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Exercise: Relativistic Bose gas at nonzero chemical potential

Consider a complex scalar field, with a global symmetry ¢ — e¢®¢. The (Euclidean) action is
S = [ d'z (0,0 + w2l + Nol!). (1)
and the conserved charge reads
N = [@ilsons - 067)0]. )

We take m? > 0, so that at vanishing and small x the theory is in its symmetric phase.

In order to write down the euclidean path integral at nonzero u, we have to revisit the derivation
of the path integral with a bit more care (see e.g. Kapusta and Gale, Finite-temperature field theory).
We start from the partition function,

Z = Tre~(H-#N)/T (3)

and express the hamiltonian and conserved charge (densities) in terms of the canonical momenta
m1 = O4¢1, T2 = Os¢2, where ¢ = (1 + i¢2)/\/§. For example, the charge now takes the form

N:/d?’:v (p2m1 — ¢1ma). (4)
Following the standard derivation of the path integral, one finds that the partition function then reads
Z = /D¢1D¢2/D7T1D7T2 GXP/d4$[i7T134¢1 +ima0spa — H + pu(pami — ¢17T2)] (5)

Note that we use Euclidean time already at this stage.
i) Integrate out the momenta 7y 2 to arrive at the following expression for the euclidean action

S = / d*x [(Da + )¢ (04 — 1)) + 0:0]” +m?| 6 + N ¢|*]

= / d*z [|0,0* + (m® — 12)|¢|* + (04 — Dud™ @) + A|¢|*] . (6)

i1) The corresponding lattice action, with lattice spacing aj; = 1, is

4
S = Z |: 2d + m ¢ (ba: + /\ (25 ¢m Z ¢*€_H5"’4¢m+0 + ¢;+ﬁeuéu’4¢w) ) (7)
v=1

where the number of euclidean dimensions is d = 4. Show that this action reduces to Eq. (6) in the
continuum limit.

iii) The complex field is written in terms of two real fields ¢, (a = 1,2) as ¢ = %(qﬁl + i¢2). Show
that the lattice action then reads

)\ 3
S = Z |:2 (2d+m ) 2 Z ( 2@)2 - Z¢a@¢a,z+%
=1

— cosh M ¢a,m¢a@+4 + ¢sinh 1% 5ab¢a,m¢b@+4:| ’ (8)

where €4 is the antisymmetric tensor with €12 = 1, and summation over repeated indices is implied.
Note that the ‘sinh g’ term is complex.

From now on the self-interaction is ignored and we take A = 0. After going to momentum space,
the action (8) reads

1
S = Z §¢a,—p (5abAp - EabB ¢b,p Z ¢a, ab,p¢b,pu (9)
p
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where

and
Ap=m +4Zs1n +2(1—coshucosp4) B, = 2sinh pisin py. (11)
i=1
iv) Show that the propagator corresponding to the action (9) is
5abAp + Eabe

Gapp =
" A2+ B}

(12)

v) Demonstrate that the dispersion relation that follows from the poles of the propagator, taking

D4 = ilp, reads
1. 1
cosh Ep(p) = (1 + 2% ) coshp £ @py/1+ Zdjg sinh p, (13)

where »
g—m +4Zsm22l (14)
vi) Show that this can be written as
cosh Ep (1) = cosh [Ep(0) & p] , (15)

such that the (positive energy) solutions are

Ep () = Ep(0) £ pu. (16)

Sketch the spectrum. Note that the critical p value for onset is u. = Fo(0), so that one mode becomes
exactly massless at the transition (Goldstone boson).

vig) The phase-quenched theory corresponds to sinh p = B, = 0. Show that the dispersion relation in
the phase-quenched theory is

1 1
COShEp(/J,) = m (1 + 5 Ag) 5 (17)
which corresponds to Ef)(u) =m? — 1?2 + p? in the continuum limit.
vitg) Compare the spectrum of the full and the phase-quenched theory, when p < p.. At larger p,
it is necessary to include the self-interaction to stabilize the theory. Based on what you know about
symmetry breaking, sketch the spectrum in the full and the phase-quenched theory at larger u as well.
Although the spectrum depends on pu, thermodynamic quantities do not. Up to an irrelevant
constant, the logarithm of the partition function is

1 1
1nZ:—§ZlndetM:—521n(A§+B§), (18)
P P
and some observables are given by
10InZ
2
= 1
(0P = 55 QZA2 B (19)
wd on 7 A, AL+ B, B,
10In
=G =l A E 20)

where Q = N2N,; and A}, = 0A,/0u, B), = 0B, /0.

ir) Evaluate the sums (e.g. numerically) to demonstrate that thermodynamic quantities are indepen-
dent of u in the thermodynamic limit at vanishing temperature.

This exercise is based on G. Aarts, JHEP 0905 (2009) 052 [arXiv:0902.4686 [hep-lat]].
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Exercise: Fokker-Planck equation
Consider the Langevin process
() = Kz(t)] + n(t), K(z) = —5'(x), (@), =205(t —t'), (21)

where A\ normalises the noise and K is the drift term, which is derived from the action S. In order
to study the equilibrium solution, i.e. the distribution to which the Langevin process (hopefully!)
converges, we want to derive the associated Fokker-Planck equation

Auplz,t) = 8, N0y — K) pla, 1), (22)

for the distribution p(z,t), defined via

Ola(t))y = [ dz pla,1)0(). 23)

with O(x) a generic observable. Here the subscript 7 denotes noise averaging and will be dropped
from now on.
To achieve this we consider the discretized process

611 =Tp4+1 — Tn = ek, + \/Enna <77n77n’> = 2)\61171’ (24)
i) Show that

(O 1)) — (On) = (O (@), + 50 (@) + ..}
= (O (2n) K + A0 (2,)) + O(3/?). (25)
In the € — 0 limit, this gives
9,(0(z)) = (O'(2)K (z) + AO" (z)). (26)

ii) Use Eq. (23) to demonstrate that this yields the Fokker-Planck equation (22) for p(x,t). What
should A be in order to obtain the desired equilibrium distribution, p(x) ~ exp(—S(z))?

iii) We now repeat the analysis for the Langevin process with a complex drift, K (z) = —5’(z) € C. We
write this as a real Langevin process in the complex plane, i.e. with the complex Langevin equations,

=Ky + g, K, =—ReS'(2), e(O)na(t)) = 200t — 1),
y=Ky+ny, K, = —Im S'(2), <77y(t)77y(tl)> =2X,0(t — t'). (27)

By writing z = x + iy, show that these Langevin equations are indeed equivalent to

i=-5(2)+n, (n(t)n(t")) =25(t —t'). (28)

Express 1 in terms of 7, , and derive the necessary restrictions on A, , (answer: A\, — A, = 1). The
case Ay > 0 is referred to as complex noise.
iv) The distribution P(x,y;t) is now defined via

(Ola(t) +iu(®))y = [ dedy P(a,y:)0(z + i) (29)
Show that P(z,y;t) satisfies
O P(z,y;t) = [0r (AaOs — Ko) + 0y (A 0y — Kyy)] P(x,y;51). (30)

This is reviewed e.g. in Damgaard and Hiiffel, Phys. Rept. 152 (1987) 227. For real Langevin dynamics,
one can prove that the process converges, i.e. that the Fokker-Planck equation (22) converges to the
equilibrium solution exponentially fast. For a complex action, this general proof breaks down. In
fact, Eq. (30) has no generic solutions! Complex noise and especially its problems are discussed in
G. Aarts, E. Seiler and I. O. Stamatescu, Phys. Rev. D 81 (2010) 054508 [arXiv:0912.3360 [hep-lat]].
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Exercise: Complex Gaussian model

For Gaussian models with a complex action, the Fokker-Planck equation (30) can be solved and one
can show that the expected results are obtained. Consider the complex integral

e 1
7Z = / dzx p(z), plx) =e 3, S = 50:102, o =a+1ib. (31)
i) Show that the corresponding complex Langevin equations are given by
=K+ , K; = —ar+ by7 (32)
y=K,, K, = —ay — bz, (33)

where (n(t)n(t')) = 26(¢t — t'). We consider real noise only.
i1) Demonstrate that these Langevin equations are solved by

t
x(t) = e~ [cos(bt)x(0) + sin(bt)y(0)] + / ds e~ %) cos[b(t — 5))]n(s), (34)
0
t
y(t) = e~ [cos(bt)y(0) — sin(bt)z(0)] — / ds e sin[b(t — s)]n(s). (35)
0
ii7) Show that the expectation values in the infinite time limit are given by
1 2a% +b? 1 b2 1 b
2y & 2y - - = 36
= mre W) nare W= saie (36)
iv) Demonstrate that this yields the desired result
5 oy a—dib 1 1
v) The Fokker-Planck equation for the (real and positive) weight P(x,y;t), defined via
(Ola(t) + iy(t))) = [ dedy P(a.y:)0( + i) (39)
is given by
O P(z,y;t) = [0z (0n — Ky) — 0y Ky| P(,y;1) (39)

Since the original integral is Gaussian, the equilibrium distribution P(x,y) is also Gaussian and can
be written as

P(z,y) = Nexp [~aa? — By* — 2yay] (40)
where N is a normalization constant.
Using the Fokker-Planck equation, show that the coefficients are given by

2 2

a = a, ﬂ_a<1+2bi2), 7:%, (41)

and demonstrate that this gives the previously computed expectation values
<x2> B fdxdy P(x,y)z?

~ [dady P(ayy)

etc.
vi) From the equivalence

/dw p(2)0(z) = /d:vdy P(z,y)0(z + iy), (43)

it follows that the real distribution is related to the original complex one via

pla) = [ dy Pla i) (44)

Verify this explicitly (up to the undetermined normalization).
This is simple version of the problem treated in G. Aarts, JHEP 0905 (2009) 052 [arXiv:0902.4686
[hep-lat]].



