite size effects affecting the
skewness of the chiral condensate distribution sampled in
our simulations. In Section V we present and discuss our
results. Lastly, Section VI contains our conclusions.

II. LATTICE QCD FOR NON-INTEGER Nf

We consider QCD with Nf mass-degenerate quarks of
mass m at zero density and the partition function reads

ZNfpmq “
Z

DU [det MpU, mq]Nf
e

´SG
. (1)

Ignoring, for the moment, that it originates from QCD,
we can formally view this as a partition function of some
statistical system characterized by a continuous param-
eter Nf. Our question then is for which (tricritical)
value of Nf the phase transition displayed by this sys-
tem changes from first-order to second-order.

Of course, the extension of ZNfpmq to non-integer val-
ues of Nf is not unique, with infinitely many possibili-
ties to fill in values such that in the limits Nf Ñ 2, 3

h ̄ i

8
<

:

> 0
= 0
< 0

Cuteri, Sciarra, O.P. , 17
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Results, so far...
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Linearity confirmed with larger Nf: 

Scaling region plus linear region 



Linear Nf-dependence:
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Figure 3: Chiral-phase-transition temperature Tcr versus the number of massless quark flavors Nf

for Nf ≥ 2, as obtained in Ref. [14]. The flattening at Nf ! 10 is a consequence of the IR fixed-point
structure. The dotted line depicts the analytic estimate near N cr

f
which follows from the fixed-point

scenario (cf. Eq. (3.4)).

to N cr
f ≃ 10.0+1.6

−0.7 which remains stable under the inclusion of 4-loop corrections [12]. The

error bars parameterize truncation errors which habe been quantified by artificial scheme

dependencies.

To the left of the conformal window (Nf < N cr
f ), the phase transition line shows a

characteristic flattening. This is again in perfect agreement with our scaling relation (3.4).

The fit to numerical results from a functional RG approach is depicted by the dotted line

in Fig. 3. In particular, the fact that |Θ| < 1 near N cr
f explains the flattening of the phase

boundary near the critical flavor number. Within the covariant derivative expansion of RG

flow, the IR critical exponent of the β function of the coupling at the critical flavor number

yields Θ(N cr
f ) ≃ −0.60 [14]. However, this estimate is likely to be affected by truncation

errors as Θ(Nf) is expected to show sizable dependencies on Nf; hence, any error in N cr
f

translates into a corresponding error in Θ(N cr
f ).

For comparison, we plot the perturbative estimates for the critical exponent Θ(Nf) in

Fig. 4 based on the 4-loop β function in the MS scheme [44]. The apparent convergence of

the perturbative expansion is remarkable as the difference between the 3- and 4-loop result

is below the 1% level (for 8.5 < Nf < 16.5). The 2-loop result shows larger deviations for

smaller Nf, as the fixed-point coupling g2∗ is larger in this regime. In Fig. 4, we also show

the estimate of Θ from the covariant derivative expansion of the RG flow [14]. While this

estimate includes nonperturbative contributions to all-loop orders in the gauge sector, the

derivative expansion in the fermion sector effectively corresponds to the inclusion of just

the (RG-improved) one-loop quark diagram. This explains a large part of the difference to

the perturbative estimates. Incidentally, results from further studies of the full β function

can be used to estimate Θ. For instance, the Θ values obtained from the conjectured

“NSVZ-inspired” β function [45] are identical to the 2-loop result.

– 10 –

Braun, Gies 09:  chiral transition towards the conformal window…. RG treatment

this simple sense, the artificial Landau pole can be taken as an estimate for the scaling

of physical observables. In one-loop RG-improved perturbation theory, the position of the

Landau pole can be read off from

0 ←
1

α(ΛQCD)
=

1

α(µ0)
+ 4πb0 ln

ΛQCD

µ0
,

b0 =
1

8π2

(

11

3
Nc −

2

3
Nf

)

, (2.2)

where µ0 denotes a perturbative scale, such as mτ ,MZ , . . . . Solving this equation for ΛQCD

and expanding the result for small Nf leads us to

ΛQCD ≃ µ0 e
−

1
4πb0α(µ0)

≃ µ0 e
−

6π
11Ncα(µ0)

(

1− ϵNf +O((ϵNf)
2)
)

.

Choosing µ0 = mτ , we find ϵ =
12π

121N2
c α(µ0)

≃ 0.107 for Nc = 3. Two conclusions can imme-

diately be drawn: first, ΛQCD can be expanded in Nf and has a generically nonvanishing

linear term; second, for the present way of scale fixing, the linear behavior should be a

reasonable approximation for finite values of Nf, say Nf ! 4, as the expansion parameter ϵ

is small.

As ΛQCD sets the scale for all dimensionful IR observables, we are tempted to conclude

that all IR observables scale linearly with Nf for small Nf with the same proportionality

constant ϵ. This is, of course, a bit too simplistic, as the dynamics which establishes the

value of the IR observables generically carries an Nf dependence as well. E.g., the chiral

symmetry-breaking dynamics depends on the number of light mesonic degrees of freedom,

which is an Nf-dependent quantity. Detailed quantitative model studies [35], however,

demonstrate that the scaling of the critical temperature does not receive strong corrections

of this type and indeed scales according to

Tcr = T0(1− ϵNf +O((ϵNf)
2)), (2.3)

where T0 is a dimensionful proportionality constant. We conclude that the phase boundary

in the (T,Nf) plane has a linear shape for small Nf which can mainly be understood as a

result of the perturbative Nf scaling of ΛQCD. Note that this observation is consistent with

lattice simulations [36] and has been exploited for parameter fixing in PNJL/PQM-model

studies [37]. In the following, we will show that the shape of the phase boundary as well as

the Nf scaling of other observables for large Nf can also be understood from simple scaling

arguments which this time follow from general properties of the nonperturbative domain.

3. Scaling in many-flavor QCD near the conformal window

In this section, we review, detail and extend the scaling arguments presented in [13, 14],

leading to universal relations near the conformal window. Whereas the Nf scaling in the

few-flavor case essentially follows from analyticity of the observables in Nf also for Nf near

zero, the Nf dependence near the conformal window is clearly nonperturbative in Nf. The

– 4 –

this simple sense, the artificial Landau pole can be taken as an estimate for the scaling

of physical observables. In one-loop RG-improved perturbation theory, the position of the

Landau pole can be read off from

0 ←
1

α(ΛQCD)
=

1

α(µ0)
+ 4πb0 ln

ΛQCD

µ0
,

b0 =
1

8π2

(

11

3
Nc −

2

3
Nf

)

, (2.2)

where µ0 denotes a perturbative scale, such as mτ ,MZ , . . . . Solving this equation for ΛQCD

and expanding the result for small Nf leads us to

ΛQCD ≃ µ0 e
−

1
4πb0α(µ0)

≃ µ0 e
−

6π
11Ncα(µ0)

(

1− ϵNf +O((ϵNf)
2)
)

.

Choosing µ0 = mτ , we find ϵ =
12π

121N2
c α(µ0)

≃ 0.107 for Nc = 3. Two conclusions can imme-

diately be drawn: first, ΛQCD can be expanded in Nf and has a generically nonvanishing

linear term; second, for the present way of scale fixing, the linear behavior should be a

reasonable approximation for finite values of Nf, say Nf ! 4, as the expansion parameter ϵ

is small.

As ΛQCD sets the scale for all dimensionful IR observables, we are tempted to conclude

that all IR observables scale linearly with Nf for small Nf with the same proportionality

constant ϵ. This is, of course, a bit too simplistic, as the dynamics which establishes the

value of the IR observables generically carries an Nf dependence as well. E.g., the chiral

symmetry-breaking dynamics depends on the number of light mesonic degrees of freedom,

which is an Nf-dependent quantity. Detailed quantitative model studies [35], however,

demonstrate that the scaling of the critical temperature does not receive strong corrections

of this type and indeed scales according to

Tcr = T0(1− ϵNf +O((ϵNf)
2)), (2.3)

where T0 is a dimensionful proportionality constant. We conclude that the phase boundary

in the (T,Nf) plane has a linear shape for small Nf which can mainly be understood as a

result of the perturbative Nf scaling of ΛQCD. Note that this observation is consistent with

lattice simulations [36] and has been exploited for parameter fixing in PNJL/PQM-model

studies [37]. In the following, we will show that the shape of the phase boundary as well as

the Nf scaling of other observables for large Nf can also be understood from simple scaling

arguments which this time follow from general properties of the nonperturbative domain.

3. Scaling in many-flavor QCD near the conformal window

In this section, we review, detail and extend the scaling arguments presented in [13, 14],

leading to universal relations near the conformal window. Whereas the Nf scaling in the

few-flavor case essentially follows from analyticity of the observables in Nf also for Nf near

zero, the Nf dependence near the conformal window is clearly nonperturbative in Nf. The

– 4 –

Inherited by all dimensionful quantities!



Allows for simulations on finer lattices

Results, so far...
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      de Forcrand, Kim, O.P. , 07 

Eventual continuum limit  
should be possible! 

Cuteri, Sciarra, O.P. , in progress



Much harder: is there a QCD critical point?

12

Some methods trying (1) give indications of critical point, but systematics not yet controlled 

Extension to finite baryon density

sign problem!



Chiral and deconfinement critical surfaces

shape, sign of curvatures determined by tricritical scaling!

de Forcrand, O.P. 10
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Critical surfaces at real and imaginary chemical potential

shape, sign of curvatures determined by tricritical scaling!
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Critical surfaces at real and imaginary chemical potential

shape, sign of curvatures determined by tricritical scaling!
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The lattice-calculable region of the phase diagram

T

µ

confined

QGP

Color superconductor

Tc

!

Sign problem prohibits direct simulation, circumvented by approximate methods:
reweigthing, Taylor expansion, imaginary chem. pot., need

No critical point in the controllable region, some signals beyond 

µ/T <� 1 (µ = µB/3)

crossover weakens



Cluster expansion model (CEM) for baryon number
QCD observables at imaginary µB

QCD thermodynamics with relativistic fugacity/cluster expansion:

p(T , µB)
T

4 =
Œÿ

k=0
pk(T ) cosh

3
k µB
T

4

Imaginary µB:
Lattice QCD is problematic at real µ but tractable at imaginary µ

µB æ iµ̃B ∆ QCD observables obtain trigonometric Fourier series form

Pressure: p(T , iµ̃B)
T

4 =
Œÿ

k=0
pk(T ) cos

3
k µ̃B
T

4
,

Net baryon density: flB(T , iµ̃B)
T

3 = i
Œÿ

k=1
bk(T ) sin

3
k µ̃B
T

4
, bk(T ) © k pk(T )

bk(T ) = 2
fi T

3

⁄ fi

0
d µ̃B [Im flB(T , i µ̃B)] sin(k µ̃B/T )

Coe�cients bk(T ) can and are now being calculated in LQCD
4/21

Vovchenko, Steinheimer, Stöcker, O.P.



Coefficients calculated on the lattice:Lattice QCD results on imaginary µB observables
Coe�cients bk(T ) of net-baryon expansion are now calculated on the lattice

flB(T , iµ̃B)
T

3 = i
Œÿ

j=1
bj(T ) sin (j µ̃B/T )
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0.6  b1
 b2
 b3
 b4

 4stout, Nt = 12

b j

T (MeV)

Im χB1 = b1(T)*sin(µB/T)

           + b2(T)*sin(2µB/T)

           + b3(T)*sin(3µB/T)

           + b4(T)*sin(4µB/T)
           + ...

Ideal HRG

• Ideal HRG describes well b1(T ) at small temperatures
• All four coe�cients appear to converge slowly to Stefan-Boltzmann limit
• What is the mechanism of appearance of non-zero bk for k > 1?

V.V., A. Pásztor, Z. Fodor, S.D. Katz, H. Stoecker, 1708.02852; S. Borsányi, QM2017
6/21
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Stefan-Boltzmann
HRG



Formulation of the CEM

Cluster Expansion Model (CEM)
–3 and –4 are consistent with SB limit. Now assume the same for all higher-order
coe�cients
CEM formulation:

•
b1(T ) and b2(T ) are model input

• All higher order coe�cients are then predicted

bk(T ) = –SB
k

[b2(T )]k≠1

[b1(T )]k≠2

• All observables are calculated from fugacity expansion for baryon density

flB(T )
T

3 = ‰B
1 (T ) =

Œÿ

k=1
bk(T ) sinh(k µB/T )

Fugacity expansion convergence criterion is given by the ratio test:

lim
kæŒ

------

bk+1(T ) sinh
Ë

(k+1) µB
T

È

bk(T ) sinh
Ë

k µB
T

È

------
=

----
b2(T ) b

SB

1
b1(T ) b

SB

2

---- e

|µB |
T < 1.

V.V., J. Steinheimer, O. Philipsen, H. Stoecker, 1711.01261
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2

treats the non-interacting hadron limit at low tem-
peratures and the non-interacting quark limit at high
temperatures in the same framework. In this work
a model is constructed which allows to calculate the
coe�cients bk at all intermediate temperatures be-
tween these two limiting cases. This Cluster Expan-
sion Model (CEM) is based on the following assump-
tions:

• The first coe�cient b
1

(T ) – the QCD partial
pressure in the |B| = 1 sector – is taken as in-
put. It is interpreted as a temperature depen-
dent density of “free” excitations with B = ±1.

• The second coe�cient, b
2

(T ), is also taken as
input. In the spirit of a cluster expansion it
parametrizes the baryon-baryon interactions. In
the HRG-EV model b

2

is rewritten as

b
2

(T ) = �b(T )T 3 [b
1

(T )]2, (4)

where b(T ) is a temperature dependent “cou-
pling” parameter.

• Mayer’s cluster expansion assumes two-baryon
interactions only, expected to be a good approx-
imation at su�ciently low density or high tem-
perature, i.e. moderate µB/T . The higher-order
coe�cients bk(T ) are then expressed in terms
of the first two, motivated by a HRG-EV-type
system with two-particle hard core interactions
[18]:

bk(T ) = ↵k [�b(T )T 3]k�1 [b
1

(T )]k

= ↵k
[b

2

(T )]k�1

[b
1

(T )]k�2

, (5)

the ↵k are temperature independent parameters.

• The model is constrained by the SB limit (3)
of massless quarks and gluons at high tempera-
tures1, i.e. bk(T ) ! bSB

k as T ! 1. Assuming
b
1

(T ) ! bSB
1

and b
2

(T ) ! bSB
2

, this condition
fixes the coe�cients ↵k:

↵k =
[bSB

1

]k�2

[bSB
2

]k�1

bSBk . (6)

Eqs. (3)-(6) define all coe�cients bk(T ) in CEM, using
only b

1

(T ) and b
2

(T ) as input.

1
This SB limit constraint is an important new element com-

pared to an earlier study in Ref. [18].

Figure 1. The temperature dependence of the first four
Fourier coe�cients bk (2). Lattice QCD results from imag-
inary µB simulations [18] are depicted by the circles, the
calculations of b3 and b4 within the CEM-LQCD are de-
picted by the stars. Predictions of the CEM-HRG model
with b(T ) = 1 fm3 are depicted by the dashed lines. The
arrows correspond to the Stefan-Boltzmann limit (3).

In what we term CEM-LQCD, b
1

(T ) and b
2

(T )
are fixed by recent (2+1)-flavor, N⌧ = 12 lattice
QCD simulations at imaginary µB of the Wuppertal-
Budapest collaboration [18]. In an alternative CEM-
HRG, b

1

(T ) and b
2

(T ) are taken from the HRG-EV
model with a constant b(T ) = 1 fm3 value [18–20].

Note that, for a calculation of the pressure using the
CEM, also the partial pressure p

0

(T ) in the |B| = 0
sector is required as input. Here we only study baryon
number fluctuations for which this is not needed.

Temperature dependences of the first four coe�-
cients bk(T ), as calculated in lattice QCD simula-
tions [18], the CEM-LQCD model, and the CEM-
HRG model, are shown in Fig. 1 by the circles, the
stars, and the dashed lines, respectively. The CEM-
LQCD parametrization reproduces the lattice data for
b
1

and b
2

by construction. However, both b
3

and b
4

are predicted by the CEM-LQCD model [Eq. (5)] and
they agree quantitatively with the lattice data for all
temperatures 135  T  230 MeV. The validity of
Eq. (5) for higher-order coe�cients can be checked by
future lattice simulations at imaginary µB .

The CEM-HRG model reproduces the same coe�-
cients up to T ' 185 � 190 MeV, however, it rapidly
diverges from the lattice data at higher temperatures.
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Motivated by HRG with excluded volume;  
Assumption: 2-particle interactions only (sufficiently dilute)
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CEM: 4th and 6th order ratios
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2 ‰B
6 /‰B

2

Consistency with available LQCD data
Hadronic description with interactions (CEM-HRG) works up to T ƒ 185 MeV

V.V., J. Steinheimer, O. Philipsen, H. Stoecker, 1711.01261
LQCD data from 1507.04627 (Wuppertal-Budapest), 1701.04325 & 1708.04897 (HotQCD)
CEM-HRG: b1(T ) and b2(T ) from EV-HRG model with b = 1 fm3
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Fig. 2. Temperature dependence of the net baryon susceptibilities (a) �B
2 , (b) �B

4 /�
B
2 , (c) �B

6 /�
B
2 , and (d) �B

8 , calculated within CEM-
LQCD (red stars). Lattice QCD data of Wuppertal-Budapest [20] and HotQCD [18, 19] collaborations are shown by the blue and green
bands/symbols, respectively.

3. Results

3.1. Baryon number susceptibilities
The baryon number susceptibilities �B

k = @
k�1(⇢B/T 3)/@(µB/T )k�1 in the CEM read

�B
k (T, µB) = � 2

27⇡2

b̂2
1

b̂2

n

4⇡2
h

Li2�k (x+) + (�1)k Li2�k (x�)
i

+ 3
h

Li4�k (x+) + (�1)k Li4�k (x�)
io

. (6)

Leading order baryon number susceptibilities at µB = 0 have recently been computed in lattice QCD [16,
17, 18, 19, 20]. A comparison with these lattice data can test the predictive power of the CEM.

Figure 2 depicts the temperature dependence of �B
2 , �B

4 /�
B
2 , �B

6 /�
B
2 , and �B

8 , calculated in CEM and
compared to the lattice data of Wuppertal-Budapest [20] and HotQCD collaborations [18, 19]. The CEM
calculations use the Wuppertal-Budapest data [11] for b1(T ) and b2(T ) as an input and are therefore labeled
CEM-LQCD in Fig. 2. CEM results are in quantitative agreement with the lattice data for �B

2 and �B
4 /�

B
2 .

The CEM is also consistent with the lattice data for �B
6 /�

B
2 and �B

8 , although these data are still preliminary
and have large error bars. One interesting qualitative feature is the dip in the temperature dependence of
�B

6 /�
B
2 , where this quantity is negative. It was interpreted as a possible signature of chiral criticality [21].

Given that this behavior is also present in CEM (see red stars in Fig. 2c), i.e. in a model which has no critical
point, we conclude that the negative dip in �B

6 /�
B
2 cannot be considered as an unambiguous signal of chiral

criticality.

3.2. Reconstructing the Fourier coe�cients b1 and b2 from susceptibilities
All baryon number susceptibilities at a given temperature are determined in the CEM by two parameters

– the leading two Fourier coe�cients b1 and b2. One can now consider a reverse prescription – assuming
the validity of the CEM ansatz one can extract the values of b1 and b2 at a given temperature from two
independent combinations of baryon number susceptibilities by reversing Eq. (6). We demonstrate this
by considering the lattice QCD data of the HotQCD collaboration for �B

2 and �B
4 /�

B
2 . The temperature

dependence of the b1 and b2 coe�cients, reconstructed from the HotQCD collaboration’s lattice data on
the basis of CEM [Eq. (6)], is shown in Fig. 3 by the green symbols. The extracted values agree rather
well with the imaginary µB data of the Wuppertal-Budapest collaboration, shown in Fig. 3 by the blue
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Fig. 3. Temperature dependence of the leading two Fourier coe�cients b1(T ) and b2(T ), calculated in lattice QCD simulations by
the Wuppertal-Budapest collaboration [11], and reconstructed from the lattice data of the HotQCD collaboration [18, 19] for �B

2 and
�B

4 /�
B
2 using CEM [Eq. (6)].

symbols. This agreement can be regarded as a possible implicit evidence for both, the consistency between
the lattice results of the Wuppertal-Budapest and HotQCD collaborations, and that the CEM ansatz provides
an accurate description for all observables considered here.

4. Summary

We presented the Cluster Expansion Model for the QCD equation of state at finite baryon density, which
is based on the relation (4) between higher-order and the leading two Fourier coe�cients of the net baryon
density, suggested by the recent lattice data at imaginary µB. The analytic structure of the CEM has no criti-
cal point, therefore unambiguous signals of the hypothetical QCD critical point in various observables must
show up as deviations from CEM predictions. The presently available lattice data on Fourier coe�cients
and baryon number susceptibilities do not show such deviations. Given its simplicity and consistency with
the lattice data, the CEM based equation of state can be useful for hydrodynamic simulations of heavy-ion
collisions at finite baryon density.
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Note: this involves all coefficients!



Radius of convergenceRadius of convergence

Taylor expansion of QCD pressure:

p(T , µB)
T

4 = p(T , 0)
T

4 + ‰B
2 (T )
2! (µB/T )2 + ‰B

4 (T )
4! (µB/T )4 + . . .

Radius of convergence rµ/T of the expansion is the distance to the nearest
singularity of p/T

4 in the complex µB/T plane at a given temperature T

If the nearest singularity is at a real µB/T value, this could point to the QCD
critical point

Lattice QCD strategy: Estimate rµ/T from few leading terms
M. D’Elia et al., 1611.08285; S. Datta et al., 1612.06673; A. Bazavov et al., 1701.04325

Ratio estimator: rn =
----
(2n + 2)(2n + 1)‰B

2n
‰B

2n+2

----
1/2

, rµ/T = lim
næŒ

rn

CEM allows to analyze rn to very high order
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Radius of convergence: Domb-Sykes plot

Domb-Sykes plot: 1/r

2
n vs 1/n, linear extrapolation to 1/n = 0 yields rµ/T
CEM-LQCD @ T = 160 MeV

lim
næŒ

----
(2n + 2)(2n + 1)‰B

2n
‰B

2n+2

----
1/2

DOES NOT EXIST!
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Reason: coefficients have neither same nor alternating signs 
               (required for ratio test)



Mercer-Roberts estimatorRadius of convergence: Mercer-Roberts estimator
A more involved Mercer-Roberts estimator:

rn =
----
cn+1 cn≠1 ≠ c

2
n

cn+2 cn ≠ c

2
n+1

----
1/4

, cn = ‰B
2n

(2n)! .

Taylor expansions for p/T

4, ‰B
2 , and ‰B

4 all point to the same
lim

næŒ
r

≠2
n ƒ 0.064 ∆ rµ/T ƒ 3.95 at T = 160 MeV
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Three different observables show same radius of convergence!



Radius of convergence of CEM
Radius of convergence: Temperature dependence

Applying the same procedure at other temperatures

Radius of convergence of Taylor expansion sees Roberge-Weiss transition?
R-W transition expected at T > TRW and Im[µB/T ] = fi [Roberge, Weiss, NPB ’86]

Lattice estimate: TRW ≥ 200 MeV [C. Bonati et al., 1602.01426 ]
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Conclusions

Order of chiral phase transition not yet settled in the continuum

For physical quark masses it is a crossover

For small baryon density the crossover weakens, no sign of criticality

Cluster expansion model for baryon number:  
EoS for small densities to all orders in chemical potential  
no critical point below 

If there is a phase transition at larger density: is it chiral?

µB < ⇡T


